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This paper investigates the existence and conditional stability of solutions for a initial-
boundary value problem related to a third-order mixed-type Sobolev equation. These
types of problems arrays in various fields, including mathematical physics and fluid dy-
namics, as they model phenomena such as wave propagation in inhomogeneous media and
filtration processes. We prove theorems of conditional correctness, another say theorems
of uniqueness and conditional stability. Furthermore, the paper presents an approximate
solution using regularization methods, demonstrating how to handle the instability in-
herent in ill-posed problems. Numerical solutions are obtained, with results shown in
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numerical approximation of improperly posed boundary conditions problems.
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1 Introduction

Initial-boundary value problems for mixed-category partial differential equations have
drawn increasing interest due to their complexity and importance in various physical
and engineering applications. These problems, which are often characterized by non-
uniqueness and instability in solutions, arise in processes such as wave propagation, fluid
flow, and heat transfer in inhomogeneous media. In recent years, several studies have
expanded the understanding of ill-posed problems, especially in connection with non-
classical equations. The theory of boundary value problems for mixed-type equations,
featuring variable coefficients and a changing type manifold, has been a focus of research
S.L. Sobolev [1], M.M. Lavrent’ev, L.Ya. Saveliev [2], M.S. Salakhitdinov, T.D. Dju-
raev, K.S. Fayazov [§], V.N. Vragov, A.I. Kozhanov, K.B. Sabitov, 1.0. Khajiev, Y.K.
Khudayberganov and many others.

Boundary value problems for parabolic equations have been examined by various re-
searchers, including E.M. Landis, S.P. Shishatsky, and problems of elliptic type equations
were investigated by M.M. Lavrent’ev, L.Ya. Saveliev [2] and others. It is important to
cite the contributions of S.G. Krein, H.A. Levine [3], and others, who examined bound-
ary value problems for abstract differential-operator equations. In these works have been
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proof uniqueness of the solution and get estimates of the conditional stability abstract
type problems.

A number of distinguished scholars, including A.L. Bukhgeim, V. Isakov, M. Klibanov,
and K.S. Fayazov, have studied ill-posed boundary value problems. In particular, the
works of K.S. Fayazov [8], K.S. Fayazov with I. O. Khajiev [10,11], and K.S. Fayazov
with Y.K. Khudayberganov [12, 13|, concentrated on constructing approximate solutions
for non-standard equations..

In our paper we proof the uniqueness and conditional stability of solution for a third-
order non-classic equetion. Investigated by us problem belongs to the field ill-posed prob-
lems of mathematical physics. In our case the solution of our problem not depend con-
tinuously on the initial conditions. By applying regularization methods, we construct
approximate solutions and validate them through numerical experiments. These results
provide insights into the stability of ill-posed boundary value problems and offer practical
techniques for addressing challenges in fields such as thermal physics and fluid dynamics.

2 Problem statement
We study the equation

ua:a:t(xv ya t) + sign(y)uyy(x, ya t) - 0 (]-)

in the domain 2 = Qg x @, where Qy = {z,y|(—m;7) x (—=1;1),y #0}, Q = (0;T),
T < oo.
Find a solution of equation (1) in the domain 2 so that the initial

w(@,y,t) =0 = plx,y) , (z,y) € [-mn] x[-1;1], (2)
boundary
w(@,9,1) [o=-r =0, (y,1) € [-1;1] X 0,
] i 3)
w(z,y,t) |y=—1 =0, (z,t) € [-m;7] X Q
y=+1
and gluing
O'u(z,y,t) _ O'u(x,y, 1) (0.0) € [oma] x O n
I =0 oyt | ’

conditions are satisfied, where i = 0,1 and p (z,y) are given sufficiently smooth functions
and satisfied wherein p (z,v) |ag, = 0.

2.1 Spectral problem

Find such values of A for which the following problem has a nontrivial solution:

sign (y) Uy, + Mze = 0, (z,y) € Q (5)
Hx,y) |a=—n =0, y € [-1;1],
r=—4m
I(x, -1 =0, z € |—mmn|,
(@) |t 7] ©)
0 U(xi, y) _ 9 U(x; y) velemdl,
ay y=—0 ay y=+0
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Using the methods of S. G. Pyatkov [5], we can prove that problem (5), (6) has a nonde-
creasing sequence {Azn}?nzl , {—)\,;n};onzl oof eigenvalues and the corresponding eigen-
functions {19%” (z, y)}Zon
the eigenfunctions

_,- The eigenvalues N, = B Aon = —5 thus correspond to

ﬁl-ci:n ($7y) =X, (:B) ’ Y]:_ (y) ) ﬁ];n ($ay) = X, ($) : Yk_ (?J) ) kvn € N7

where

1
Xn(x):ﬁsin(wn—l—nx), ne N,

I -1 70< <17
Y (y) = sin /b (y )/ cos \/ 1k Y keN,
shy/p(y +1)/chy/ii, =1 <y <0,
b/ (y — 1) /cha/mr ,0 <y < 1,
Vo) ={ ShVE - Dl 0y keN
Sln\/ﬂk(y—i_l)/cosvuk7_1<y<07

The eigenvalues n? and py, correspond to the eigenfunctions X, (), and Y= (y), respec-
tively.

The values uy, for k € N, are the positive, and satisfied the transcendental equation
tga = —tho. Let ||ul|* = (u, u), and

mm:/mm@

Qo

It is not difficult to see
(Slgn(y)ﬁz,n (ny)Jﬁle (%y)) :07 vkl7n7l7777¢7

1, k=IANn=m

(sign (y) 0, (2,9) 9], (2,)) = {0 k1A n#m

-1, k=IANn=m

(sign (y) Oy, (2,9),9;,, (2,9)) = { 0, k#IA n#m

where k,n,l,m € N. We introduce norm [see. [5]]

o0

Hu(x,y,t)Hg - Z {}(Sign (y)u(z,y,t) 779;771 (z,y) 7) S+ (7)

| (sign (y) u (2,31, V5, (,9) )]}

Definition. A generalized solution to problem (1)-(4) is a function u(x, y, t), u,(x, y,t) €
C (Ly(f2), that for any arbitrary function V(x,y,t) € W3 (Q), Viu(z,y, T) = 0,
V(-m,y,t) = 0,V(m,y,t) = 0,V(z,—1,t) = 0,V (x,1,¢t) = 0, satisfies the following
integral identity:

Q Qo
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Let the solution u(z,y,t) of the problem (1)-(4) exists. Then for the equation (1) using
the properties of eigenfunctions of the problem (5)-(6) and the definition of a generalized
solution, we have

(Ui (1)), = N ptiicn(t) = 0 (8)
with the initial condition
ufn(()) = pin, k,né€ N, 9)

where

i, = (sgn()p(x,y), 95, (2,y)) k.1 € N.

3 A priori estimate

Theorem 1. If in the domain 2 the function wu(z,y,t) satisfies equation (1) and
conditions (2)-(4), then to the solution u(x,y,t) for any t € @) the estimate

Ir—t t
[ulz, y, )] < 4mlttay (2, y, )| T [|uay (2, y, T)I|T (10)

is valied.
Proof. Function ¢(t) defined by integral

o(t) = / W2, %

Qo
is continuous and has derivatives of the first and second orders in the form
o'(t) = 2/uxyuxytd§20, O'(t) = Z/uiytdﬁo +2/uxyuxyttd90.
Qo Qo Qo

Transforming the second term of the expression for ¢”(t) and using equation (1), we
obtain

/uacyuxyttdQO = /uyyuxxttdQO = /Sign(y)umxtSign(y)uyytdQO =
Qo Q0 QO

= / Ut Uy A€y = / uiyton.

Qo Q0

Substituting the resulting expression into ¢”(t) we have
o"'(t) = 4/u§yton.
Qo

Let ¥(t) = Inp(t). Then ¢'(t) = w_(t)) and due to the Cauchy-Bunyakovsky inequality

w(t
v P elt) — ()
V=T oy

2
4 [ ufcytdﬂo i uideo — (2 i umyuxytdQ(])
QO QO QO O

p) =
<ﬁf Uide(])
0
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From the differential inequality ¢ (¢) > 0 it follows

() < w«»% (T );
() < ((0)) T (p(T)T.

Using the form of function ¢(t) , we have

u ,d < /xy:vy, )dQ (ﬁ/ xyxy, )d2

From this inequality [ u?(x,y,t)dQo < 167* [ u2, (x,y,t)dQ, we have
Qo Q0

T

T

T—t

T
/u2(x,y,t)d90 < 1672 /uiy(x,y,O)dQO (ﬁ/uiy(a:,y,T)on ,
QQ 0 0

Tt t
@, y, )| < 4 fluwy (@, y, O T [uay(z, y, )T,

or

thus (10) is proved.

4 Theorem of uniqueness and conditional stability

Let
M = {u: [Jugy (2,y,T)|| <m}. (11)

Theorem?2. Let a solution of the problem (1)—(4) exists and u(z,y,t) € M. Then the
solution of the problem (1)—(4) is unique.

Proof. Let there be two solutions w;(z,y,t), us(z,y,t) to the problem (1)—(4) under
consideration. Then their difference u(x,y,t) = ui(z,y,t) — uz(x,y,t) is a solution to the
problem

Ugat (T, Y, 1) + sign(y)uyy(z,y,t) =0 (12)
u(x,y,t) |t=0 =0 ) (‘T?y) < [_ﬂ-;ﬂ-] X [_17 ]-] ) (13>
u(;v,y,t) ;z;g =0, (yat) < [_1; 1] X Qv

(14)

y=1 =0, (z,t) € [-m;7] x Q.
y=+1

u(z,y,t)

Let us prove that the solution to problem (12)-(14) u(z,y,t) is identically equal to
zero. To solve problem (12)—(14), according to theorem 1, we have

Tt t
Ju(z,y, Ol < 4 fluey (@, 9, 0) | 7 [[usy (2, y, T[T

Due to the initial conditions (11), it follows ||u(z,y,t)|| < 0. Hence u(z,y,t) = 0,
le. ui(x,y,t) = us(z,y,t) for all (z,y,t) € Q. This means that the solution to problem
(1)—(4) is unique.
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Let u(z,y,t) be the solution of the problem (1) - (4) corresponding to the exact data,
and u.(x,y,t) be the solution of the problem (1) - (4) corresponding to the approximate
data.

Theorem3. Let the solution to problem (1) - (4) exist and u(z,y,t), u.(x,y,t) €
in addition ||p(x,y) — pg(a:,y)HWQl,l < ¢, then for the function U(z,y,t) = (:c Y, )
— ue(x,y,t) with t € @ the following inequality is true

HW

UG,y )] < 4n(e)' T (2m)7.

Proof. Let U(x,y,t) function be a solution to equation (1) satisfying the boundary
conditions and gluing conditions (3) - (4) with initial data U(x,y,0) = p(x,y) — p-(x,y),
and ||p(z,y) — ,og(x,y)HW;,l < e. From estimate (10) followed

ER

U (2, y,1)]| < 4m(e)' 7 (2m) 7.

5 Approximate solution

Let in the problem (1)-(4) p(z,y) = ¢ ()¢ (y) . One can present solution of problem
in the form

I y’ j{: ukn/ /ﬂ;n $ y j{: ukn‘ kn $ y)

k,n=1 kn=1
or
u(x,y,t Z <1p,jY+ ngnevﬂ X, ) +Z ( ngne B ))
k=1 k=1
where
m 1
o= [ @) Xy (x)dz, ¢ = [ sign(y)y (y) Y, (y)dy,
/ /

Yy, = —/sign(y)@b(y) Y, (y)dy, k,n €N,

-1

up (1), uy,,(t) satisfies the equation (8).
Then an approximate solution of the problem with exact data has the form

N

oo N 0
(z,y,t)=> (@/)}I Y)Y enert'X, (fE)) +> <¢k_ Yo ()Y e X, (I)>,
n=1 k=1 n=1

k=1

where N is ( N integer number) regularization parameter.
The approximate solution with approximate data has the form

ul (z,y,t) =Y (w:m: (1) > penent! ) + Z (weky )Y pene X, <x>> ,
n=1 n=1

k=1
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where )
o = / e () X () d, 0 = / sign (y) e (9) Yy () dy,
g -1

1

wgk=—/swn< V. (y) Y (y)dy, kon € N.

-1

Let ||p(z,y) — pe(z, y)HWu < e. and u(z,y,t) € M. Then, for the norm of the differ-
ence between the exact and approxunate solutions, the inequality is as follows:

O.5Hu(a7,y,t) —ul (z,y,t)“i < (15)
< (g, t) = u (g, )]+ [[u (@, t) = (g, 0|2

Let us estimate the second term on the right-hand side of (15), while we made some
elementary transformations, and the conditions for estimating the norm of the difference
between exact and approximate data are as follows:

||UN (1’7 Y, t) - us (I’, Y, t) HO -
N oo i N > B
— Z Z & n (prn — Pekm)” + Z e 5 (Prn = pekn)” <
k=1 n=1 k=1 n=1
N [e’e]
<N N ((Phon = Pebn)” + (Prn = pern)”) < 37E2

k=1 n=1

or

[u™ (z,y,t) — ul (2, y,0)||; < e¥nte?.

Next, we estimate the first term on the right-hand side of inequality (15) provided that,
u(z,y,t), u¥ (v,y,t) € M

[ (g, t) — ™ (2, y,0)|| = Z oy + Y {e i {m o),
k=N-+1 k=N-+1
where

[RE Y =32 {fr (0} = ple b,
n=1 n=1

We estimate the expression

fj [t YA @0} = Z (v} Zgon 28t g

k= N+1 k=N+1

Z {wf} et Zg@ ent' < C Z {yiF}2erit

k=N+1 k=N+1

(16)

according to the condition

> {uf Yt <m?, (17)
k=1
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where C' is a positive constant. By the Lagrange multiplier method will estimate the
following extremum problem. and get

oo
2 2 2 _
E {w;"} eMit < m2€#N+1(t T)
k=N+1

Let S {ui}2{fi ()} =7 (N), where 5 (N) — 0 at N — co. Thus,
k=N+1

[u(z, y,t) — u¥ (z,y,1)||; < m2e D 4y (N).

Summing up the estimates, we have
0.5 ||u(z,y, t) — ul (z,y, t)Hz < eVt et =T) 4 o (N

Minimizing the assessment on the right side of ¢ > 0, we obtain an expression for the
regularization parameter N. In this context, m is selected arbitrarily and is generally
defined according to the specific model.

6 Results

For the numerical solution of problem (1) - (4) we choose the initial function in the
form
plx,y) = x(r* — 2)y(1 - ¢*),

and the approximate data
pe(z,y) = a(n® — 2®)y(1 — y*)(1 + 2).

We choose N from the conditions inf (eQ’“"tsQ + m2etin (=T) +7(N)>. One can see

e>0
v (N) =~ # As an example, consider

m=1000, T=1, ¢=10"% t=0.1, N =6,
m=2500, T=1 e=10"% t=0.3, N =3,
m=200, T=1 e=10""% t=05 N =2.

Here m is chosen arbitrarily, and usually it is determined depending on the particular
model. For m =200, T =1, ¢ =10"% t = 0.5 N = 2 the values of the solutions to
the problem are given in Tables 1 and 2, as well as in the figures Figure 1 and 2. The
following tables and graphs demonstrate that the numerical values of the approximate
solution using exact data are very close to those using approximate data.

Table 1 Approximate solution u(z,y,t) from exact data

y=—066]y=—-04l |y=—-025]| y=025] y=0.41 | y= 0.66

T =—287| 0.053784 | 0.211665 | 0.528862 | 2.464606 | 0.193776 | -2.8635
7 =-209]| 0.093156 | 0.366615 | 0.916016 | 4.268823 | 0.33563 | -4.95974
7 =—0.78| -0.10757 | -0.42333 | -1.05772 | -4.92921 | -0.38755 | 5.72701
z=0.78 | 0.107568 | 0.423331 | 1.057724 | 4.929213 | 0.387552 | -5.72701
=209 | -0.09316 | -0.36662 | -0.01602 | -4.26882 | -0.33563 | 4.959736
x =287 | -0.05378 | -0.21167 | -0.52886 | -2.46461 | -0.19378 | 2.863505
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Table 2 Approximate solution uX (z,y,t) from approximate data

y=—066]y=—-04l | y=—-025] y=0.25] y=0.41 | y = 0.66

r=—287| 0.053780 | 0.211687 | 0.528915 | 2.464853 | 0.193796 | -2.86379
7 =-209] 0.093166 | 0.366652 | 0.916108 | 4.26925 | 0.335664 | -4.96023
2 =—0.78| -0.10758 | -0.42337 | -1.05783 | -4.92971 | -0.38759 | 5.727583
x=0.78 | 0.107578 | 0.423373 | 1.05783 | 4.929706 | 0.387591 | -5.72758
x =209 | -0.09317 | -0.36665 | -0.01611 | -4.26925 | -0.33566 | 4.960232
x =287 | -0.05379 | -0.21169 | -0.52891 | -2.46485 | -0.1938 | 2.863791

Exact solution graph

-1.00

Figure 1 Exact solution graph

Approximate solution graph

Figure 2 Approximate solution graph

generally speaking, remain within similar limits of accuracy.

7 Conclusions

Calculations performed for other values of solutions with other values of parameters,

We using extra information (set of correctness) prove a sovability of non classical

problem for Sobolev equation. The conducted studies allow us to construct approximate
solutions of these problem on the corresponding correctness sets, which will remain stable
with respect to changes in the initial data. As a result, numerical calculations of the
solution on a computer are obtained, which are expressed in the form of tables and
graphs.
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HEKOPPEKTHAA HAYAJIbHO-KPAEBA 4 3AJAYA J1J14

YPABHEHUA CMEIITAHHOI'O TUITA TPETBEI'O
ITOPAJIKA

Y ®assoe K.C., 2Paxumos .U., 3 Passzosa 3.K.
*kudratillob2@mail.ru
I Typunckuit mosmrexHnuecknit yuupepcurer B r. TammkenTe,
100195, Y36ekucran, Tamkent, yi. Kuunk xanka tymau, 17;
2TaIlKeHTCKIil yHUBEPCUTET IPUKJIAHBIX HAYK,
100081, V3b6ekucran, Tamkent, yia. ['aBxapa, 1;
3BpuTaHCKuii yHHBEPCHTET MeHeZKMEHTa B I. TalmkenTe,
111200, Ys6ekucran, Tamkent, Maxaans Amupa Temypa, 35.

B sroit crarbe uccienyeTcss €IUHCTBEHHOCTb W YCJIOBHAsI YCTOWYMBOCTH PEIEHUsT
HaYaJbHO-KpaeBoOit 3ajaqdn i1 ypaHeHuss CobojieBa CMENIaHHOIO THIIa TPETHErO II0-
psaka. JJaHHblii THI 3a1a9 BCTPEYAIOTCd B PA3JIMYHBIX 0OJIACTSX, BKJIIOYAs MaTeMaTH-
9eCKyl0 (PU3UKY U THAPOIUHAMUKY, IIOCKOJILKY OHH MOIEJIUPYIOT TaKHhe SBJIEHHS, Kak
pacipocTpaHeHue BOJIH B HEOJHOPOJIHBIX CpellaX M IPOIecchl (buibTpanuu. Mbl J10Ka-
3bIBaeM YC.HOBHyIO KOPPEKTHOCTDb 3aJda'M, ﬂpyFI/I CJIOBaMU TE€OPEMBbI O €IMHCTBEHHOCTDBI
U yCJIOBHOM ycToifunBocTtu. Kpome Toro, B pabore MOCTPOEHO MPUOJIMKEHHOE PEIeHne
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3aJ]a9d METOJIOM PETyJIIPU3allid, JIEeMOHCTPUPYIOIIee, KaK CIPABUTLCSA C HEYCTOWIHBO-
CTBIO, IPUCYIIEH HEKOPPEKTHO ITOCTABIEHHBIM 3a/1a49aM. 110y deHbl YucIeHHbIe PEIeHNs,
a pe3yJbTaThl MOKA3aHbl B Buje Tabsui u rpaduros. Takum obpa3om, mcc/ieIoBaHme
HpeJjlaraeT IeHHbIe UJIEN JIJIsi PEIeHsl YPABHEHUN CMEIIaHHOTO TUIIA TPETHETrO MOPsi/I-
Ka, obecrieunBast OCHOBY JIJIst JIAJIBHEHIIIEr0 M3yUeHUsI YUCIEHHOTO TPUOJIMIKEHUS 314
C HENPABWJIBHO ITOCTABJIEHHBIMU T'PDAHUIHBIMUA yYCJIOBUIMU.

Kuarouesbie ciioBa: yCcToiiumBOCTb, €IMHCTBEHHOCTL, ypapHenue CobosieBa, alpruopHast
OIIEHKA, PEeryJspu3aiiys, o0OOIIEHHOe DPeIlleHne, CIeKTPaJIbHAsd 33/1a9a, YCAOBHAS KOP-
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