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Using the Duhamel-Neumann relationship and the equations of motion, the Saint-
Venant compatibility conditions, are written as a system of six dynamic equations with
respect to strains. It is shown that, unlike the Beltrami-Michell equations, these equa-
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1 Introduction

Study of the stress-strain state of solids under the thermomechanical factors, is an ac-
tual problems for mechanical engineering. Usually, for study the thermoelastic problems
the Duhamel-Neumann’s constitutive relation is used. Typically, when solving thermoe-
lastic boundary value problems, temperature fields are usually considered to be known
as a solution to the heat flow equation. Joining the flow equation to motion equations
and Duhamel-Neumann’s constitutive relations one can receive coupled boundary value
problem of thermoelasticity with respect to displacements and temperature.

In the coupled boundary value problem of thermoelasticity if we neglect the inertial
terms, the motion and heat flow equations can be considered independently of each other,
and then the boundary problem becomes uncoupled [11,16|. Usually coupled boundary
problems formulate regarding the displacement and temperature. However, formulation
coupled problems for strains and temperature allows to describe the process deformation
more adequate.

Boundary value problems of thermoelasticity regarding to strains can be formulated
within the framework of the Saint-Venant compatibility condition [1,2,7|. The strain
compatibility condition using the Duhamel-Neumann relation and the motion equations
can be reduced to system of six interconnected differential equations regarding the strains
and temperature [4].
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It is known that of the six compatibility conditions, only three are independent [31,8,1].
In the case of plane problems, the compatibility condition consists of one relation, which,
together with two equilibrium equations, constitutes a boundary value problem [32]. In
Pobedry’s works, the compatibility conditions of strains were reduced to six independent
equations [3].

When formulating boundary value problems regarding strains and stresses, usually
the number of boundary conditions is less than the number of unknowns. In order to
overcome this obstacle, by Pobedri [2, 5] was proposed to consider the equation of motion
as a boundary condition on the boundary of the considered domain.

Despite the progress achieved in the field of numerical methods, usually the literature
is limited to solving plane problems of thermoelasticity by reducing it to a biharmonic
equation with respect to the Airy stress function [14, 26].

It can be noted the Filonenko-Borodich problem on the compression of the paral-
lelepiped under the domed load by the variation method [17,18]. The static problem in
strains is considered in [12,13,19]. In [20,21], the coupled thermoelasticity problems was
solved numerically using the finite difference method. Dynamic boundary value problems
in Konovalov’s works [22, 23].

The formulation and numerical solution of the coupled thermoelasticity problems re-
garding the strains and temperature are the main goal of the paper. Finite-difference
equations are constructed in the form of explicit and implicit schemes.The plate problem
of thermoelasticity with respect to strains is numerically solved. The validity of the for-
mulated coupled problems and received results are shown solving by various methods and
comparison with other results of a rectangular plate formulated in displacements.

2 Statement of the coupled thermoelastic problem in strains

It is known [15,16] that the coupled thermoelasticity problem for isotropic bodies
consists of the motion equation

0ijj + pXi = pi, (1)
Duhamel-Neumann relations [32]
Uij = )\95” + 2,&61']' — "}/Oé(T — To)(sij, Y= 3)\ + 2/1, (2)
Cauchy relations
1
€ij = 5(’&” + uj4), (3)
heat gain equation [15] '
)\0(9’“' — 056 — To’}/Eu = —w, (4)
and initial and boundary conditions
5)u,~ ~
ui‘t:tg = i ot 1=t = ¢17T|t:to =T, (5)
wils, =ug, oynyly, = S;, Ty =T°, (6)

where 0;; — a stress tensor, €;; — a strain tensor, u; — the displacements, ; — the second
derivative of displacements, T" — the temperature, p — the density A, u — the elastic con-
stants, 6 — spherical part of the strain tensor, \g — thermal conductivity coefficient, C. —
the heat capacity coefficient, o — the thermal expansion coefficient, w — the heat source,
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S; — the surface load, n; — the normal to the surface, ¥, X; — the body forces, d;; — the
Kronecker symbol.

The equation of motion (1) using relations (2) and (3) can be written relative to
displacements [11, 12, 16], i.e.

oT
N2+ (A + )0, — (3N + QM)an + pX; = pii;, (7)

)

where V2—denotes the Laplace operator, 6 = &y,.
Differentiation equation (7) according to xz; i.e.

,quuZ-,j + ()\ + M)@,Z’j — (3)\ + 2#)0&12‘3‘ + pXi,j = piii,j (8)
and swapping the indices ¢ and j in (8)
(V25 + A+ 108,50 — BA +2p)aT iy + pX;, = piiy (9)

and adding equations (8) and (9), we can find the following equation for deformations [19]
1 .
P25+ A+ )05 — BA +2p)aTy; + §p<Xi,j + Xji) = péij. (10)

Note that the last equation can also be obtained from the compatibility condition
using the Duhamel-Neumann relation and the equation of motion and is an analogue of
the Saint-Venant compatibility condition. Therefore, following the works [15,29], we can
call it differential equations of strain compatibility.

Differential equations of strain compatibility (10) in combination with the heat flow
equation [16]

>\09,n’ - Csé — Tovey = —w (11)

with the corresponding initial
Eijlimto = fir Eijlemte = 00, Tlimto = T (12)
and boundary conditions

(X065 + 2pei; — va(T — To)dij)ngl |5, = S,

13
T =T° 13

and additional conditions |2, 3] obtained from equations (1) and (2)
(A0 + 2peij ; — vol; + pXi — pii; )|so =0 (14)

can be considered as a coupled thermoelasticity problem in strains (problem A).

For formulating the elasticity in stresses, may be consider the first or second group
of three Beltrami-Michell equations in combination with three equilibrium equations [11,
15,16]. According to [2], the closeness of the boundary problem requires three additional
boundary conditions receiving from the equilibrium equations consider the boundary of a
domain. If, in boundary problem (10-14), instead of the first three differential equations
of (10), to consider following three motion equations expressed with respect to strains i.e.

A0 11+ 2uerk g — Yo + pX11 = pén,
A0 20 + 2ok ko — Y22 + pXa o = pEay, (15)
A0 33 + 2puesk k3 — Y33 + pX33 = pin
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we receive a second form of the coupled thermoelasticity problem in strains (problem

B).

Note, equations (15), received from the equation of motion (1) differentiating it with

respect to and, respectively and taking into account relation (2).

Thus, equations (15) together with the following three strain compatibility conditions

1.e.
1 . L
Ve + (A4 )8, — vaTyj + §P(Xz‘7j + Xji) = péij, i F£J

can be considered instead of equations (10) in problem A.

3 Plane thermoelastic problems in strains

(16)

We will consider the thermoelasticity problems of A and B, formulated in the previous
paragraph, in the plane strain case. The problem A (10-14) in the absence of mass forces

has the form

Rt Ma(;;il THONALA N i T}
(A +2p) 632;2 + ua(;;? +(A+ p) ag;l - vgj; = pa;if,
Gt )+ O G+ o) v = 0
AO(%+%)_OE%_7TW =0.

In plane strain case, the coupled elasticity problem B takes the following form

82811 )\82822 82812 GQT 82811

W25z A2 Y250, Ve o
(A + 2p) a;;? * Aa;jél + 2#212; - vgj; = pa;?»
G+ g+ O Gt 55 <o =
G+ 00y 0.9 yrlentenl

Coupled problems A and B have the following initial and boundary conditions:

initial conditions

T|t:0 =T, 511|t:0 =&y €210 = ¢i,€12|t:0 = G,

Oen 1 Oeay , Oe1g
lt=0 = £, li=0 = Cilé

ot St =0 =V o

boundary conditions
T(ZE, Y, t)|:v:0 = T17 T(Z‘, Y, t)|1‘:ll = T2)

T<x7y7t)|y=0 = T37T(x7y7t>’y:lz = T4
511’1::0 =0, 511’z:11 =0, 511’;/:0 = 0,511‘3,/:12 =0,

522|z:0 = 0, 522|a::11 =0, 522|y:0 = 0522|y:l2 =0,

12]a=0 = 0,€12]o=1; = 0,€12]y—0 = 0, €12|4—1, = 0.

(18)

(19)

(20)

(21)
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Note that the boundary conditions (21) are valid under the assumption that in the
initial state the stresses and strains are equal to zero.

Note that the coupled thermoelasticity problem (1-6), in plane strain case, can be
written with respect to displacements (problem C)

Pu  Pu 0% or 0%u
A2u) =— — 4+ (A 3N+2 =p—
(A + “>ax2+“az+( +'u)8a:8y (BA+2p)as = pos
0%v 82 0?u oT 0%
A+2 A —(BA+2 — = p— 22
(A + u)aQ o +M)axay (3A + “)O‘ay Po (22)
o*T  0*T T 0%u 0%
M=+ —cc— — B \+2u)aT =
(3x2 i ay2> cp ~ BAF 2 (axat * 8y8t) 0
with corresponding initial
ou ov
ulg =1 5ol =LVl =02 o) =Y Tl =To (23)
and boundary conditions
u‘m:O = Uo, ulx:él = 1_60, u‘y:O = ulo’ u‘y:ég ﬂi),
V| ,—o = o, U’:p:él = Yo, v‘y:O = 'y, | =t, — Up (24)

Tlpo =Ta(t), Tlpey, =Ta(t), Tly=o =T (1), T, =T2(1).

4 Finite-difference equations for plane thermoelastic problems in

strains

Considering nodal points x; = ihy,y; = jho(i,j = 0,n),t = k7 (k = 0,1,2,...) with
meshes hy = 1 /Ny, hy = l3/N; in the given domain in ¢ > 0, 0 < z <[ and replacing
the derivatives in equations (14) for problem B with finite-difference relations [4, 6], we
can find the following grid equations

11 11
€iv1 ik — 26+ 51
()\ + 2”) +17]7k 5] k 17] k +

ht
22 22
+)\51+1,jk 2e3% ), T e ik Tiige = 2Ti0 + Tiign
h2 h2
b 12 12 5 (25)
. 2M5i+1,j+1,k — &1k — itk TE L1k
4hihoy
11
gi,j,kJrl 251 J:k + Ez Jk—1
- 2 :
—
22
o —2e2 422
i,5+1,k 1,7,k 1,7—1,k
B
1
I\ €k — 26, T EG 1k B Tjrn — 205 50+ 2T 54,
12 7 h2
n 12 12 0 (26)
. 2M€i+1,j+1,k €11k Cil1jrie T eI 1k
4hiho

22
gi,j,k—‘rl 2€’L]k‘ + 51 Jk—1

72

Y
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12 12 12
(5i+1,j,k — 262 ek n Eidik — 26, ey k>

2 2
hi h3
_Ti—i-l,j—i-l,k - Ti—i—l,j—l,k - Ti—l,j—i—l,k + T'—l,j—l,k
4hihy
11 11 11 11
E; : — & . — & . + € .
i+1,74+1,k i+1,j—1,k i—1,j+1,k i—1,7—1,k
+(A+ p)( - (27)
4hiho
22 22 22 22
Cit1 41k — Citlj—1k — Cicij+1k T Eit1 -1k
+ ) =
4hihsy
c12
]k+1_2€’t_]k‘+€l]k‘ 1
T2 ’
)‘0( 2 + ) ) — C’a —
h1 h3 2T
11 11 29 29
o0 (Zidktl T Cigkot | Sijktl T Cigko1y o
— 72T 4.( + ) =0.
2T 2T

(28)

These equations within the domain have a second order of approximation O(h?, 72)

and are explicit. Therefore, by solving these difference equations (25-28) for ¢; ;41 and
T; ;41 respectively, we obtain the following recurrence relations i.e.

) 1 _ 11
n T gy ik~ 2k e
Sighn = (A+2u) h3 i
p 1
99 22
itk © 25k T eliin  Tivngn = 2T+ Ty + (29)
h2 h2
2 1
12 12 12 12
+2,ugi+1,j+1,k: — &1 -1k — Eil1j401k T 8"‘1’]'_1’]’3) +2ell gl
4hyhs o e
5 22
. g44 + 5
22 _ ij+1k k iy =Lk
Cigk+1 = ;((A 20) h2 *
1 T . i, —2T. . +T.
j—&—lk + zg lk i,j+1,k 0,4,k i —1k
2 2
12 12 12 12
+2M€i+1,j+1,k —Cit1j-1k — Sit1j41k T Ei—lvj_Lk) o
4hqhs PR
9 12 12
2 T (M<51+1g w265 ety | Eiain — Sigk tE 1, k)
bkl — T 2 5
p hi k&
Tipr e = Tigijie = Ticjpn T Ticrjon
- +
4hyhs
. 11 . . (31)
el . — €& . — & . + €, 1
A i+l+Lk — Cit1-1k — Cic141k T Si1-1k
+(A + p)( Ahyh
1102
929 29 29 22
LSk T Sk T Stk + Ei’l’jfl’k)) + 2%, — &
4hyhy A
T 27 A Tivigr = 2T Y Ticagn | Tijrpe = 2T T Tijan
it = g (ol h3 i h3 "
€ 1 2
1 . 222 o2 (32)
0 7/7]7k+1 7/7]7k_1 7/7]7k+1 7/7]7k_1
2T, - )+ T

2T 2T
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Using relations (29-32) may be find the values of €11, €99, €10 and T" at ¢y 1, if the values
of these functions are known at £ =0 and k£ = 1.
It is known that the time step 7 is very small compared to h for explicit schemes i.e.
2 . . . . . .
T < 1[6]. It is possible to construct difference schemes for which there are no restrictive
conditions on the grid steps in x and t. Why do we replace the index k in the first terms
of equations (25) with k& + 1, then the difference scheme becomes implicit

11 11 11
A+ 2M>5i+1,j,k+l =26 k1 TEC1jkm
h2
1
22 22 22
Sk 2eikteitign  Tige = 2T 0 + Ty
h? h?
1 1
12 12 12 12
2M5i+1,j+1,k — &1k — itk TE L1k
4hihoy
11 11 11
Cigh1 ~ 2805k T Eijr

72

_|_

_|_

(33)

+

and may be written in the following tridiagonal form

11 11 11 T
AEi11 j k1 T bei,j,k-{—l T CE k1 = fi,ja (34)

where a, b, ¢, f’;— coeflicients.
Equations (26) and (27), similar to (28), can be written in the following form, i.e.

aligi?-&-l,k-&-l + blifiim + C,iez?j—l,kﬂ = Fijk
aigz'lfl,j,k+1 + l')igilj,k-s-l + éigv.'l—Ql,j,k+l = Zajm;;’
disiljﬂ,kﬂ + Eieilj,kJA + 6i€iljfl,k+1 = iz'k’ (35>
ATi+1,j,k+1 + BTi,j,kH + C]_Yifl,j,lwrl - 19;%
Aj_;,j+1,k+1 + Bj—':ikJrl + Cz_;%?fl,lvkl = 'F‘Zl]k

Equations (25) and (26) may be solved using the variable direction method.

In a similar way, can be found finite-difference equations for problem A and solved
using the variable direction method.

Finite-difference equations for problem C (22)-(24) have the following form

\

ui+1,j,k_2ui,j,k+ui71,j,k Vit1 41,k Yie1,j41,k Vitl, -1,k TVi—1,—1,k
<>‘ + 2:“) h? + ()‘ + M) 4hiho +
Ui kT2 et 0 T e i1 g _ Uy 51 T2 5 T e
,u h% ’7 2h1 p T2 ) (36)
Ui,jJrl,k_QUi,j,k—i_Ui,jfl,k Uit 1 1,k %o 1,41,k Yit1, -1, %151k
<>‘ + 2:“) h3 + (>‘ + :u) 4hiho +
Uz‘+1,j,k_2vi,j,k+vi—l,j,k o Ti,j+1,k_Ti,j71,k _ Ui,j,kJrl_2vi,j,k+vi,j,k71
® h? v ha =/ 2 ; ]
\ (THLM — 2 Tl 2igean = gt 2Tm‘—1,k> o Pl = 2T
0 P P - Ce -
h h T
1 2
2T, Uit jik1 — Wimt jhp1 — Wig1jh—1 T Wit jk—1 n
— ok
hJs 4h17’
" Vitr k1 — Yictgker — Vigtgh—1 T Vic1jh-1) _ 0
4h27‘
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and having resolved the resulting difference equations for w; ;. 1, V15 Tijrpg1, We
respectively obtain

2 _ _
T (g ik~ 2 Uik, gk — 2k T Yo
Ui = — | (A +2p) 02 tu 72 +
P 1 2

V.4 — V. L. — V. + v T ... =T .. 38
i+1,5+1,k i—1,5+1,k i+1,7—1,k i—1,7—1,k i+1,5.k i—1,7,k
+O+ ) J J J J PN J J )+ (38)

4h1h2 2h1

+2u17]7k B ui7j7k"_1’

2
V. - — 20, .. 40, . Viqoir — 20, .1 +F U, .
27J+17k 7’7]7k Zvj_lvk 7’+17]7k 7/7]7k 2_17J7k
Ve = — | (A +2p) + p +
1,7,k+1 (( 2 2
P h; hi
Ui jpi e~ Wimtjrihe = Wil j—1k T Wic1 j—1k Tjiin— Tk 39
+()\+”) 5J 5J 5J ) J _,.Y 5J 5J ) _'_
4h1h2 2h2
+2’U17J7k - /U7;7j7k_1’
5kl — T 0 2 2 B
Ce hi hs
gk ((Yirtghat ~ Yictgher ~ Yirtgho1 T %ot m
—VLi; m + (40)
17T
Vit k1 — Vit k1 — Yig1jh—1 T Vic1jk—1 T
+ L5k
4h27’

Using equations (38)-(40), you can find the values of w, v, T on layers t;. 1, based on
the known values of functions on the two previous layers (k =0 and k = 1) according
to initial and boundary conditions.

U= — ()\ + 2,“) +1,5,0 ,23,0 1,7,0 + 4 ,J+1,0 ,2j,0 ,j—1,0 +
317 9 12 h2
Vg — V. . — V110U T ,.0a="T .. (41)
A i+1,7+1,0 i—1,7+1,0 i+1,7—1,0 i—1,7—1,0 _ i+1,7,0 i—1,7,0
At ) 4hihs 7 2h, *

+2u, 5 +2711) ,

1 (/72 Vi 41,0 — 2V 50 T Ui i1 Vig1,50 — 2V 50t Vis1 50
Vig1 = 5 <— ((A +2p) = h§ N h%? =t
O+ )ui+1,j+1,0 ~ Uim1j41,0 ~ Wit 10 T Uicj-10 Tiji0—Tij-10 n (42)
K 4hihy i 2y
+2Ui,j,0 + 2T¢2),
7 T\ Tiv1j0— 2T 0+ T 50 n L0 2T 50+ 15210 B
e\ h3 h3
o To 1+1,5,1 i—1,5,1 i+1,5,0 1—1,5,0 + 43
i 4 ( 2h17’ ( )
Vi1 — Vig—1,1 — Yijg1,0 T Vij—1,0
_|_ 7]+ 3 5J ) 5J ) ) i T .
2h27’ 63,0

5 Numerical results

Explicit and implicit schemes of the coupled thermoelasticity problem in strains (17-
21) were solved by recurrence formulas and the variable direction method, under the
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following initial and boundary conditions:

Tlso = To + T sin(ﬂl—xi) sm(”l—%),
1 2

€11lt=0 = 0,210 = 0, €12]t=0 = 0, (44)
Oe Oe Oe
a__zllt:() = 07 a_?|t=0 = OJ 8_22|t=0 = 07

511’1::0 =0, 811’x2l1 =0, 511’;/:0 =0, 511‘3,/:12 =0,

€92|e=0 = 0, €22]o=1, = 0, €22]y—0 = 0, €22[y—1, = 0,

(45)
512’:p:0 =0, 512’x:l1 =0, 512’3;:0 = 07512‘y:l2 =0,
T’x:O = To, T’x:ll = TO; T’y:O = To, T’y:lg = TO~
Regarding displacements has the following form:
511’:2:0 =0, 511’w:l1 =0, 511’3;:0 = 0,€11‘y=12 =0,
522’9::0 =0, 522’z:11 =0, 522’;/:0 =0, 522‘3,/:12 =0, (46)
512|x:0 =0, 512’:v:l1 =0, 512|y:0 = 07512|y:l2 =0,
T)omo = T0, T o=ty = To, T'|y=0 = To, T|y=1, = T0;
Up e =05 Uny ik =0, Uigp =0, Uy, =0,
Yo,k = 0, UNyjk = 0, Viok = 0, Ui Nok = 0, (47)
T07j7k = TO’ TN17j7k = TO’ 7—17;707’{“ = TO’ ﬂ7N27k = TO

with a initial data

Th =15, =0.78, g = 0.06,a« = 0.05, p = 0.5,
P = 0.86,05 = 34, hl = hg = 0.1,[1 = lg = 1.

Using the tables, you can compare the values for strains obtained on explicit and
implicit schemes for problems A and B. A similar comparison was made for temperature.

Table 1 Values of €17 at ¢t = 0.05 (explicit scheme) problem A

x=0 x=0.1 x=0.2 x=0.3 x=04 x=0.5

y=0 0.000 0.000 0.000 0.000 0.000 0.000
y=0.1 0.000 0.003 0.006 0.009 0.010 0.011
y=0.2 0.000 0.006 0.012 0.017 0.020 0.021
y=0.3 0.000 0.009 0.017 0.023 0.027 0.028
y=0.4 0.000 0.010 0.020 0.027 0.032 0.033
y=0.5 0.000 0.011 0.021 0.028 0.033  0.035
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Table 2 Values of €17 at ¢ = 0.05 (explicit scheme) problem B

x=0 x=0.1 x=02 x=0.3 x=04 x=0.5

y=0 0.000 0.000 0.000 0.000 0.000 0.000
y=0.1 0.000 0.002 0.003 0.005 0.007  0.007
y=0.2 0.000 0.003 0.008 0.013 0.016 0.017
y=0.3 0.000 0.005 0.013 0.019 0.023 0.025
y=0.4 0.000 0.007 0.016 0.023 0.028 0.030
y=0.5 0.000 0.007 0.017 0.025 0.030 0.032

Table 3 Values of €17 at ¢ = 0.05 (implicit scheme) problem A

x=0 x=0.1 x=0.2 x=0.3 x=04 x=0.5
y=0 0.000 0.000 0.000 0.000 0.000 0.000
y=0.1 0.000 0.003 0.006 0.009 0.010 0.011
y=0.2 0.000 0.006 0.012 0.017 0.020 0.021
y=0.3 0.000 0.009 0.017 0.023 0.027 0.028
y=0.4 0.000 0.010 0.020 0.027 0.032 0.033
y=0.5 0.000 0.011 0.021 0.028 0.033 0.035

Table 4 Values of €11 at ¢ = 0.05 (implicit scheme) problem B

x=0 x=0.1 x=0.2 x=03 x=04 x=05
y=0 0.000 0.000 0.000 0.000 0.000 0.000
y=0.1 0.000 0.002 0.003 0.005 0.007  0.007
y=0.2 0.000 0.003 0.008 0.013 0.016 0.017
y=0.3 0.000 0.005 0.013 0.019 0.023 0.024
y=0.4 0.000 0.007 0.016 0.023 0.028 0.030
y=0.5 0.000 0.007 0.017 0.024 0.030 0.032

Table 5 Values of T' at ¢t = 0.05 (explicit scheme) problem A

x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5

y=0 15.000 15.000 15.000 15.000 15.000 15.000
y=0.1 15.000 16.409 17.680 18.688 19.335 19.558
y=0.2 15.000 17.680 20.096 22.012 23.241 23.665
y=0.3 15.000 18.688 22.012 24.647 26.338 26.920
y=0.4 15.000 19.335 23.241 26.338 28.325 29.009
y=0.5 15.000 19.558 23.665 26.920 29.009 29.728




New coupled thermoelasticity boundary-value problems in strains

33

Table 6 Values of T" at t = 0.05 (explicit scheme) problem B

x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5
y=0 15.000 15.000 15.000 15.000 15.000 15.000
y=0.1 15.000 16.410 17.682 18.691 19.338 19.561
y=0.2 15.000 17.682 20.099 22.015 23.245 23.669
y=0.3 15.000 18.691 22.015 24.651 26.342 26.925
y=04 15.000 19.338 23.245 26342 28.329 29.013
y=0.5 15.000 19.561 23.669 26.925 29.013 29.732

Table 7 Values of €17 at ¢t = 0.05 (explicit

scheme) problem C

x=0 x=0.1 x=0.2 x=0.3 x=04 x=0.5

y=0 0.000 0.000 0.000 0.000 0.000 0.000
y=0.1 0.000 0.002 0.006 0.009 0.010 0.011
y=0.2 0.000 0.003 0.011 0.016 0.019 0.020
y=0.3 0.000 0.005 0.014 0.022 0.026 0.028
y=0.4 0.000 0.005 0.017 0.026 0.031 0.033
y=0.5 0.000 0.006 0.018 0.028 0.033 0.034

Table 8 Values of T" at t = 0.05 (explicit scheme) problem C

x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5

y=0 15.000 15.000 15.000 15.000 15.000 15.000
y=0.1 15.000 16426 17.692 18.706 19.357 19.581
y=0.2 15.000 17.692 20.076 21.983 23.207 23.629
y=0.3 15.000 18.706 21.983 24.604 26.286 26.866
y=04 15.000 19.357 23.207 26286 28.262 28.943
y=0.5 15.000 19.581 23.629 26.866 28.943 29.659

Figure 1 shows the distribution of deformations by coordinate and time obtained using
an explicit scheme for problem B.

0.035 -

003 ~

0.025 -

0.5

Figure 1 Distribution graph of the strain tensor (explicit scheme) at ¢ = 0.05 (problem B)
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In Fig. 2 compares the curves showing the change in deformation over time at the
midpoint of the rectangle, constructed from the results of the obtained recurrent formulas
(explicit scheme) and the variable direction method (implicit scheme) for problem B.
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Figure 2 Comparison of the results of the deformation tensor over time at t = 0.05,y = 0.5
(problem B)

Figure 3 compares the results of task A and B in time. Figure 4 compares the results
of the deformation tensor obtained on the basis of problem A with an explicit and implicit
scheme. Figure 5 compares the numerical results based on Problems A, B, and C.
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Figure 3 Comparison of the strain tensor distribution over time ¢ = 0.05,y = 0.5 based on
problems A and B
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Figure 4 Comparisons of the distribution of the strain tensor over time ¢ = 0.05,y = 0.5 based
on problem A obtained with the explicit and implicit scheme
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Figure 5 Comparisons of the distribution of the strain tensor over time ¢ = 0.05,y = 0.5 based
on problems A, B, and C obtained with an explicit scheme

A comparison of the results from the tables and figures shows that the numerical
results found by recurrence relations and by the variable direction method are quite close,
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which ensures the validity of the formulated boundary value problems and the reliability
of the obtained numerical results.

6 Conclusion

e Based on motion equation and the Duhamel-Neumann relation, Saint-Venant com-
patibility conditions are written as a system of six differential equations in strains and
temperature;

e Differential equations of thermoelasticity together with the heat influx equation
and corresponding initial and boundary conditions constitute coupled thermoelasticity
problem in strains (Problem A);

e Considering instead of the first three of the six differential equations in strains, three
motion equations we can to formulate an equivalent coupled problem in strains (problem
B);

e Along with the usual kinematic and natural boundary conditions, initial and bound-
ary conditions can be set relative to the strain tensor;

e Implicit and explicit finite-difference equations of related thermoelasticity problems
can be solved by sequential application of the method of sweeping along the corresponding
axes and recurrent relations between strains and temperature;
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