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1 Introduction

Numerical calculation of integrals of highly oscillating functions is one of the more
important problems of numerical analysis, because such integrals are encountered in ap-
plications in many branches of mathematics as well as in other science such as quantum
physics, flow mechanics and electromagnetism. Main examples of strongly oscillating
integrands are encountered in different transformation, for example, the Fourier transfor-
mation and Fourier-Bessel transformation. Standard methods of numerical integration
frequently require more computational works and they cannot be successfully applied.

For integrals with different type highly oscillating functions many special effective
methods such as Filon-type method, Clenshaw-Curtis-Filon type method, Levin type
methods, modified Clenshaw-Curtis method, generalized quadrature rule, Gauss-Laguerre
quadrature are worked out (see, for example, [1-3, 6], for more review see, for instance,
[4,5] and references therein).

This paper is devoted to construction of optimal quadrature formulas for approximate
calculation of Fourier integrals in a Hilbert space of non-periodic functions by ¢ function
method.

Given the known geometric value, the problem of finding the numerical value of in-
tegrals is often called quadrature and cubature, respectively. Various quadrature and
cubature methods allow the calculation of the integral using a finite number of values
of the integrated function. These methods are universal and can be used where other
calculation methods fail. Currently, in the theory of constructing quadrature and cuba-
ture formulas, there are the following main approaches: algebraic, probabilistic, numerical
theoretic and functional. Since the research in this work relates to the latter approach,
we will provide an overview of the results in this area.
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Note that there are several methods for constructing optimal formulas by minimizing
the norm of the error functional over coefficients at fixed nodes: the spline method,
the method of p-functions, and the Sobolev method. A.Sard [21,22], L.F.Meyers [20],
G.Coman [11,12], I.J.Schoenberg [23, 24|, S.D.Silliman [25], and P.Kéhler [18] utilized the
spline method to construct optimal quadrature formulas in various spaces. A.Ghizzetti
and A.Ossicini [13], F.Lanzara [19]|, T.Catinag and G.Coman [10] employed the method
of p-functions for this purpose.

It is necessary to consider the problem of approximate calculation of the integral
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with real w. This type of integrals are called highly oscillating integrals for large values
of w. In most cases, it is impossible to get the exact values of such integrals. Thus, they
can be approximately calculated using the formulas of numerical integration.

Recently, in [7,9] the problem of construction of optimal quadrature formulas in the
sense of Sard for numerical calculation of integrals (1) with integer w was studied in
Hilbert spaces L™ and Wi™™ Y.

It is worth noting that in recent years, Kh.M. Shadimetov, G.V. Milovanovic, A.R.
Hayotov, and N.D. Boltaev [8], as well as A.R. Hayotov, C.-O. Lee, and S. Jeon [14—

16|, and S.S. Babaev [17], have conducted scientific research in the Hilbert spaces Lgm)
and Wém’m_l). Their work focuses on developing optimal quadrature formulas for the
approximate calculation of strongly oscillatory integrals and their practical applications.
As a result, they have achieved high-resolution reconstruction of Computed Tomography
images in both industrial and medical fields under laboratory conditions.

2 Problems of optimal approximation of Fourier integrals

In this work, we study the construction of an optimal quadrature formula using the
method of p-functions. In this regard, consider quadrature formulas of the form
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where A, and x;, are coefficients and nodes of the quadrature formula. Let the nodes of
the formula be located on the segment [a, b] as follows
a=x0<Ty<...<x, =0, (3)

and R, (f) is the residual of formula (2).
Suppose that the integrand function f(z) is from the space WQ(L’O)(a, b), where

Wz(i,’o)(a, b) is the Hilbert space of absolutely continuous functions that are quadratically
integrable with the first-order derivative on the interval [a,b]. The scalar product of any
two functions f(x) and g(z) from this space is defined by the following formula

(f(x), g(x)) =/ (f'(2) + o f(2))(g'(x) + og(x))d, (4)

where o € R and o # 0. This space is provided with the corresponding norm

Hﬂmmﬁmz(llwm+vﬂmfm)m. (5)
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One of the important problems in the theory of quadrature formulas is the problem of
the optimality of quadrature formulas relative to the error of this formula. In this paper,
we will consider the problem of optimality of a formula in the sense of Sard. We use the
one-to-one correspondence between quadrature formulas and ¢ - functions in this.

For convenience, we introduce the multi-index notations

A:(A(],Al,...,An) andX:<I0,l‘1,...,In). (6)

Definition 1. The quadrature formula (2) is called optimal in the sense of Nikolsky
in space W2(710,0)’ if the value

F (W2 A X) = sup  |Ra(f)] (7)
Fewgl?

reaches its smallest value relative to A and X, where A and X are defined in (6).
Definition 2. The quadrature formula (2) is called optimal in the sense of Sard in

the space WQ(’IC;O) it the quantity

F,(Wik? Ay = sup  |R.(f)], (8)
Fewsh?®

reaches its smallest value relative to A for fixed X, where A and X are defined in (6).

In this work, we solve the problem of constructing an optimal quadrature formula of
the form (2) in the sense of Sard in the space WQ(L’O)(a, b), i.e., let us find such coefficients
of the formula (2) that satisfy the condition (8). In this case, we use the method of
p-functions.

Next, the rest of this work is organized as follows. Section 3 describes the method of
¢-functions for constructing quadrature formulas of the form (2) in the space W2(’10,0) and
provides the relationship between the coefficients and ¢-functions. Section 4 is devoted
to obtaining @-functions that give the smallest error value of a quadrature formula of
the form (2). Using the obtained p-functions, the coefficients of the optimal quadrature
formula of the form (2) are calculated.

3 Method of ¢ - functions for constructing quadrature formulas
in the space Wz(’la’o)

In this section, we explain the method of ¢ - functions for constructing optimal quadra-

ture formulas of the form (2) in the sense of Sard in the space WQ(L’O).

Let functions f(z) be from the space Wé}o’o)(a, b) and for a given positive integer n the
nodes of the quadrature formula under consideration are located as in (6). Then for each
subinterval [xy_1, 2], K = 1,2,...,n, consider the functions ¢y, £k = 1,2,...,n having
the following property

o () —opp(x) = ¥ k=1,2,...,n. (9)
Then the function ¢ is defined as follows
Olizp 0] = Pr(x), k=1,2,...,n. (10)

That is, the restriction of the function ¢ to the interval [z)_1,z;] is equal to py.
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Let us introduce the following notation

I(f) = / 27w . f (), (11)

= Af(). (12)

Now, using the property of additivity of a definite integral, taking into account the equality
(9), from (11), we have

1= / T e = Z / ()~ o) e)de =
_ Z ([ dwse—o [ gok(m)f(x)dx) -

S aws@ae-o [0 ) ) )=

Th—1 Tk—1 Tr—1

_ Z(sok(fr)f(fr)

k=1

=3 (et

Tk

o /k () (f' () + crf(x))) do —

ZEn —I— Zg&k xk ZS%H 5Uk 901<x0)f($0)_

—Z/x ( 2+ ofo >)

From here we have

n—1
I(f): = Aof(xo)+ Y Apf(@r) + Auf(zn) + Ralf]- (13)
k=1
Consequently from (13), we get
Ay = —pi(x0),
A = or(ar) — oesi(ar), E=1,2,...,n—1, (14)
An - @n(xn)

and the error of the formula (2) has the form

:—Z/m 3 (7@ +os@) )is = [ oto)(F0)+or@)). (19

Remark 1. Knowing the function ¢ from (14) we can find the coefficients Ay,
k =0,1,...,n. This method of constructing a quadrature formula is called the method
of ¢ - functions.

Remark 2. From the expression (15) it is clear that the quadrature formula (2) is
exact on functions that are a solution to the equation

f(z) +of(x) =0. (16)
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Further, in the next section, we are engaged in calculating the coefficients of the
optimal quadrature formula of the form (2) in the space WQ(}U’O)(CL, b).

4 The optimality problem for a quadrature formula of the form

(2)

In this section, we will discuss the problem of optimality of a quadrature formula of
the form (2) in the space WQ(L’O)((L, b).

Using the Cauchy-Schwartz inequality for the absolute value of the error (15) of the
quadrature formula (2) we have the following

b 1/2

Bl < N (@) + 0 f (@) Loy /902(1’)6596

= F@lypole@)la@s- (17)

It should be noted that here the task of constructmg) an optimal quadrature formula
of the form (2) in the sense of Sard in the space W2g a,b) is the task of finding the
coefficients A = (Ap, A1,...,A,) (for fixed nodes X = (xo,xl, ..., T,) satisfying the

condition (3)) giving the smallest value to the quantity

F.(A) = /gpg(x)dx. (18)

In turn, this problem is equivalent to finding functions g (x), k = 1,2, ..., n, satisfying the
equation (9) and giving the smallest value to the quantity (18) on each interval [x)_1, z],
k=1,2,...,n

Next, from the beginning we will find the functions ¢x(z), kK = 1,2,...,n that give
the smallest value to the quantity (18) and then using the formulas (14) we will calculate
coefficients Ay, k =0, 1,...,n of the optimal quadrature formula (2).
4.1 Finding functions ¢y

Now we are engaged in finding the functions ¢ on each interval [zy_q, 2] for k =
=1,2,...,n, which are the solution to the equation

y/ — oy = 627riwx. (19)

We will seek a solution to this equation in the form of the product y = uy; of the functions
u(z) and y;(x), where y; is the solution to the corresponding homogeneous equation

y — oy =0. (20)
It is easy to check that one of the solutions to the equation (20) has the form
yi(x) = e7". (21)

Now we can solve the equation (19). By assumption, the solution to the equation (19)
has the form

y(x) = uys, (22)
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where y(x) is defined by the equality (21). Then we just need to find the function u(z).
To find it, we first calculate the first-order derivative of the unknown function y(x) in
(22). Then we have

y = u'yr +uyr. (23)
Substituting (22) into (19), taking into account (21), we get

, .
u' e’% 4 uoe’® — uoe’t = eQmwm‘

From here

u = 6(271*10.;70):1:.

Integrating both sides of the last equality with respect to x, and we find
1
u(z)

T 2riw — o
This means, taking into account the last equality and (21), to solve (22) the equation (19)
we obtain

. 6(27riw—a)m +C.

1

2miwz o
= — Ce”. 24
4 2miw — o ¢ +ee (24)
Hence, on each interval [zy_1,zx], k = 1,2,...,n we take functions ¢y (x) in the form
(24), t.e.
op(z) = _ AT | ka)e”, x € |z, 2], k=1,2,... n. (25)
2miw — o

From here we conclude that to find the functions ¢y (z) we need to find such coefficients
ka), k =1,2,...,n, which give the smallest values to the quantity (18) on each of the
intervals [zy_1,zx] for k = 1,2,... n. Next, we will find C’l(k) such that the integral of the
square of the function gy (x) defined by the equality (25) on the interval [xy_1, zx] takes
lowest value. In this regard, consider the following functions

Tk

Fr(C?y = / or(x)dr, k=1,2,... n.
Tp_1

Then from here, taking into account (25), we have

T 2
1 .
Fi(CF) = / (—-emwuc{’“)e”) du =

2miw — o
Tk—1
i 2miwx 2 Tk
e 1 )
= / — | dz + QC'l(k).— / 2T T [t
2miw — o 2miw — o
Te_1 T—1

T
+(C§k)>2 / eZU:vdx7 k = 1,2,...,n.
Tp—1
Then calculating the first order derivatives of the function Fk(ka)) with respect to Cl(k)

and equating it to zero, we have

Tk Tk
201" / e*7 dy + ———— / 2T ey = 0, k=1,2,...,n.
2miw — o

Th—1 Tr—1
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From the last equality we get the following

ok — 20 (eBriwto)an- _ ((2mivto)z)
=

Ck=1,2,....n. 26
(2miw — o) (2miw + o) (e20%-1 — e20k) " (26)

It is easy to check that this value C’fk) gives the smallest value of the function fk(C’fk))

on the interval [xy_1,zx]. Then, taking into account (26), from (25) we have

1 . 29 6(27riw+a)xk,1 _ 6(27Tiw+0'):1:k

or(z) = ———— P . ( , ) e’ (27)
2w — o (2miw — o) (2miw + o) (e27%k-1 — 20Tk
T € [xp_1,xp), k=1,2,...,n.

4.2 Calculation of coefficients of the optimal quadrature formula of the form
@)
Now, using (27), from the formulas (14) we calculate the coefficients Ay, k = 0,1,...,n
of the optimal quadrature formula of the form (2).
First, let’s calculate Ag. Then from (14), taking into account ¢4 (x), we have

627riwx0 20e7%0 (e(2mw+a)zo o e(27rzw+cf)z1 )

2miw — o * (2miw — o) (2miw + o) (2770 — e2771)’
Now let’s calculate the coefficients Ay, k = 1,2,...,n — 1. Then from (14), taking into
account ¢y (x) for k =1,2,...,n — 1, we have

Ay = —pi(x0) = (28)

A = (k) = Pryr () =
257k (e(Qm'w—l—U)zk _ 6(27riw+a)zk+1 6(27riw+0):ck_1 _ 6(27riw+a)xk) (29)
(2miw)? — (0)” .

Finally, let’s calculate the last coefficient A,. Then, from (14), taking into account
(27), we obtain

eZoxk _ 6201k+1 620'3%—1 _ €2oxk

627riwxn 2geoTn (6(27riw+a')mn_1 . 6(27riw+0'):1:n)

2w — o (27w — 0) (2Tiw + o) (€20%n—1 — 20%n)’

An = Spn(-rn): (30)

Thus, summing up the results of (28), (29) and (30), we obtain the following main
theorem of this work.
Theorem 1. In the space Wz(’la’o)(a,b) for each fixed positive integer n, there is a
unique quadrature formula that is optimal in the sense of Sard of the form
b

/627“‘”“ - f(z)dx = Z Apf(xr) + Ra(f),
k=0

a

with coefficients

627riwa:0 25e7%0 (6(27riw+o')mo . 6(27riw+a’)x1)
Ay = —
2miw — o (2miw — o) (2miw + o) (e20%0 — e2071)’
20Tk 6(27riw+a)xk . 6(27riw+0')xk+1 e(?ﬂ'iw+a)xk,1 . e(27ric;.}+o')a:;c
AL = _
k (277'7:&))2 . (0_)2 20z _ p20Tk 11 e20tk—1 _ 20y ’

k=1,2...,n—1,

627rz'wzn 2ge%%n (e(2m'w+o):vn,1 o e(27riw+o)mn)

A_

" 2miw—o B (27m'w — 0’) (27riw + O’) (620:1:n_1 _ 62‘79571)’
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for fixed nodes z, k = 0,1,...,n satisfying the inequality a = zo < 21 < ... <z, = b.
Remark 1. It should be noted that for [a,b] = [0,1] and z; = kh, where k =
=0,1,...,N, h=1/N from Theorem 1 we obtain the result of the work [?].

5 Conclusion
In this work, we constructed an optimal quadrature formula in the space Wz(,lg’o)(a, b),

where W2(’1C;0) (a, b) is the Hilbert space of absolutely continuous functions whose first-order
derivatives are square-integrable on the interval [a, b]. Here the quadrature sum consists of
a linear combination of the values f(zy) of the function f(x) at the nodes . € [a, b], where
a=1x9<x1 <..<ux,=">0 The error of the quadrature formula under consideration is
estimated from above using the product of the norm of the integrand and the L, norm
of the particular ¢ function from the space WQ(i;O)(a,b). Moreover, this ¢ function is
determined by an unknown factor on each subinterval. The optimal quadrature formula
is obtained by choosing these factors, which provide the smallest value of the Lo-norm
of the ¢ function. In this work, we found such a ¢ - function. Explicit coefficients for
optimal quadrature found using ¢-function. The resulting quadrature formula is exact
for the functions e’ and e ?%. In particular, well-known results are obtained from the
results of this work.
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OIITUMAJIBHOE AIIIPOKCUIMAIINA NHTEI'PAJIOB
®YPBE METOJ0M ®N-OYHKIINN

Ab60dyaxados A.A.
alibekabduaxadov@gmail.com
Byxapckuii rocyiapcTBeHHBI YHUBEPCUTET,
200114, Vs36ekucran, bByxapa, yia. M.Mk6oma, 11.

Hannas paboTa MOCBSIIEHA TIOCTPOEHUIO ONITUMAJIBHON KBAPATyPHOI (hOPMYJIbI J1/IsT
unarerpasoB Pypbe byukun f(x) ¢ ncnonb3oBanneMm Metona p-pyakmit. Pynknus f(x)
NPUHAJJIEKAT THIBOGEPTOBOMY TPOCTPAHCTBY, KOTOPOE COCTOUT M3 abCOJIOTHO HENPEPhIB-
HBIX (DYHKIMHA ¢ KBaJIPATUIHO UHTEIPUPYEMBIMUA TPOU3BOIHBIMU TIEPBOTO HOpsiaka. Mbr
paccMaTpuBaeM 1IpobJIeMy OIITUMAIBLHOCTH B cMbIcie Capjia, CTpeMsich MUHUMU3UPOBATH
cynpemyM abcosrorHoil ommbku | Ry, (f)] auist Becex dynkuuii B. Meros p-dynkuuii npesio-
CTaBJIsIET CIIOCOD TIONTydeHnst KO3(hMUIMERTOB Ay, KOTOPBIE JOCTHTAIOT TO MUHUMAb-
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Hoit omubOKu. Harra pabora onuckiBaeT MeToJ (o-(pYHKIINN U €ro MpuMeHeHne K [OCTPOoe-
HUIO ONTUMAJIBLHBIX KBAJIPATYPHBIX (POPMYII, IIpejiaras CUCTeMATUIeCKUN TOAX0M, K MU-

HAMU3AIUH KBaJIPATyPHON OIMNOKN.

Kuarouesbie cioBa: 'minbepToBo mnpocrpancTBo, mMeron Gu-(pyHKIUH, onTuMaIbHAT
KBaJpaTypHas (GOpMyJa, HOIPEIIHOCTh (DOPMYJIBL.

HMurupoBanme: A6dyaxados A.A.OnTuManbHOE aNIPOKCHMAINST WHTErpajoB Pypbe

merogoMm bu-byukimii // TIpobieMbl BBIYUCIUTEILHON U NPUKJIATHON MATEMATUKH. —
2024. — Ne4/2(60). — C.108-117.
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