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In the present article, the problem of constructing the optimal quadrature formula
in the sense of Sard is discussed for numerical integration of the weighted integrals in
the Hilbert space of real-valued functions. Initially, the norm of the error functional
is found using the extremal function of the error functional of the quadrature formula.
Since the error functional is defined on the Hilbert space, the quadrature formula that
we are constructing is exact for zeros of this space, that is, we have the conditions
that the influence of the error functional on these functions is equal to zero. Then, the
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norm. Thereby, a system of linear equations is obtained for the coefficients of the optimal
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1 Introduction

Quadrature formulas are used to estimate definite integrals and are essential for nu-
merically solving differential and integral equations. These formulas involve nodes and
coefficients, and various methods are available to construct them. One such method is
the variational approach, which is based on the principles and functionals of variational
calculus. The primary objective of this approach is to identify the nodes and weights
that minimize or maximize a specific functional related to the estimation of the integral.
Several studies have been conducted on this approach [6,7,17,23|.

In general, quadrature rules can be used to compute integrals with a weight function,
i.e., integrals of the form

/ p(e) f(2)dz ~ 3 Caf(as),
a B=0

where p(x) is a nonnegative weight function defined on the interval (a,b). By inclu -
ding the effect of p(x) in the quadrature weights and points, one can obtain an accurate
approximation of the integral even for integrands that behave poorly, such as singular,
discontinuous, or highly oscillatory functions.
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The main advantage of using weighted quadrature rules is that they can handle the
"bad"behaviour of p(x), which is known and can be factored out into the weight func-
tion. By designing a quadrature rule with p(x) taken into account, one can achieve fast
convergence, provided that the remaining factor f(x) is smooth. Moreover, the same rule
can be used for different f(z) as long as p(x) remains the same.

A large number of scientific studies have been devoted to the construction of optimal
quadrature formulas with weight p(z) = e*™? (highly oscillatory) in the sense of Sard and
their application. Previous studies [3,9,12, 13,15, 16, 21| have focused on the construction
of optimal quadrature formulas for the numerical integration of Fourier integrals in the
Hilbert and Sobolev spaces and applied these results to computed tomography problems.

Even in cases where p(x) is weakly singular [5,8,10,11,22| and singular [1,2, 18],
optimal quadrature formulas were constructed in different Hilbert and Sobolev spaces.

2 Auxiliary results

In [19], the following weighted optimal quadrature formulas with derivatives were

constructed in L™ (0, 1) space:

I

Amwmm S5 o (), 1)

N m-—1
B=0 a=0

where zg = hf € [0,1], h = ]lv, N is the number of quadrature nodes, p(x) is the weight
function, and a function ¢(x) belongs to the Sobolev space

LY(0,1) = {¢:[0,1] = R | "V are abs. cont. and ©™ € Ly(0,1)}.

A sequential optimization method is used to construct the optimal quadrature formula
of the form (1). It is based on the following algorithm:

Initially, when m = 1, the optimal quadrature formula exact for a constant function
is constructed in the following form:

Amwwng%wwy @)

8=0

Then, for the case m = 2, construct an optimal quadrature formula exact for functions
1 and z,

/MW@M%Z%MW+Z%MW) (3)
0 =0 p=0

Here using the coefficients of quadrature formula (2) as coefficients Cj o, and quadrature
formula (3) is optimized according to coefficients Cg ;. Continuing by this manner, i.e.
putting the obtained optimal coefficients Cz, Cg 1, .. ., Cpm—2 to the quadrature formulas
(1) and optimizing this quadrature formulas by coefficients Cs,,—1 in Lém)(O, 1) space we
have optimal quadrature formula exact for functions 1, z, 22, ..., 2™ L.

Theorem 1. (Theorem 3.1. of [19]) The optimal coefficients for the quadrature

formulas of the form (1) in the Sobolev space Lgm)(O, 1) are defined as follows:

Cow = 5+ b~ (=D} [E(h) = F(0)] (4)

Cap = h (=1 [Fp(h(B — 1)) + 2F(hB) + Fi(h(B+1))], B=1,....,N—1, (5)



The weighted optimal quadrature formula ... 101

Cae = B+ W71 (=1 [F(1 = h) = Fi(D)). ©)
Here k=m — 1
N k-1 k-t oy B
Fi(hB) = fu(hB) — Z (—1)*Cha = m2)(kz —a flg?ﬁ hw,
ok [ (@ = hB) sign(a — hp)
Pl == /0 p) 20+ 1)! az,
N k-1

(h )k:fa

pelh) = 5 =" cﬁ

3 Statement of the problem

To achieve high accuracy, we are developing an optimal quadrature formula that in-
cludes exactness for function e™”.
In this work, we consider a quadrature formula of the following form:

N m-—2

1 N
/0 p(x)p(x)dz = CDo (1) + 57 CM) G (), (7)
B=0 a=0 B=0

10

where, p(z) is the weight function, x4 are nodes of quadrature formula (7) and function
¢ belongs to the linear space Wém’mfl)((), 1) which is defined as (see [3,4])

WA 0(0,1) = {¢: (0,1) = R|p™ Y is abs. cont, and o™ € Ly(0,1)}.

The following difference is called the error of the quadrature formula (7)

o= | pla)p(e)dz — 33 O Z W) SN ()

and the following error functional corresponds to it

m—2

N N
oz )—601 Z aC(L (a)< ) IZC,Bm . §m=1) x—xg).

3=0 a:0 8=0
(9)
Here, Céch are known coefficients of optimal quadrature formula (1), Cg,}[;)—l are the un-
known coefficients of quadrature formula (7), €)o,1)(2) is the characteristic function of the
interval [0, 1], and d(z) is Dirac’s delta-function.

The inner product of two functions ¢ (z) and () in the space W™ (0, 1) is defined
as

{0, 9) = /0 (" () + " () (™ (@) + 3D (2))da.

And norm of the function in this space is determined as

[@llyimm— = V@, ).
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The error of the quadrature formula is a linear functional in W{™™ *(0,1), where
Wimm=D*(0, 1) is the dual space to the space W™ (0, 1).

The quadrature formula of the form (7) was constructed in work [14] when p(z) =1
and m = 2.

It is natural to evaluate the quality of the quadrature formula (7) using the maximum
error of this formula on the unit ball of the Hilbert space W(mm 2 (0,1), that is, using
the norm of the functional

H(p”W2(7n,'m71) =1

Obviously, the norm of the error functional depends on C’é@_l coefficients and xg
nodes.
If
el gmm-ve = inf 1]y

ﬂ,m—l’acf3

then the functional ¢ is said to correspond to the optimal quadrature formula in
w0, 1),

Problem above in such a general formulation is quite difficult. Minimizing the norm
of the error functional with respect to the coefficients C’gyn)fl is a linear problem, and
with respect to the nodes x4 it is actually non-linear, complicated problem, therefore, for
simplicity, we consider this problem with fixed nodes x4 (for instance, z3 = hf3).

The main problem in this work is as follows

B,m—1

4 The norm of error functional

For solving this problem, firstly, we must find the norm of the error functional. For
this we need an extremal function of the error functional ¢. General form of the extremal
function in W{™™1(0,1) space was found in works [4] and [20]. In particular, we get
the following

(e e}

60 g = (C) = [ tlaiuta)da, (10)

o0

here 1)y is the extremal function and it is defined as follows
Ye(x) = (=1)"(x) * Gp(x) + Pro(x) + de™, (11)

herein

Go(z) = sigI;(x) <e°"’ —e

N\
M 3

|
\_/

2k—1

k=1
Using (11) from relation (10) we get the following

oo

HEH?,VQ(WWU* = (0, 1) = / {(x) ((—1)’”6(33) * G () + Po(z) + de_x) dx. (12)

—00
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(m,m—1)

It should be noted that since the error functional ¢(z) is defined on the space Wy
it satisfies the following conditions

Y

(6,e™") =0, (13)

(¢,2) =0, k=0,1,....,m—2. (14)

The equalities (13) and (14) mean that the quadrature formula (7) is exact for the function
e~ and for any polynomial of degree < m — 2.

Then, from equality (12), taking into account the expressions (13) and (14), we have
the following

g = (1" [ 400) (U) ¢ Gun(w)) s (15)

—00

Firstly, we calculate ¢(z) * G,,(x) from the last equality:

1 N m-—2
U(z) * Gplz) = / PGl —y)dy = > Y (=1 CEG (2 — hy) —
0 v=0 a=0
N
)" YOG (= )
v=0

Now, from equality (15), taking into account the above expression and (9), we get

9] N m—2
1 gnon - = (= D)™ / (5[0,1](517)2?(5’3) =3 Y )R8 - ) -
e B=0 a=0
LS IE hﬁ)) x
8=0
1 N m-—2
X (/ PW) Gl —y)dy = > Y (1) CEG (2 — hy) -
0 v=0 a=0
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From last expression after some simplification we have

e = 1 [ ] )Gt = ity -

m—2 N
23 (e oW / p(2)G (x — hy)da+
a=0 =0

N N
-5 ST S e et - )

a1=0 a2=0 v=0 B=0
N 1 (16)
w m— m—
23 o, (0 [ ptoc e - o -
=0 0
m—2

N
— (4%2}%@?mWW—MO+

N N
+H=DmY S o e GREmI (g - hw]

It can be seen from the equality (11) that, the square of the error functional norm

is a multivariate function concerning coefficients C’ggﬁl. Given the condition (13), we
consider the Lagrange function to find the conditional minimum of the expression (16)

O(C,d) = [[If} g = 2(=1)"d(L,e7),

here C = (COm 1,C(W

(W) :
L1+ > Cnim_1), and d is unknown real number. Also, we have

1 N m—2 N
= [ pimeran - 3 S et - i et v o
0 =0 a=0 =0

In that case, equating to 0 the partial derivatives of the function ® by C and d, we
get the following system of linear equations

N
SOl GE D (0B — hy) + de™ = F(hB), B=0,1,...,N, (17)

7=0

N
S e e (18

here,
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A quadrature formula with coefficients Co',éurfn)_l (8 =0, N corresponding to this mini -

mum is called optimal, and Co*/gm)_l (8 = 0,N are called optimal coefficients of the
quadrature formula.

5 Conclusion

This work discussed the problem of constructing an optimal quadrature formula with
high accuracy for the approximate calculation of the weighted integrals (7). We analyzed
the error of the quadrature formula in a specific form and studied the problem of deter-
mining the analytical form of the coefficients of the quadrature formula that minimizes
the norm of its error functional. Subsequently, we derived the system of linear equations
for the coefficients of optimal quadrature formulas over the interval [0, 1].
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B nmacrogmieit crarbe obcyxKmaeTcs 3a/1ada MOCTPOSHUS ONTUMAIBLHON KBaIpaTyPHOI
dopmysiel B cMmbicie Capia Jiisi 9UCJIEHHOIO WHTErPUPOBAHUSI BECOBBIX WHTEIDAJIOB B
rJILOEPTOBOM IPOCTPAHCTBE BelleCTBEHHBIX (pyHKIui. [lepBonadaibHO HAXOMUTCST HOP-
Ma (pyHKIMOHAJIA IOI'PEITHOCTH ¢ OMOIIBIO SKCTPEMaIbHOM (DYyHKINN PYHKIINOHAJIA T10-
[PEITHOCTU KBaIpaTypHOit (hopmysibl. [TockonbKy DYHKIIMOHAJ TOMPEITHOCTU OIIPEIe/ICH
Ha TWIBEOEPTOBOM MIPOCTPAHCTBE, TO MOCTPOEHHAS] HAME KBaJpaTypHas (GOpMy/ia TOUHA
JJIsT HyJIefl 9TOr0 MPOCTPAHCTBA, TO €CTh BBIIOJJIHSIIOTCH YCJIOBHUS, UYTO BJIUIHUEC (PYHKITI-
OHAJI& MOI'PEITHOCTH Ha 3TH (DYHKIUU PaBHO HYJH0. 3aTeM cTpouTcs (pyHKIwms Jlarpas-
2Ka JIJI HAXOK/IEHUs YCJIOBHOI'O SKCTPEMyMa HOPMbI QyHKIIMOHAJA norpertHocT. Tem
CaAMbBIM TIOJIYYAETCH CHCTeMa JIMHEWHBIX YPaBHEHUN st KOIMDMUIIMEHTOB ONTUMAJILHOM
KBaJIpATYPHOI (DOPMYJIBL.

Kuarouesbie cioBa: kBajipaTypHasi OpMyJia ¢ ITPOU3BOIHBIMU, SKCTPEMAJIbHAS (DYyHK-

s, PYHKIIMOHAJ ITOIPEITHOCTH, ONTUMAJIBHBIN Koddduruent, dyHnkins Jlarpanxka.

Huruposanue: Fabaes C.C.Becoas onTuMasibHasi KBaJapaTypHas (GpopMyJia ¢ IPOnu3-
BOJIHBIMHF B TUIb0epTOBOM mpocTpancTse // ITpobeMbl BBIYUCINTEIBHON U IPUKJIAIHOMN

maremaruku. — 2024, — Ne4/2(60). — C. 99-107.
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