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One of the classical problems in computational mathematics is to construct an inter-
polation formulas from a countable set of data. This paper demonstrates the problem of
construction of optimal interpolation formulas with derivative in the space W2(2’1)(0, 1).
Here the interpolation formula consists of the linear combination of values of the function
at nodes and values of the first derivative of that function at the end points of the interval
[0,1]. For any function of the space W2(2’1)(O, 1) the error of the interpolation formulas
is estimated by the norm of the error functional in the conjugate space W2(2’1)(O, 1). The
norm of the error functional is calculated for constructing optimal interpolation formulas.
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1 Introduction

A numerical interpolation technique aims to approximate a function based on available
data at distinct points. This data may encompass both function values and diverse deriva-
tives. In the present context, emphasis is solely on local interpolation, achieved through
the utilization of low-order polynomials. The term "local” signifies that data is exclu-
sively derived from the vicinity of the point where the function value is being estimated.
Currently, there are many interpolation formulas, but it is important to build optimal
interpolation formulas. In particular, an optimal interpolation formula is constructed in

(m,m—1)
the space W, [1].

Furthermore, several works are devoted to the construction of optimal quadrature
formulas based on the Sobolev method and their application. For instance, the calculation
of Fourier coefficients (see, [2,3]), numerical integration of highly oscillatory integrals
(see, [4-9]), in the papers [10,11] the optimal quadrature formulas with derivatives for
approximate solution of a singular integral equation of the first kind with Cauchy kernel,
the optimal quadrature formulas for approximate integration fractional integrals [12, 13|
were constructed, etc.

Additionally, achieving a high order of approximation requires the incorporation of
optimal interpolation formulas that include derivatives. Various researchers have under-
taken the challenge of developing such optimal interpolation formulas, as discussed by
Shadimetov, Hayotov, and Nuraliev(2019) [14].
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The present work is devoted to constructing an optlmal interpolation formula with
derivative based on variational methods in the space VV2 (0 1).

First, there are given some definition and properities of the space W2(2’1)(0, 1) [15].

The space WZ(Q’I) typically refers to a specific Sobolev space, which is a space of func-
tions that have generalized derivatives up to a certain order. The space W2(2’1)(O, 1)
specifies a particular Sobolev space defined on the interval (0, 1), where functions have
certain integrability and differentiability properties. Here is the definition:

1. Interval: (0,1) denotes the open interval from 0 to 1 on the real line.

2. Sobolev Space Ws: Functions in VV(2 ) (0,1) have square-integrable derivatives up
to a certain order.

3. Order of Differentiability: The superscript (2, 1) indicates the order of differentia-

bility. In VV2 (0 1), functions f satisfy the following conditions:

e © € L?(0,1): The function ¢ itself is square-integrable over the interval (0, 1).

e o € L?(0,1): The first derivative ' (which exists in the distributional sense) is also
square-integrable over (0, 1).

e " € L*(0,1): The second derivative ¢” (again, in the distributional sense) is square-
integrable over (0, 1).

So that, Wz(z’l)((), 1) consists of functions ¢ defined on the interval (0, 1) such that ¢,
¢', and ¢ are all square-integrable over (0, 1). These spaces are important in the study of
partial differential equations and functional analysis, providing a framework for analyzing
the smoothness and regularity of functions and their derivatives.

In such spaces, the inner product is typically defined using the L? inner product for
the function itself and its derivatives. Here’s how the inner product is defined:

Let ¢, € 1/1/2(2’1)(07 1). The inner product (p, ) in this space is given by:

1

(o, 0) = / (" + &)@ +)da, 1)

0

Where, (p, 1) - This denotes the inner product between ¢ and 1 in I/V2 (O 1).

So that, the inner product (p, ) in I/V22 2 (0,1) combines the standard L? inner prod-
uct of the functions themselves with additional terms that account for the L? inner prod-
ucts of their first and second derivatives over the interval (0,1). This inner product
structure is crucial for defining norms and studying properties of functions in Sobolev

. (2,1)
spaces like W,™7(0, 1).

The norm in the Sobolev space I/V2 (0 1) is defined using the inner product we
discussed earlier. Norm is combined in a quadratic fashion under the square root, reflecting
the additional smoothness provided by the first and second derivatives in the Sobolev space
Wi1(0,1). The norm ||<,0||W2(2,1)(0’1) of a function ¢ € W *(0,1) is given by:

1

lelly ey = Ve p) = /(go”Jr ¢\’ dz. 2)
0

The norm ||¢p|| measures the total energy or size of the function ¢ within the

wi*D(0,1)
Sobolev space W2(2’1)(0, 1), taking into account both the function itself and its derivatives
up to the second order.
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2 Statement of the problem

2.1 Optimal interpolation formula in the space W2(2’1)(0, 1)

Assuming that, given the table of the values ¢(z5), 5 =0,1,..., N of functions ¢ at
points z3 € [0,1] (x3 = hf, h = 1/N). It is required approximate functions ¢ by another
more simple function F,, i.e.

N

p(x) 2 Py(z) = ) Cy(a)p(xp), (3)

B=0

in the Sobolev space Lgl)(O, 1).The elements of this space are absolute continuous and

square-integrable with first-order generalized derivative. Here Cg(x) and z(€ [0, 1]) are
the coefficients and the nodes of the interpolation formula (3), respectively.

( [16]) Coeflicients of the optimal interpolation formula of the form (3) in the space
L§7(0,1) have the form

1

Cp(z) = o

(le —h(B=1)|+ |z —h(B+1)| — 2|z —hE|), #=0,1,...,N. (4)

These optimal coefficients (4) can be rewritten in the following form

hez 0L < h
_ h X x /b
Co() _{ 0, h<z<l, (5)
RS p(B—1) <z < hB,
Cpla) = =52 <z <h(B+1), B=12....N-1, (6)
0, otherwise,
_[o, 0<z<h(N-1),
Cn (@) _{ hiliz  p(N 1)<z <1 (7)

2.2 The problem of constructing an interpolation formula with derivative

In this work, we consider the problem of interpolating a function ¢ (z) given by values
of the function and its first derivative

o(xp), (),

at points x5, f =0,1,...,N (0 =29 < 1 < ... < zy = 1) in the space W2(2’1)(0,1).
Here, W2(2’1) (0, 1) is the Hilbert space of functions that, the fist-order generalized derivative
is absolute continuous in the interval [0,1] and a second generalized derivative belongs
L?(0,1) space. As I mentioned above the space is equipped with the norm

1

el en 0 = Ve ) = /(s@"+s0’)2dw-

0

So, we consider the problem of interpolation of functions ¢(x) by a more straightforward
function P,(x) as follows

N

p(z) 2 Py(z) = Y Cola)p(ap) + ) Cpaid(zp). (8)

B=0 =0
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Here Cp(x) are the coefficients of the optimal interpolation formula (4).
The error associated with the approximate equality (8) takes the form of a difference
expressed as

Ry(z) = ¢(x) — Py(). (9)
It should be noted that in this work, when we consider the approximation of the form
(8), we impose the condition that the class of functions that transforms this approximate

equality into an exact equality in W2(2’1)(0, 1) space should be the class of all linear func-
tions. If we take p1(z) = 1 and pq(z) = e™* as the basis functions for the space of all
linear functions, the imposition of

Ry () = @1(2) = Py, (2) = 0, (R, e7") =0, (10)

R%(QE) = pa(z) — Psﬂz(x) =0, (R,1)=0, (11)
conditions on the error functional R, (z) is enough for the approximation formula (8) to
be exact for all linear functlons

Then in the space I/V2 Y0, 1) at every fixed point x = z of the interval [0, 1] the error
(9) defines a linear continuous functional

N

R(x,z) =d(x — 2) —ZC’ﬁ(z) (x —xp) + ZCBI 8 (x — xp), (12)

and

= /Oo (5(93 —2) =Y Cs(2) -6z —wp)+ Y Cpa(2)- ' (x - xﬁ)) p(x)de =
> B=0 B=0
= 0(2) = > Cs(2) - plws) =Y Cpa(2) - ¢ (z5)
B=0 B=0

In order to construct an optimal interpolation formula in the form of (8), it is imper-
ative to compute the norm |R| 2 of the error functional (12). This necessity arises from
2

the fact that, according to the Cauchy-Schwarz inequality, the estimation of the error (8)
is expressed by the norm as follows:

IR, o) < [[Rl[yyem - el

It is easy to see that the norm ||R|[ 2+« depends on the coefficients C;(2). Then it
2
should be found the smallest value of the norm ||R|[ 2« by the coefficient Cjg ;. That is,
2
it should be calculated the quantity

inf 1Ry (13)

The coefficients Co’m reaching the value (13) we call the optimal coefficients. Thus,
consequently we calculate the norm || R||;,,2«. For this we need the error functional of the
2

interpolation formula.
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3 The error functional of the interpolation formula

To calculate || R||,@-, we use the extremal function Ur(z) [17-19] satisfying the fol-
2

lowing equality
(R,Ug) = IRl - |Ull o

here,
Ug(x) = R(x) * G2(x) + po + de”™,
where pg, d are unknown real coefficients and

sgnx (et —e "
Go(x) = g2 ( 5 —$>.

Now we calculate the convolution

[e.9]

R(x) * Gy(x) = / R(y) - Gale — y)dy =

—00

= / (6(y —z)— Z Cpo(2)0(y — xp) + Z Cs0(2)0 (y — x5)> X
B=0 B=0

§ (sgn(g; ~y) (ezy _;(w) (o y))) dy =

sgn(z — e* Y — e~ (@Y)
=/5(y—Z)g(2 y)~< 5 —(x—y))dy—
N o0
sgnz  [e* Y — e (@Y
=3 Chale) [ o= () do-
8=0 e
N oo
/ sgnz [V — e (V)
+ 2 0u) [ - BE (- - i
=0 e
_ sgn(z —z) (e 7 = e’(z’z) Cr—2)) -
2
N
sgn(z —x Zxﬁ—e(z @p)
= Csol2) & 2 ( — (2 — wﬁ)) +
5=0
N
sgn(z —x e*~8 4 e~ (3-25)
+ZCB,1( ) ( 5) ( 9 —1> =
5=0

= Go(x — 2) — Z Cp0(2)Ga(z — )+
5=0

sgn(z —x e %8 4 e~ (2-2p)
+Zcﬂl : B>( ; _1).

So that the convolution of two functions is defined following formula:

R(z) * Go(z) = Go(x — 2) — ZC’M 2)Ga(z — xp) +ZCB Gy(z — xp)
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Then the extremal function has the following form

Ur(z) = Go(x — 2) — Z Cp0(2)Ga(z — xp) + Z Cp1(2)Go(z — xg) + po + de . (15)
8=0 B=0

4 The norm of the error functional of the interpolation formula

The expressions found above are for calculating the square of the norm. Therefore,

we now calculate the square of the norm.
Taking into account (10), (11) and above last expression, we have

(R,Ug) = /OO R(z) - Ug(x)dz = /OO R(z) - (R(z) * Ga(z) + po + de™™) dz =
= /OO R(z) - (R(z) * Go(z)) dz + po(R, 1) + d(R,e™") = (16)
_ / " R(@) - (R(z) * Ga(a)) da.
Using expression (14), from expression (16) we obtain
IR|)* = (R,Ug) = /_OO ((5(95 —2) — ZC“Y 0(r — ) + ZCVJ 0 (x — 957)) X

x( (x — 2) ZCgo 2)Ga(z — xp) +ZC’51 z—x5)>dx:

o0

— 75@ — 2)Gala — 2)dx — i Chol2) / 5(x — 2)Ga(x — x5)dut
kS 5=0 ks
+ BZN; C3,1<2)Z 5w — z)sgn(xz_ 75) | (eHB +2€(H6) - 1> d—
- ZO C. oz _Z v — )Gl — 2)di — ; OB,O(Z)_é 5z — )Gl — 25)da +
+ ;V%Oﬁ,l(z)z 5(z — :cv)sgn(x; 75) . (em_wﬁ +26_(m_xﬁ) _ 1) d(E:| _
—icﬂ(z) 75(:,;—9;7) (Golz — 2)), da — Zcﬁo 7 8(x — ) (Goz — zp)) da +

o0

v i Csa(2) / Sz — ) <Sgn<x2_ %8) | <6x_x6 +2€_($_”) _ 1)) dx] _

8=0 .
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N
s n(z—x e*~%6 4 ¢ (2~7p)
= 3 Chal2)Calz — ) Zcﬁ, gz = ) ( : _1)_

5=0
N N
- Z Cr0(2)Ga(zy — 2) + Z Z Cr0(2)Cp0(2)Ga(y — 25)—
=0 v=0 =0

N N

sgn(x, — e =16 | o~ (Ty—2p)
-3l 3ol B (I )
B=0 =0
al sgn(zy, —xg) (™% + e~ (@y—1p)
=) " Chalz) : 1)+
2 2
v=0

N N

sgn(z, —x etr—Tp 4 o~ (zy—Tp)
F30 Coaa) o) =) ( 2 . 1) .
v=0 =0
N N
sgn(x, — et _ o= (zy—2p)
o Z Z Cy1(2)Cp,(2) ( 72 5) . ( 5 )
=0 =0

Therefore, we get the following expression for the norm of the error functional of the
interpolation formula (8)

2 Al sgn(x,y — xﬁ) ety — e—(zw—fs)
W = T Z Z Cy1(2)Cpa(2) 9 : 5 +

y
N o z—xg —(z—zg)
+2) " Cpa(2) [Sgn(z 7). (6 re - 1) —

Il
=)
i
o

= 2 2
N : ) ( | (17)
sgn(x, — Tg evTEs - em T8
N O e 1) [+
=0

+3 ) Cso(2)Cho(2)Galas — y) — 2 Cio(2)Galz — g).

B=0 v=0 B=0

5 Conclusion

This work explores the construc‘mon of optimal interpolation formulas incorporating
derivatives, specifically within the VV2 (O 1) space. Utilizing variational methods, the
study develops a framework for interpolation that leverages both function values and their
derivatives to enhance approximation accuracy. The research presents detailed definitions
and properties of the relevant Sobolev spaces and delves into the mathematical formulation
and implementation of the interpolation problem. In this work, the error function and
the corresponding extremal function were explored.The norm of the error functional of
the interpolation formula was calculated.

In conclusion, the study successfully formulates optimal interpolation methods that
account for derivatives, demonstrating their efficacy within the defined Sobolev space.
This advancement provides a robust tool for numerical analysis and applications where
accurate function approximation is crucial. The interpolation formulas developed here
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can be applied to a variety of problems in computational mathematics, improving the
precision and reliability of numerical solutions in scientific and engineering contexts.
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