Construction of a cubature formula of the fifth degree ... 15

UDC 519.644.3

CONSTRUCTION OF A CUBATURE FORMULA OF THE
FIFTH DEGREE OF ACCURACY CONTAINING THE
VALUES OF PARTIAL DERIVATIVES

! Ismatullaev G.P., * Bakhromov S.A., > Mirzakabilov R.N.
*baxromovsayfiddin@gmail. com
1V .I.Romanovskiy Institute of Mathematics,
9, University str., Tashkent, 100174 Uzbekistan;
2National University of Uzbekistan named after Mirzo Ulugbek,
4, University street, Tashkent, 100174 Uzbekistan;
3 Jizzakh state pedagogical university,
Sharof Rashidov str., 4, Jizzakh, 130100 Uzbekistan.

A number of books by I.P. Mysovkikh, A.H. Stroud, V.I. Krylov and H.T. Shulgina
are devoted to the approximate calculation of integrals, where the theory of constructing
quadrature and cubature formulas is presented and exact formulas for algebraic polyno-
mials of degree S for standard domains such as n — dimensional cube, n — dimensional
ball, surface of n — dimensional ball (sphere), n — dimensional space with weight func-
tions, where are given. In the works by Y.Xu, G.P. Ismatullayev, S.A. Bakhramov,
cubature formulas were constructed using orthogonal polynomials by the reproducing
kernel method and the Radon method with the minimum number of nodes for the do-
main and the weight where without the participation of partial derivatives. In this paper,
we construct a cubature formula for the domain 2 and the weight exact for polynomials
of the fifth degree involving the values partial derivatives at the point (0,0).
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1 Introduction

The works [7-22] consider the construction of cubature formulas using orthogonal
polynomials of the integration domain, as well as formulas with a minimum number of
nodes. And in works [23,24], optimal quadrature formulas are constructed in the Hilbert
space.

The method of undetermined parameters for constructing cubature formulas is that
the cubature formula is sought in a form that leads to a simplification of systems of
nonlinear equations. This turns out to be possible when 2 and p(x) have some symmetry.
The simplification is achieved due to the fact that the location of the nodes (and their
number) is consistent with the symmetry of 2 and p(x). For the cubature formulas under
consideration, both the coefficients and the coordinates of the nodes are unknown.

Here we consider the problem of constructing a cubature formula of the fifth degree
of accuracy of the following form
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+B(b,0) + Cf (e, d) + f(d, )] + DIf(l,m) + f(m, )], (1)

where o > —1.

When writing cubature formula (1), it is assumed that the integrand f(z,y) has con-
tinuous derivatives. In addition, the symmetry of the region, the weight function p(z,y) =
= e " Y%y and the location of the nodes relative to the straight line y = x were taken
into account.

For cubature formula (1) to have an algebraic degree of accuracy S < 5, it is sufficient
to require its accuracy for monomials

2 3

2 4
1,$,$,$y,l',$y,l'

3 2,2 5 4 3,2
y LY, Y T, XY, TY,

which is a consequence of the symmetry of the region of integration, the weight func-
tion and the location of the nodes relative to the straight line y = x. So we get
twelve equations as many as there are unknown parameters in the cubature formula
(1). From the requirement that the cubature formula (1) be exact to the monomials
y, y2, xy?, 3, xyd, vt ayt, 2%y3, y° we do not obtain new equations, which is a conse-
quence of symmetry.

If this system of twelve nonlinear equations has different real solutions, then the cu-
bature formula (1) will exist.

We require the accuracy of the cubature formula (1) for the following monomials

3

2 2 4 3 2, 2 5
r,ry,r,rY, T ,rY Y ,T

4 3,2
LY, TY

then we have
Aa® + BV + C(* + d*) + D(I> + m?) = jug,

Aa® + BV 4+ C2¢d + D2lm = 11,
Aa® + BV + C(* + d®) + D(I* + m®) = uso
Aa® + BV + C(*d + ed®) + D(IPm + Im?) = pay,

Aa* + Bv* + C(c* +d") + D(I* + m*) = jug0,

Aa* + BV + C(Pd + cd®) + D(IPm + Im?®) = pay,
Aa* 4+ Bb* + C(Pd* + d*c*) + D(IPm?* + m*1?) = po,
Aad® 4+ Bb® + C(° +d°) + D(I° + m®) = ps,
Ad® + BV + C(c*d + cd*) + D(I*m + Im* = pu,

Ad® + BV + C(d® + d®) + D(IPm? + IPm?®) = pss.



Construction of a cubature formula of the fifth degree ... 17

To solve this system, we will proceed as follows. We subtract the following equation of
the same order from the previous equation, then we obtain

;

Clc—d)?+ D(l —m)? = pag — 11,

Cle—d)*(c+d) + D(l —m)*(l +m) = pz0 — par,

Clc—d)*(® + cd + d*)+

+D(I —m)*(I* +Im + m?) = pao — pan,

Clc—d)*cd + D(I — m)*lm = pgz; — pao, 2)
Clc—d)?(c+d)(F+d*)+ =

+D(I —m)*(l +m)(1* + m?) = pso — fa1,

Clec—d)*(c+d)ed + D(I —m)*(I +m)lm = pgy — iz

\

which is equivalent to the fact that cubature formula (1) is exact for the polynomials

2 3 2 4 3 3 2,2 5 4 4 3,2
r =Y, r —2rY, x —2xY, TY—rY,Tr —TY TY—-TY.

In (2), transforming equations of the same order, we obtain the following systems of
equations.

( C(c—d)*+ D(l —m)? = pog — pi11,
Clc—d)*(c+d) + D(l —m)*(l +m) = pzo — a1,
Clc—d)*(c+d)*>+ D(l —m)*(I +m)* = frao — poa, (3)
Clc—d)*(c+d)*+ D —m)*(l+m)® =
= 150 — 2f32 + fla1,

Clc—d)*cd + D(I — m)3lm = uz, — oz,
C(c—d)*(c+d)ed + D(I —m)*(l + m)lm = (4)
= Ha1 — 32
Let us introduce the notation
M =C(c—d)? K=D(I-m)? (5)
and from (3) and (4) we get
(M + K = o — puan,
M(c+d)+ K(I+m) = pso — pa,
M(c+d)* + K(I4+m)? = puo — poa,
M(c+d)?+ K(l4+m)® = puso + par — 2u32.

Mecd + Klm = ps1 — poo,
M(c+ d)ed+ K(l +m)lm = puyq — pi32.

where

= / / e Yy rty’dedy = T(i + o+ 1)D(j +a+ 1),
o Jo
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where 4, j are non-negative integers, o > —1.
After calculating the right-hand sides of systems (6) and (7), we obtain
(M + K= (a+ 1) (a+1),
M(c+d)+ K(l+m)=2(a+1)(a+2)?*a+1),
M(c+d)?*+ K(l4+m)? =
2(a+ 1) (a+2)(2a + 5 (a + 1),

M(C+d)3+K(l+m)3 =
Ya+1)(a+2)(a+3)(2a+ 5)I*(a+1).

Mecd + Kim = (a+ 1)*(a + 2)T*(a + 1),
M(c+d)ed + K(I +m)lm = (9)
=2(a+1)*(a+2)(a+3)(a+1).

System (8) is solved by the Prony method [6]: that is, suppose that (¢ 4+ d) and (I + m)
are the roots of the quadratic equation

t*+ Bt+y=0,
whose coefficients are determined from the linear system:

v+2a+2)B+2(a+2)(2a+5)=0
v+ (2a+5)8+ 2(a+ 3)(2a + 5) = 0,

f==-22a+5),v=2a+4)(2a +5).
2 — 220+ 5)t + (20 + 4)(2a + 5) = 0,
t1 =20 +5+v2a+5, ty =20 +5 —2a + 5.

We put

c+d=2a+5++V2a+5, [+m=2a+5—+V2a+5

From the first two equations of (8), we obtain

(a+1)(2a+5—v2a+5)(a+1)

M = ,
4o + 10
i — (a+1)(2a+5+v2a+ 5T (a+1)

4o + 10

System (9) is linear with respect to cd and Im, since (¢ + d) and (I + m) are defined,
solving system (9) we obtain

cd=(a+1)(a+3+V2a+5),
Im=(a+1)(a+3—vV2a+5).
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Now solving the following systems of equations

c+d=2a+5++2a+5,
cd=(a+1)(a+3++v2a+5),

[+m=2a+5—+2a+5,
Im=(a+1)(a+3—+2a+5),

and assuming for definiteness that ¢ > d, [ > m, we obtain

C

20+ 5+ v2Za 15 +/6(a+3+v2a 1 5)

200+ 5+ 2a + —\/6(a+3+\/2a+5)
d —
2 )

l

Y

20+ 5~ V2a 15 +/6(0+3 — v2a 1 5)
- 2

m

20+ 5 —V2a + —\/6(04+3—\/2a+5)
p— 2 .

Knowing the values of ¢, d, [, m from (5) we obtain

(a+1)[(a+4)2a+5) — (3a+ 8)v2a + 5T (a+ 1)

¢ 6(4a + 10)(a + 2)? ’

(a+ D[(a+4)(2a+5) + (3 + 8)v2a + 5T (a + 1)
6(4a + 10)(a + 2)?

To determine the parameters A, B, a, b, we assume that the cubature formula (1) is
exact for the polynomials

D

22 + zy, 23 + 327y, ot + 423y + 32%y?, 2° + 5ty + 10x3y>

this is equivalent to the fact that cubature formula (1) is exact for monomials
33’2, I’y,$3,$2y,$4, 1'33/,33'23/2, :1:5,334y,$3y2 so we get

( 2[Aa2 -+ Bb2] -+ C(C + d)2 + D(l -+ m)2 = U20 + M1,
4[Aa® + BV + C(c+ d)* + D(1 +m)® = pzo + 3poa1,

8[Aa* + Bb*| + C(c+ d)* + D(I + m)* = (10)
= ftg0 + 4pz1 + 3oz,

16[Aa® + Bb| + C(c+d)® + D(l +m)5 =
= 50 + Spar + 10432,
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Now, evaluating the values of the expressions
Cle+d)*™ + DI +m)*™, i=0,1,2,3,
and transferring them to the right-hand side of system (10), we obtain
[ Aa® + BV = 2(a + 1)°T%(a + 1),
Ad® + Bb* = 2(a+1)*(a+ 2)I* (o + 1),

(11)
Aad* + Bb* = (0‘“)2(”;2)(20‘*5) M(a+1),

Ad® + BY = 3(a+ 1) (o + 2) (o + 3)(2a 4+ 5)I?(a + 1).

\

System (11) is solved by the Prony method, so we present the calculation results:

a_204+5+\/204+5 b_20z+5—\/20z+5
N 2 T 2

Y

2(a+ 1) (a+4)(2a +5) — (3a + 8)v2a + 5] (a + 1)
3(2a + 5)% (o + 2)?

B— 2+ 1)*[(a +4)(2a + 5) + (B + 8)v2a + 5| (o + 1)
B 320+ 5)2(a + 2)2 '

To define Cyy and Cyg in (1) we put f =1,z then we get

A:

Y

OQOZMOQ—A—B—2(C+D),

Clo:Mlo—Aa—Bb—C(C+d)—D(l+m)

Having calculated the right-hand sides, we present the found values of the parameters of
the cubature formula (1).

Coefficients:
O = (5a + 8 (a + 1) o = (a+ DT (a+ 1)
O (@422 +5) T 2a+5)(a+2)
Ao 2(a+ 1)*[(a+4)(2a+5) — (3a + 8)v2a + 5T (a + 1)
B 3(2a + 5)%(a + 2)? ’
B_ 2+ 1)*[(a+4)(2a + 5) + (3 + 8)v2a + 5T (o + 1)
B 320+ 5)2(a + 2)2 '
O (a+ D[(a+4)(2a +5) — (3a + 8)v2a + 5T (a + 1)
B 6(4a + 10) (v + 2)2 ’
Do (a4 D[(a+4)(2a+ 5) + (3a + 8)v2a + 5] (a + 1).

6(4a + 10)(a 4 2)?
Nodes:
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(0,0), (a,a), (b,b), (¢,d), (d,c), (I,m), (m,1), where

20+ 5+ V2a+ 5
a =
2 b

_ 2a+5-+\2a+5
- > :

2a+5+\/2a+5+\/6(a+3+\/2a+5)

b

C

2a+5+\/2a+5—\/6(04+3+\/2a+5)
d=
2 )

l

Y

204—1—5—\/204—1-5—1-\/6(04—1-3—\/204—1-5)
- 2

m

20 +5 —V2a + —\/6(04+3—\/2a—|—5)
= 2 .

Thus, all the parameters of the cubature formula (1) are determined, the coefficients

are positive, the nodes are real and belong to the region of integration.

2 Conclusion

A cubature formula of the fifth degree of accuracy is constructed with the participation

of the values of partial derivatives at the point (0, 0).
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KBa/JIPATYPHBIX U KyOATyPHBIX (DOPMYJI U TOUHBIE (DOPMYJIBI JJIsT aJreOpandecKux MHOT'O-
YJIEHOB CTeleHn S IjIsl CTaHJapTHBIX 00JiacTell, TAKUX KaK 1 — MEPHbI KyD, 1n-MepHbIii
map, MOBEPXHOCTb 1 — MEpHOro mapa (cdepsl), . — MEPHOIO IPOCTPAHCTBA C BECOBBI-
My (pyHKImsIME, e 3aganbl. B paborax FO.Cros, I'.I1. Mcmaryiuiaesa, C.A. Baxpamosa,
KybaTypHbIe (POPMYJIBI TOCTPOEHBI C UCIIOJIB30BAHUEM OPTOIOHABLHBIX TOJIMHOMOB METO-
JIOM BOCIIPOU3BOJLINErO s7pa W METOJOM PajloHa ¢ MUHUMAJIBLHBIM YHCJOM Y3JIOB LI
objracTu U Bec Tye 6e3 yJacTusi YaCTHBIX ITPOU3BOJAHBIX. B maHHON paboTe MBI CTpOUM
KybaTypHYyIO dopMmysty st obytactu {) ¥ Beca TOYHOTO JJIsl TOJIUHOMBI IISITONW CTEIeHH,
coJieprKallye 3HAYCHNsT YaCTHBIX TPOon3BOAHBIX B Touke (0,0).

Kuarouessbie ciioBa: kybarypHas ¢popmysia, CTElleHb aaredpandeckoil TOTHOCTH.

HurupoBauue: Hemamyanraes 11, Baxpomos C.A., Mupsaxabunos P.H.IlocTpoenue
KybaTypHOIT (POPMYJIBI ISTOM CTEIEHN TOYHOCTH, COMIEPKAIIEH 3HATEHUsT YACTHBIX ITPOU3-

BosiHbIX // [TpoGiieMbl BBIYHCIMTEIbHOT 1 IPUKJIa(HOI Maremaruku. — 2024. — Ne4 /2(60).
— C.15-23.
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