Optimal quadrature formula for approximate ... 5

UDC 519.644.3

OPTIMAL QUADRATURE FORMULA FOR APPROXIMATE
CALCULATION OF SINGULAR INTEGRALS WITH
HILBERT KERNEL

L.2*ShadimetovKh.M., ?3Jabborov Kh.Kh.
*kholmatshadimetov@mail . ru
ITashkent State Transport University,
Temiryolchilar street, 1, Tashkent, 100167 Uzbekistan;
2V.I.Romanovskiy Institute of Mathematics,
9, University str., Tashkent, 100174 Uzbekistan;
3Jizzakh Polytechnic Institute,
[. Karimova street 4, Jizzakh, 130100 Uzbekistan.

Many mathematical models in science and technology have been reduced to the ap-
proximate calculation of singular integrals with Cauchy and Hilbert kernels and the ap-
proximate solution of integral equations. In this paper, an optimal quadrature formula for
approximate calculation of singular integrals with a Hilbert kernel in the Sobolev space is
constructed and analytical formulas for coefficients that minimize its error are obtained
from among the coefficients of the quadrature formula. For this, the discrete analogue of
the second-order differential operator is used. The resulting quadrature formula is exact
to a first-order polynomial.

Keywords: singular integral, Hilbert kernel, error functional, optimal quadrature for-
mula, extremal function, differential operator, optimal coefficients.

Citation: Shadimetov Kh.M., Jabborov Kh.Kh.2024. Optimal quadrature formula for
approximate calculation of singular integrals with Hilbert kernel. Problems of Computa-
tional and Applied Mathematics. 4/2(60): 5-14.

1 Introduction

Singular integrals of various types are widely used in numerous fields of physics
and technology: in the theory of elasticity, electrodynamics, aerodynamics, and nuclear
physics.

The most widely used are singular integrals with Cauchy and Hilbert kernels
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A number of papers are devoted to the construction and study of various types of
quadrature formulas deliberate for calculating singular integrals with the Hilbert kernel
(2) on a set of analytic periodic functions. Among these papers, it should be noted [5], [6].

In this paper, we construct an optimal quadrature formula in the Sobolev space
L§2)(O, 1) based on the functional approach. We consider quadrature formulas of the

following form
1
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where 0 < t < 1, ¢(x) is an integrand function, p(z) € Lf)(o, 1), C[B] are coeflicients,
rg = hf3 are nodes, h3 = [f], h = % and N € N,

The functions ¢(z) in Lg)(O, 1) which is defined as:
L§2)(07 1) ={¢:1]0,1] = R, () is absolutely continuous, ¢”(x) € Ly(0,1)},

The speace LgQ)(O, 1) is a Hilbert speace with the inner product

1

<o >= / () - (z)de (4)

0

and in this space the norm corresponding to the inner product (2) is defined as follows

Ioll = ( / (#)ar)” g

The difference between the integral and the quadrature sum

o) = [ twp@ie= [ olo)cotnlo = e =Y Cllets). (©)
—00 0 p=0

is called the error of the quadrature formula (1) and gives the value of the error functional
¢ at a function . The error functional ¢ has the following representation:

((x) = ep(x) cotm(z —t) = > C[Blo(x — xp), (7)
B=0

here €)91)(2) is the characteristic function of the interval [0,1], and d(x) is the Dirac
delta-function.

Since the error functional ¢ is defined on the space LéQ)(O, 1), the following conditions
should be imposed

(¢,1) =0, (8)
(¢,z) =0. 9)

Equalities (6) and (7) show that quadrature formula (1) is exact to the function dyz +
+ dp.

It is clear that the coefficients C'[5] are variable parameters of the quadrature formula
(1). A quadrature formula of the form (1) which has the error functional with the mini-
mum norm by coefficients C[f] for a given number N of the nodes is called the optimal
quadrature formula in the space L§2)(O, 1).

By the Cauchy-Schwarz inequality for all ¢ € ng)(O, 1)

2)x* 2
€N < NALE N ol L5, (10)
the error (4) is estimated by the norm of the error functional (5), i.e.,
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In this way, the error estimate of the quadrature formula (1) on the space L( )(0 1) can
be reduced to finding a norm of the error functional ¢ in the conjugate space L (0 1).

There are several methods of construction of optimal quadrature formulas in the sense
of Sard (see e.g. [1]). In the space , Lém)((), 1) based on these methods, Sard’s problem
was investigated by many authors (see, for example, [7]- [12| and references therein).

In this paper we give the solution of Sard’s problem in the space LgQ)(O, 1), using
Sobolev’s method for an arbitrary number of nodes N+ 1. Namely, we find the coefficients

C[5] (and the error functional Z) such that
Z L2 = inf ||¢|L" 11
e 1Ly" | o 1613 |l (11)

Therefore, in order to construct an optimal quadrature formula in the sense of Sard
in L{”(0,1), we need to solve the following problems:

Problem 1. Find the norm of the error functional ¢ for the specified quadrature
formula (1).

Problem 2. Find the optimal coefficients C[f] which give the minimum for the norm
of the error functional (5).
Furthermore, in the present work we solve problems 1 and 2.

2 The norm of the error functional for the quadrature formula

In this section, we solve Problem 1. To do this, first, we find an extremal function 1,
for the error functional (5) that satisfies the following equality (see [1,2])

(€,300) = |O1LS*)| - ([ LS,

Since the space L(22)((), 1) is a Hilbert space, using Riesz’s theorem on the general form
of a linear continuous functional, we obtain the following

(€0) =< @ >y (12)
then we get
(£,1he) = WHL@ (13)
where
Yo = L(z) x Go(z) + Pi(7), (14)
3
Gale) = (15)

Pi(x) is a first degree polynomial, ¢y(x) is the extremal function of quadrature formulas
(1) in the space LgQ)(O, 1) (see [1,2]).
Recall that * is the convolution and the convolution of two functions is defined by the

formula
o oo

(@) * (z) = / o — y)b(y)dy = / o)b(z — y)dy.

—00 —0o0
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Now, using equality (11) we have
028" .0 = (600 = [ wpinta)da

and considering (5) and (12), we obtain the following analytic form for the norm of the
error functional ¢

N N hB — hl3 N 1 _haP
12 = ZZC M 220[@}/%@1;“:5—%%
v=0 3
1

|z —y|®
+ 1 cot m(x —t) cot m(y — t)dxdy. (16)
00
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It can be easily showed that ||¢||? is a real non-negative quantity [9].
Thus, Problem 1 is solved.
Using (14), we find the optimal coefficients of the quadrature formula (1) in the next

section.

3 Optimal coefficients of the quadrature formula

In (14), the norm of the error functional ¢ is multidimensional function with respect
to the coefficients C[8](8 = 0, N). For finding the point of conditional minimum of the
expression (14) under the conditions (6) and (7) we apply the method of undetermined
multipliers of Lagrange.

Consider the function

®(C8],A) = UL (0, D)2 = 2>~ Aa(l,2%), (17)

here \,(a = 0,1) are constants.

From the derived expression (15), C[8](8 = 0, N) in terms of coefficients and Ay, A\;
Lagrangian function by taking the partial derivatives and setting them to zero we form
the necessary condition for the extremum:

( 1 ,
2y = =2 [ 2 cotma — )de +2 3 CHIEEEE 122 + 20, (h) =0,
0 ’yi
1
3—:\1; Q(OICOth_tdx_ﬁzoC[ ]): , £=0,1,..,N,
1
gi Z(fx cot m( x—t)dx—ZC’[ ](hﬁ)):
\ 0 B=0

Hence we get

N 3
> Ch W hw + X+ M(hB) = folB],  B=0,N, (18)
v=0
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ZC = 9o, (19)

0

B=
N
> CBI(hB) = g (20)
=0

YT
/|x i cotw(x — t)dx,
0

1

go = /cot m(x — t)dz,

0
1

= /:Ccot m(x —t)dx
0

Let’s calculate these f5[5], go and ¢y

1
2[] I/%CO’EW(QZ—QCIZI:

where,

1 & 2%ngw 171
_ _2 Z ' |:3 oy ((1 )2k+3 (hﬁ )2kz+3 _ t2k+3) +

+M<(1 t)2 2 _9(hg — )2’“+2+t2’“+2)+

2+ 2k
3(;5_ —_i_ Zi)Q ((1 )2k+1 (hﬁ )2k+1 o t2k+1):| +
(t —hB)? sin 7t _
* 67 n sinw(h8 —t)|

Here, By, are Bernoulli numbers and these numbers are constructed using the following
recurrence formula

n

—1 n+1
By=1, B,= Box, neN
o= n+1;(k+1) oo

and
/p t zd f( 1) Z1Ba oy 21, |z <
x* cot xaxr = 1) , p=21, |z s
|
L (2k + p)(2k)!

(see [4], p. 206),

go = [ cotm(z —t)dx =0,

o\“_l

oo

1
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Our aim is to get the exact solution of the system (16)-(18). Now we introduce
auxiliary concepts for solving the system (16)-(18).

4 Supporting concepts

Here we mainly use the concept of functions of discrete argument and operations on
them, which are given in [1] .

Definition 1. A function ¢(hf) is called function of discrete argument if it is defined
on some set of integer values of [3.

Definition 2. We define the inner product of two discrete argument functions p(hp)
and (hf) as the following number

o] = D @(hB) - (hB), (21)

B=—00

if the series on the right hand side of equality (19) converges absolutely.
Definition 3. We define convolution of two discrete argument functions ¢(hf3) and
(hp) as the inner product

o0

p(hB) * Y(hB) = [p(hy), ¥(hB —hy)| = > @(hy) - p(hB — hy).

y=—00

Using these concepts, we solve the system (16)-(18).
Suppose C[5] =0 for f < 0 and 8 > N. Then, using the above definitions, we rewrite
system (16) in the convolution from

ClB]* Ga[B] + Xo + M[8] = folB],  B=0,N. (22)

Here we introduce the following definitions discrete argument functions

v[B] = C[6] * G2[B],

ulB] = v[B] + Xo + M[6] (23)

In this statement it is necessary to express the coefficients C[5] by the function u[5].
For this we need the operator D[] which satisfies the equality

hDs[B] * G2 [B] = 6[p], (24)

WMmﬂﬂ:{é:g%&

It should be noted that the discrete analogue D,[3] of the differential operator
d*™ /dz*™ was constructed by Kh.M.Shadimetov |7]. In particular, when m = 2 from
the results of the work [7] we get the following form of the discrete analogue of the differ-
ential operator d*/dz* satisfying equality (22)

i.e., §[F] is the discrete delta-function.

6 6v/3¢17, 18] = 2,
mm:ﬁ %;mﬁ,m:L (25)
6v3—8, =0,

where ¢ = V3 —2.
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Furthermore, we need the following properties of the discrete operator Ds[3] which
were proved in |7]
Do)+ [B]* =0, a=0,1 (26)

Then taking (21) and (23) into account and using the last equalities we arrive to the
following

C[B] = hDy[B] *x u[B], where § € Z. (27)

For calculating this convolution, i.e., to get optimal coefficients C[f], the function u[f]
should be determined for all integer values of 3. It is clear from (16) that

ulf] = folf], for =0, N. (28)

Now we have to find the representation of u[f] for f = —1,—2,...and f = N+1,N+2,....
Using (17) and (18), taking (25) into account, from (21) for u[5] we obtain

— 8167 + 4B +ay [B] +ay, B<O,
ulf] = 18], 0< B <N,
6] — 28] +af [B] +af, B=N,

P +alBl+a,  B<O,
ulf] =4 28], 0< BN, (29)
—48° +ai[B] +ag, 82N,
where a],af,a; and af are unknowns and
ap =M\ —p1 ag = Ao+ Ppo,
30
af =M +p1, a5 = Ao — Do, (30)
where N .
p=g Z:OO[’Y](h'Y)2a Po=15 ZDOCM(h'y)‘g. (31)
= Y=

Now, it is enough to find unknowns a;,ai,a; and af. Then optimal coefficients
C[B],8=0,1,...,N are found from (24). For finding a;,a],a, and ag, we take account
our assumption that C[5] =0 for § = —1,-2,... and § = N + 1, N + 2, ... and from (24)
we get the equation

Ds[f] *u[B] =0 for f <0 and > N. (32)
First from (26) when =0 and 5§ = N we get the following

ag = fol0], a5 = So[N]+ % —af. (33)

Now, taking into account a, and ag, for u[S] we have

LB + ar [B] + £2[0], B <0,
ulf] = ¢ falA]; 0< BN, (34)
GA =181+ ([6] = Dai + fo[N], 8= N.

Then only the unknowns a; and af remain in the form of u[3]. To find them, we
solve equation (30) for § = —1 and 8 = N + 1. Thus, we have defined the complete
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representation of u[5]. Now, using the expression (24), we find the optimal coefficients of
the quadrature formula (1).

Theorem 1. The coefﬁaents of the optimal quadrature formula in the sense of Sard of
the form (1) in the space L (O 1) have the following form

[ (@ Darh+ Ba+ 25001+ fa1] + 60 +2) 3 b+
g ( <q+2><ha1+—%)—3<q+1>f2m)], 5—0,
qﬁ( B2 4 (g4 Darh— 3(q+1)f[0]>+6(q+2)§q/3%M—

6 | —(120+ 5)f2[6 — 1]+ (6 +4) fo[8] — (12 + 5) o8+ 1]+

R +6(q+2)72§+2q7_ﬁf2[]+qN6(hgl—(CI+2)( )
3+ IV S et
a0k = o+ afh = Ga-+ 10 RN+ 60+ 2) 3 0¥ il
| AN = 1 (= B (g 2arn - 30+ D0 B=N,

With this, we also solved Problem 2.

5 Conclusion

In this paper, the optimal coefficients of the optimal quadrature formula were found
using the Sobolev method for singular integrals with a Hilbert kernel in Lg)(O, 1) Sobolev
space. In this method, the Lagrange function was constructed to find the conditional min-
imum of the multivariable function, and the discrete analogue of the differential operator
d*/dx* was used to find the optimal coefficients. The expressions of optimal coefficients

that

minimize this system were found.
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OIITUMAJIBHA4A KBA/IPATYPHAS4 ®OPMVJIA J1IJIA

IMPUBJIN2KEHHOI'O BBIYNCJIEHN A CUHI'YJ/IAPHBIX

MHTEI'PAJIOB C dJ1POM I'lJIBBEPTA
L2 ITTadumemos X.M., ?3Kab6opos X.X.

*kholmatshadimetov@mail.ru
!Tamxenrckuit CocynapcrBennsiit TpaHCIIOPTHBIH YHIBEPCUTET,
100167, Ysbekucran, r. Tamkent, yia. Temupityaamiap, gom 1;
NncruryT Maremarukn um. B.J. Pomanosckoro AH PVs3,
100174, Y36ekucramn, r. Tamkent, ya. YHUBepcUTeTCKasd, 1. 9;
3IL>KI/13aKCKI/H7I IIOJINTEXHUYCCKUNA UHCTUTYT,

130100, ¥Y3bekucran, r. /xxuzak, yia. . Kapumonsa 4.

MHorue MareMaTudecKne MOJEIN B HAyKe W TEXHHUKE JOBEIEHBI J0 IPUOINKEHHOTO
BBIYUCJICHUS] CUHIYJISIPHBIX MHTerpaJjoB ¢ gapamu Komu u ['nnbbepra 1 npubInzKeHHOTO
pelieHnsl MHTErpaJbHbIX ypaBHeHu. B mamHoit paboTe CTPOUTCS ONTUMAJILHAS KBA/I-
paTypHaH CbOpMyHa JJIA HpI/I6HI/I}KeHHOFO BbIUYUCJIEHU A CI/IHFyﬂﬂprIX naorerpaJjioB C AJ1-
pom ['miibbepra B mpocTpancTee CobosieBa, T.€. U3 9ucjia KoM UINEeHTOB KBaIpaTy PHOI
dOPMYJIBI TTOTYIAIOTCS aHAJTATHIECKHE (POPMYJIBI JIJIA KOIMDPUINEHTOB, MUHIMU3UPYIO-
IAX ee MOIPEITHOCTh. [ljIs 9Toro MCIoab3yercs MUCKPETHBIH aHajor guddepeHnnaib-
HOTO ollepaTopa deTBeproro nopsiaka mo meroay C.JI. CoboseBa, u mosryaeHHAsT KBapa-
TypHaH CbOpMy.Ha nMeeT TOYHOCTDL A0 IMOJIMHOMA IIEPBOI'O IIOPAIKa.

KurodeBsble cjioBa: CUHTYJISIPHBII HHTErpaJI ¢ sijpomM ['uipbepra, OyHKITHOHA ITOTPEI-
HOCTH, ONITUMAJIbHAA KBaIpaTypHas dpopMysia, SKCTpeMasibHas GyHKIus, muddepeniim-
AJILHBII OIIEepaTop, ONTHMAJIbHbIE KOI(MMOUITUEHTHI.
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Tagnmeros X.M., 2Kab6opos X.X.

Huruposanue: [lladumemos X.M., X abbopos X.X. OurnmaibHast KBaIparypHasi pop-
MyJIa Jijisi IPUOJINZKEHHOTIO BBIUUC/IEHUsI CUHTYJISIPHBIX HHTErPaJioB ¢ sapom ['uisbepra //
[TpoGiieMbl BbIUUCIUTEIBHON U IpUKJIaAHOi Maremaruku. — 2024, — Ne4/2(60). — C. 5-14.
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