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In this work, we consider system of linear and nonlinear Volterra integral equations
(VIEs) of the first kind. At first, we have converted system of VIEs of the first kind
to an equation of the second kind by differentiation of transformation. Then standard
Adomian decomposition method (ADM) and modified ADM (MADM) are used to find
semi-analytical solution. The Adomian decomposition method converts Volterra integral
equations of the second kind into determination of computable components of iterative
integral equations. The uniqueness solutions of the system of nonlinear VIEs of the second
kind are proved and the choice of the initial data is shown. It is practically shown that
the obtained series by MADM convergence very rapidly to the exact solution. Finally,
four examples were illustrated to show validity and applicability of this approach. The
examples are taken from the works mentioned in the references.
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1 Introduction

Many problems from physics and other disciplines lead to linear and nonlinear sys-
tem of integral equations. Several methods have been proposed as approximate solution
of these integral equations. For instance, Adomian (|1], 1988) has developed a so-called
Adomian decomposition method (ADM) for solving differential equations, Liao ([2], 1992)
proposed homotopy analysis method (HAM) for nonlinear equations, He (]3], 1999) devel-
oped homotopy perturbation method for linear and nonlinear partial differential equations
(PDEs), R. Impagliazzo and S. Checkoway ([4], 2021) developed weighted polynomial ap-
proximation method for different type of integral equations, Kenneth (|5], 2011) proposed
quadrature method for linear integral equations, and so on. ADM and its development
and implication done by many researchers for algebraic equations (Babolian [6], 2002), in-
tegral equations (A.M. Wazwaz [7], 2015), degenerate integral equations (T.K.Yuldashev,
et all. [8], 2023), integro-differential equations (Z.K.Eshkuvatov et all. [9], 2023), n-th
order IDEs (V. Al-Hayani, [10], 2013), differential-delay equations (J. Manafianheris [11],
2012), ADM has successfully implemented in dealing with linear as well as nonlinear
problems, as it yields most of the cases analytical solutions and offers certain advantages
over the standard numerical methods (P. Linz, [12], 1985), ADM is applied for linear and
nonlinear integral equations with boundary-value problem or an initial-value problem or
mixed boundary problems (H.M. Osama [13], 2018) and so on.
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To prove fundamental results on the existence and uniqueness solution for integral
equation is convenient and more simple than the differential equations problems.

A system of integral equations is a set of two or more integral equations in two or
more unknown functions. Systems of Fredholm or Volterra integral equations of the first
and the second kinds, appear in many areas of scientific applications (see the books pub-
lished by A.M. Wazwaz (|7], 2015), P.J.Collins (|14], 2006)). Many powerful methods
were used to study the systems of integral equations, for instance ADM (R. Novin, et
al. ([15], 2018)), direct computation method (Malabahrami ([16], 2015)), Successive ap-
proximations method (Bayleyign, (|17], 2016)), Modified decomposition method (Rabbani
and Zarali ([18], 2012)), Variational iteration method, (Zheng et al., ([19], 2017)), series
solution method (Wazwaz, (|7], 2015)), and etc.

It is known that the system of linear Fredholm integral equations (FIEs) of the first
and second kind (respectively) with only two unknown functions u (z) and v (z) is given

by
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where the unknown functions that will be determined are u (x) and v (z). Recall that for
the second kind integral equations, the unknown functions appear inside and outside the
integral sign. The kernels K;; (x,t), ¢,j = {1,2}, and the function f; (z) and f; (z) are
prescribed real valued functions.

Systems of Volterra integral equations appear in many scientific applications such
as Volterra population growth models, H.M. Jaradat ([21], 2011), species propagation,
F.S. Emmanuel, ([22], 2020), and so on. Recall that Volterra integral equations are
characterized by at least one variable in the limit of integration. Proceeding as before,
we will concern ourselves for systems of Volterra integral equations of the second kind
where only two unknown functions u (x) and v (z) are involved. The standard system of
linear and nonlinear Volterra integral equations (VIEs) of the first and second kind can
be expressed as Fredholm integral equation (FIEs) (1)-(4) by changing the upper limit
with variable “z” respectively. The system of IEs (1)-(4) can be easily extended to more
than two unknown functions.

In this note, our aim is to solve the system of linear and nonlinear integral equations of
the first kind of Volterra type integral equations by ADM and modified ADM ([7], 2015).
Do comparative analysis with existence method given in the literatures. Some theoretical
analysis is also considered.

The structure is as follows. Section 1 deals with introduction, literature review and
statement of problems, Section 2 describes the methodology, Section 3 presents existence
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of uniqueness solution and finally Section 4 presents the numerical experiments with
ending conclusion.

2 Solution of system of linear and nonlinear Volterra Integral

Equation
This section deals with the system of VIEs of the first and second kind and their solution
techniques. Let us consider the linear system of VIEs of the first kind

/ K (e t)a(t)dt = F(2) (5)

where ki (z,t) ki (1) kon (2,1)
K (2,t) = koi (z,1) ka2 (,1) ko (2,1) |
kit (96, t) sz‘(x, t) knn (1)
us (t) £ ()
w=| =0 | o= 20 ). o
un (1) fu (®)

Eq. (5) cannot be solved by ADM. To solve it, we convert (5) into second kind of VIEs
by differentiation

/x%a(t)dt+l((x,x)a(x):f’(x). (7)

Assuming the matrix K (z,t) is invertible then

ﬂ(x)—i—/IG(x,t)a(t)dt—g(x), (8)

where

G (z,t) = K ' (z,2) K, (2,1) (Gig (z, t))gkﬂ ’
g(2)" =K (z,2) f ()" = (91 (2), 92 (), e, gn (2))",

where "T” means transpose.
Our aim is to solve system of VIEs of the second kind (7) by ADM and MADM. To do
this end we have converted Eq. (5) into form of (8) and search solution of Eq. (8) in the

form
w@ ] [ Sgews @),
i (x) = UZ;(x) _ Zjo“sm(ff)a | (10
uy () > i un, (7)),

Substituting (10) into (8) yields

Do g (2) Z]kvzl > i Ji Gik (@, t) up () dt 91 ()

Z;io 7‘$2,j (2) i P Z?io fax G?,k (@, t) up,; (x) dt _| % (x) ' (11)

(9)

Z;‘;o ﬁN,j (x) fo:l Z;io fax G].V,k (x,t) up; (x) dt gN (IE)
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Equating both sides of Eq. (11), we have the easy computable scheme

Ui()( ):gz(ZL‘), i:1,2,...,N

;i ; ( Z le (2, ) up ;o () dt, 5=1,2,..., i=1,2,..,N (12)
k=179
Vector form of (12) is
o () =g (z),
Up () =T (Up—1), n=1,2,.., (13)
where
o (r) = (u10 (), ug0 (), -.0s uno ()",
ty (z) = (ur, (), uz; (2) un (7)),
Uy (r) = (u12 (), ug2 (), ..y una ()",
L
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To derive modified MDM, we split right sight function of Eq. (8) into two functions
namely

g(z) = g1(x) + 2 (2), (14)
Substituting (10) again into (8) and taking (12) into account, we have the following
iterative scheme

Uz'o( ) g“(x), N,

N
ui,l ( - 921 Z/ Gz k ZE t ukj 1 <t> dt7
k=1v¢% (15)

w; j (z Z leaztukjl()dt,jzl?),...

k=1v9%

And let us consider the nonlinear system of VIEs of the first kind

/ K (e t) F(u () dt = F (2), (16)
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where
ke (2,1) ki (z,t) o iy (2,0)
K (z,t) = B (2,) ka2 (28) o v (28) |
s (5) Kos () vy (2
Fy(u(?)) £ ()
Fa- | B0 | o | 50 | .
Fy (u(?)) fa (1)

Eq. (16) cannot be solved by ADM. To solve it, we convert (16) into second kind of VIEs
by differentiation

/x %F (u(t))dt + K (z,2) F (u(z)) = f'(2). (18)

Assuming the matrix K (z,z) is invertible then

F(u(2)) +/IG(:c,t)F(u (1) dt = g (), (19)

where
G(w,t) = K" (2,2) Ky (2,t) = (Gig (2, 8)) 1y

T 7 N\T T (20)
g(x) =K (z,2) f'(2) =(g1(2), g2(2), ... gn (7)),

where "I means transpose.

To solve nonlinear system of VIEs of the second kind (19) by ADM, we decompose non-
linear vector function F (u (z)) in the form

F(u(r) =u(2) +Q(u(x)). (21)

Substituting (21) into (19) yields

fa(x)+Q(a(x))+/xG(x,t)a(t)dt+/IG(a:,t)Q(ﬂ(t))dt—g(:c). (22)

Eq. (20) is called standardized system of nonlinear VIEs of the second kind. To solve Eq.
(22), we search solution in the form of Eq. (10) and use decompose nonlinear function
(@ (x)) into Adomian polynomials

Q1 (u () > Av (),

_ o (u(x ?ioAQJ':C,
Sy = | @O || Biak@

Qu (1 () 5% Awy (2).

, (23)
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Substitute (10) and (23) into (22) gives

Z;O:o ul,j (iL’) ) Z;}io Al,j (1’) ) Zgzl Zjio faw Gl,k (:L'7 t) uk,j <t> dt
> o Uz, () >0 Az () N Dkt 2ojeo Jo G (@1) upy (2) dt

. + .
Z;io uN,j <x> ’ Z;io AN,j (SL’) ) Zi\;l Z;io fax GNJg (l’, t) u;w- (t) dt
N o] x

Z?Vﬂ ijo fa G (2,) Apj (t)dt a1 ()

| SLER G Ay a || e

Yoo 2 J G (1) Ag i (t) di gn (2)
(24)

Equating both sides of Eq. (24), we have the easy computable scheme
Ui 0 (fL’) = Gi (fL’) ) 1= ]-7 27 SRRT) N
N T
s (00) = ~Avyr (@)= 3 [ Gty ungos (w(0)
k=174 (25)
N T
— Z/ Gig (2,8) Agyy (w(t))dt j=1,2,..., i=1,2,..., N,
k=1v¢
where
(Ao = Q1 (uop)
Az = u0,1%7
u?

Az = U0,2%Q1 (u0,0) + %%Ch (uo0,0) , (26)

3 Uniqueness of Solutions of Linear Volterra Integral Equations
of the Second Kind

It is known that nonlinear integral equations have a unique solution or have no solution
or have an infinite number of solutions. The following theorems state the existence of
uniqueness solution for the Volterra integral equation of the second kind.

In this paper, we consider system of nonlinear Volterra integral equation of the second
kind

u(x)=g(x)— A/:BK (x,t,u(t))dt, x € [a,b], (27)
with the kernel of the form
K (z,t,u(t)) =G (x,t) F (u(t)), (28)

where G (x,t) and F (u (t)) are continuous functions on its region.

In S.A. Micula (]|23], 2020) consider one dimensional nonlinear Volterra integral equa-
tions and proved the existence of unique solution of the considered problems.

By applying the Banach fixed theorem and theory given in S.A. Micula (|23], 2020) we
provide the existence of a unique solution of the equation (16)-(18). We briefly summarize
the main results for the existence of fixed points of an operator on a Banach space.
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Definationl. Let (X, ||-||) be a Banach space. A mapping 7' : X — X is called ¢g—
—contraction if there exists a constant 0 < ¢ < 1 such that

1Tz =Tyl < qllz—yll,

for all =,y € X, where operator equation is given by = = T'z.
On Banach spaces, the well-known contraction principle holds:

Theorem 1. (S. Micula (]|23], 2020)) Consider a Banach space (X, || - ||) and let T : X —
X be a q— contraction mapping, then

1. T has exactly one fixed point, which means equation x = T'x has exactly one solution
rre X;

2. The sequence of successive approximations z,.1 = Tx,,n € N, converges to the
solution z*, where zy can be any arbitrary point in X; for every n € N, the following

error estimate n

|Txo — xol| ,

q
Jan — "] < 5

holds.
Remarkl. Theoreml remains valid when X is replaced by a closed subset T C X,
satisfying T'(T) C Y.

We use Banach’s theorem to establish, under certain conditions, the existence of
uniqueness solution of Eq. (6). We use a suitable semi-analytical scheme (ADM) to
approximate the values of the solution at given nodes. The numerical method thus re-
sulted is quite easy to use and implement, while giving accurate approximations.

To show that Eq. (27), has a unique solution, we apply the contraction mapping
principle to the associated integral operator

Tﬂzg(x)—)\/x[_((x,t,ﬂ(t))dt, x € [a,b], (29)

Remark2. Since K (z,t,u(t)) € C([a,b] x [a,b] x R) and g (x) € C [a, b], it is well known
that the operator T : C'[a,b] — C'[a, b] is well defined, i.e., T (C'[a,b]) C C'[a,b] (for the
proof see [7]).
To show that the integral Eq. (27) has a fixed point we introduce operator T' defined by
(29)

u = Tu. (30)

We consider the space X = C'[a, b] equipped with the Chebyshev norm

= i s g X7 31
[[ull, xe[a,bﬂ?fl,...,sz (@), uw € (31)

and for the matrix we use logarithmic norm

14]l; = A (4) = max (Re (ai) + ) !%’!) : (32)

I<i —
i#]

Then, as is well known, (X, | -||.) is a Banach space and we have the following main
results.

Theorem 2. Let T': (X, || - ||,) = (X,|| - ||,) be defined by Eq. (27). Assume that there
exists a constant L > 0 such that

1E (a(t)) = F (@), < Lllu -] (33)

T
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(a) Eq. (27) has a unique solution u* € X;
(b) the sequence of successive approximations

o (z) = g (),

Uy () =T (Up-1), n=1,2,.., (34)

Converge to the solution u* for any ug € X;
(c) for every n € N, the following error estimate

o) — ﬂoHT, (35)

. — @, < 7

holds, where 0 < ¢ = [A\| LG * (b—a) < 1 and

G* = max max (Re (Gjj (z, 1)) + Z Gij (, t)|> g

1<j<Na<t,x<b —t
i#]

is the contraction constant.
Proof of Theorem 2. Let ¢ € [a,b] be fixed. By Equation (29), we have

<

ITa (z) — T (t)]]. = H)\/ G (x,t) [F(a(t)) — F (v ()] dt

/:G(x,t)dt

< L |\ max max (Re (Gjj (z,t)) + Z |Gij (x, t)\) (b—a)|lu—v].

1<j<Na<t,z<b .
i#]

SIA[LG (b —a) [[a -], = qllu—7],,

T

<L Ha—@uf\

l

where ¢ = |A\| LG % (b — a).
Then from operator equations (13) we have

[Uns1 — Unl| = [|T (1 ) T(Un DIl < qlltn = tnall = ¢ |T (@n1) =T (tn—2)|l
< @ |ty — tUn_so|| < ... <¢"||To — o,

therefore

|y — ux|| = ||u* —ty,|| = ||tns1 — Un + Unso — Un1 + oo + Upsk — Upip—1 + .| 37)
< (@ + e+ @ ) [T — | = 1 [T — ol (
Now we can choose 7 > 0 such that 0 < ¢ < 1, so T is a g-contraction. The conclusions
now follow from Theorem 1.
Next, we address the question of smoothness of the solution of Eq. (16). The following
result holds:

4 Numerical examples
Example 1 (J. Biazar, [25, 2003]): Consider the system of linear VIEs

{ Sl =2 + ) u(t) - (22— v (t)] dt = —~3a® — 2a®, (38)

Jo I( x‘HQ (t) = 2z —t)v (t)] dt = 2 — ga® + Ja* + £a®.
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The exact solutions of (38) is u (z) = z?%, v (z) = z.

To find the analytical-approximate solution of Eq.

respect to x

{ u(z) —av(z) =2 [ (zu (tt) +v(t))dt = —2? — 2z
(4 2*)u(z) + 20 (2) + ) (u(t) — v (t) dt =2z —

or equivalently

{ Z((g - —a? = 20 4 20 (v)

Choosing initial guess

3

Lo, 235 14

and applying ADM, we obtain

Up+1 = §Un 2

1

T 1

37 T2

T

(un (t) —tvy, (1)) dt,

0

1 x
Untl = 75 (z 4 2*) u, — —/ (un (t) — v, ())dt, n=0,1,2....
0

2

Tablel: Numerical results for Example 1 by ADM

1,2 4, 4,3 4
L7+ 3x° + 7,

(x,y) Exact Appox(u,v)| ErtADM, n =5 ErrADM, n = 10
(u,v) n=>5

(0.1,0.1) | (0.01,0.1) (0.00999, | (1-10°5,2-10°9) (1-1071,2-10° 1)
0.10002)

(0.3,0.3) | (0.9,0.3) | (0.899071, | (9.20-10 %3310 | (5-10 11,3-10 12
0.30033)

(0.5,0.5) | (0.25,0.5)| (0.249427, | (5.73-10 %, 1.71-10 %) | (4-10-'%,2-1012)
0.51705)

(0.7,0.7) | (0.49,0.7)| (0.4888897, | (1.11-10 %,2-10°) | (4-10 '%,5-10° 1)
0.69998)

(0.9,0.9) | (0.81,0.9) (0.809999, | (1-107°1-107°) (2-10712,7-10712)
0.899999)

1) 1) (0.999999, | (1-107,1-10°9) (8-10-'2,9-10- )
1.000001)

(0.2,0.9) | (0.04,0.9)| (0.03999, (1-107>,1-107°) (2-1071,2.10712)
0.899999)

(0.4,0.8) | (0.16,0.8)| (0.15731, (2.69-1073,1.1-107%) | (8-1071,4-10713)
0.788889)

(0.6,0.7) | (0.36,0.7) (0.358899, | (1.01-1073,2-107°) | (1-107*,5-1071)
0.69998)

(0.8,0.4) | (0.64,0.4)| (0.6388886, | (1.11-10%,2.08-10°%) | (2-10 12,7-10" 2)
0.40298)

(0.9,0.2) | (0.81,0.2)| (0.800999, | (1-10°°,2-1079) (710 2,1-10 )
0.20002)

Max. Error. (2.69-1072,1.71-1072) | (5-1071,5-10711)

(38), we first differentiate it with

(41)

(42)
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Remark 1: In source [25], the results of this example were considered for the values of
(z,y): 0 < 2,y <0.5 and number of iteration n = {2,3,--- ,10}. In Table 1, we can see
that the values of (x,y) can vary 0 < z,y, < 1 and error term of standard ADM decreases
drastically when number of iteration n = {5,10} increases.

To apply modified ADM we split the right function of Eq. (40) into two and choosing
initial guess as follows

Uy = —.1’2,

1, (43)
Vo =T — —T",

4
and applying MADM, we obtain

Uy = 20y — 2 /0 " (e (1) — vn (1)) (un (1)) d,

1

Ut = —% (o4 2%) e — /0 (un (1) — v (£)) (0 (£)) dt, 1 =0,1,2....

Table2: Numerical results for Example 1 by modified ADM

(44)

(x,y) Exact Approx (u,v), | ErrorADM, n =5 ErrorADM, n = 10
(u,v) n=>5

(0.1,0.1) | (0.01,0.1)] (0.099999999, | (1-10%,2-10-°) | (12-10 %, 210" 1)
0.1000000002)

(0.3, 0.9, (0.900000006, | (6-107,3-107) (45-10 13107 1)

0.3) 0.3) 0.300000003)

(0.5, (0.25, | (0.25000006, | (6-107,5-107) 42-10 3,2.10 )

0.5) 0.5) 0.500000005)

0.7, (0.49, | (0489999998, | (2-10 7,510 %) @ 10 5.0

0.7) 0.7) 0.70000005)

0.9, (0.81, | (0.81000007, | (7-10°%,4-10°%) (72-10° 15,2210 1)

0.9) 0.9) 0.900000004)

@1 %)) (0.10000005, | (5-10°5,1-10°%) ®-105,9.10° 1)
1.00000001)

02, (0.04, | (0.039999999, | (1-10%,4-10°7) 2-10 72210 1)

0.9) 0.9) 0.900000004)

(0.4, (0.16, (0.160000004, | (4-1072,1-107%) (8-10712,4-1071%)

0.8) 0.8) 0.80000001)

0.6, (0.36, | (0.360000007, | (7-10%,5-10°%) 1-102,5-10 )

0.7) 0.7) 0.70000005)

038, (0.64, | (0.64000009, | (9-105,9-10°7) 2-102,7-10° )

0.4) 0.4) 0.400000009)

0.9, (081, | (0.81000007, | (7-10°%5,2-1077) 710 2,1-10° )

0.2) 0.2) 0.200000002)

Max Error (7-107%,5-107%) (8-10712,7-1071%)

Remark 2: From Table 2, it follows that as the number of iteration increases, the error
term of MADM decreases drastically. Also, MADM comes much closer to the exact
solution than ADM, as we can clearly seen by comparing the maximum error of Table 1
and 2.
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Example 2 (J.Biazar, [25]):

Consider the following non-linear system of Volterra integral equation, with the exact

solutions u(x) = z3 and v(x) = z2.

Jo 1@+ zt—a?)u?(t) + (1 +x —t) \/@} dt = 1a? + 323 + 227 — Laf
Jo |2 =2t +2%) Yult) + (—at + 2+ 1) v*(t )] dt = 2 + g5 — 1g7

By differentiation, we have:

2x)+m+/ot[t—2x +\/_}dt—x+ 93+:E—596

11 1

2u'/? () + 0?9z + / [(—2xt + 327) ul’? (t) — tv? (t)] dt =2z + —a* — —af.
0

6 6

Which is equivalent the second kind of VIEs
Let consider the new functions f(t) = u!'/3(t) and g(t) = v'//%(t), we have:

u6(x)+v(x)+/0x [(t—2x)u6(t)+v()]dt—x+;x + 2° _596 8
L 6

2u (z) + v (z) + /050 [(—2xt + 32%) u (t) — tv* ()] dt = 2z + %1374 - 5%

And the canonical form are as follows:

u(x) =+ %x”‘ - %xﬁ - %114 (x) — %/Ox [(—2xt + 32%) u (t) — tv* (1)]
v () :IE+%ZE2+J}6—%I8—U6(I)—/O [(t —22)u* (1) + v (t)] dt.

Using the scheme of ADM (13) for IEs (45), we obtain

PSSR
Uy = T 241’ 12.77,
i Do
Vo= —T r — —=X
0 2 56
1 1 [*
Unpt+1 = —5141” ('U(), e ,'Un) — 5 Bln (UQ, ey Up, Vo, ... ,Un> dt,
0

T
Upg1 = — Aoy (U, ... up) — / By, (Ug, - .oy Un,y Vg, - . ., Up) dE.
0

Table3: Numerical results for Example 2 by ADM

(46)

(47)
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(x,y)| Exact App  (wv), | Error forn =5 Error for n = 10
(u,v) n=>5

(0.1, (0.00L, | (0.00100001, | (1-10°%,2-1077) (18-10 12,1210 )

0.1) | 0.01) | 0.010000002)

(0.3, | (0.027, (0.02700006, (6-107%,3-1079) (4-1071 310711

0.3) | 0.9) 0.90000003)

(05, (0.125, | (0.12500004, | (4-10°%,3-10°%) @ 101,31.10° 1)

0.5) | 0.25) 0.25000003)

(0.7, (0.343, | (0.343000002, | (2-10°,5-10°%) (26.3-1011,54.4-10°10)

0.7) | 0.49) 0.49000005)

(0.9, (0.729, | (0.72900007, | (7-10°%5,4-10°%) (17.4-107,24.3.10° 1)

0.9) | 0.81) | 0.81000004)

(1,1)| (1,1) (1.00000015, (15-1078,31-107%) (14.5-1071.32.1-10~1)
1.00000031)

(0.2, (0.008, | (0.00800012, | (12-10°%5,4-10°%) | (2-10 %,24.3.10° 1)

0.9) | 0.81) 0.81000004)

(0.4, | (0.064, | (0.06400014, | (14-10°%,18-10°%) | (18-10",14.8-10 ')

0.8) | 0.64) 0.64000018)

(0.6, | (0.216, | (0.21600017, | (17-107%,5-107%) (16.3-1071°,54.4-107)

0.7) | 0.49) 0.49000005)

(0.8,] (0.512, | (0.51200009, | (9-107%,9-107°) (20.3-1071,5-1071)

0.4) | 0.16) 0.16000009)

(0.9, ] (0.729, | (0.72900007, | (7-107%,21-107%) (17.4-1071,17.3-10712)

0.2) | 0.04) 0.04000021)

Max.| Error. (17-107%,31-107%) | (18 -1071%,31-1071Y)

Remark 3: In source [25], the results of the above example were given up to n = 3
iteration. We are able to increase the number of iteration and obtained more accurate
solutions than the source results [25], and it turned out that when the number of iteration
increases the more accurate solution is obtained.

5 Conclusion

In conclusion, our study demonstrates the effectiveness of ADM in solving linear and
nonlinear Volterra IEs of the first and second type with initial value problems. The
accuracy of the solutions improves with an increase in the number of iterations, which
leads to a decrease in the absolute error. It is worth noting that ADM converges to the
exact solution very quickly as the number of steps increases, as we can clearly see in the
above tables when n=10. It exhibits high performance with low absolute error at high
iterations. This finding highlights the unique computational strategies used by ADM,
which contribute to its superior accuracy and efficiency in solving higher-order equations
compared to other methods. Overall, our study contributes to the field of numerical
methods for solving linear and nonlinear Volterra integral equations. This demonstrates
the potential of ADM as a robust and effective approach validated through ADM. Further
research could explore the application of ADM in different mathematical and scientific
contexts, as well as test its performance in more complex scenarios.
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PEIITEHNE CUCTEMBI MHTET'PAJIbHBIX YPABHEHUI
BOJIBTEPPA ITEPBOI'O POJA MOJIN®UITNPOBAHHBIM

METOJA0M PA3JIO2ZKEHUNA AJTOMUAHA

L2 Quxkysamos 3.K. ? Caaumosa H.M., ? Xydotibepzaros M.O.
*zainidinQumt.edu.my
I'Vunsepcurer Masaitzun Tepenrramy,
Maunaitzust, 21030 Kyasma-Tepenrrany;
?HanuoHaabHEIT yHEBepcHTeT Y36eKkucTana nvMenn Mupso Yiyroeka,
100174, Y3bekucram, r. Tamkent, yja. YHUBepcUTEeTCKAsd, 1. 4.

B mawnHoit paboTe paccMaTpuBarOTCsS CUCTEMbI JJUHEHHBIX U HEJTMHEHHBIX UWHTErpasib-
HbIx ypasHenuii Bosbreppa (IYB) nepsoro popa. Chauasa ¢ nomonisio uddepeniy-
poBaHus pousBesn mpeobpasoBanne cucreMmbl 1Y B mepBoro posa B ypaBHEeHHE BTOPOTO
poJia, 3aTeM I TMOUCKa, MTOJIyaHATUTHIECKOTO PEIeHns ObLI NCIIOIb30BAH CTaHIAPTHBII
meroy pasnoxenns Anomuana (MPA) u momudunuposanusiit MPA (MMPA). Merox
paszioxkenus: Aomuana npeobpasyeT HHTerpajbHbIe ypaBHEeHUs BojibTeppa BTOpOro po-
Jda B OIIpeae/IeHNe BBIYHC/IAEeMbIX KOMIIOHEHTOB UTEPAIMOHHBIX MHTEIr'DaJIbHBIX ypaBHe—
Huil. B paboTe mokazaHa eIMHCTBEHHOCTh PEIeHNsT CUCTeMbI HeanHeitHbix 1Y B BToporo
poJia 1 TTOKa3aH BBIOOP MCXOIHBIX JMAHHBIX. [[paKTUYecKr MOKa3aHO, ITO MOy YeHHbIE Me-
TogoM MMPA psiipl o9eHb OLICTPO CXOIATCS K TOYHOMY pelrennio. Hakoner, 6bL1n po-
MJLIIOCTPUPOBAHBI YeThIPE IPUMEPA, TOKA3bIBAIOIINE 0O00CHOBAHHOCTH M IPUMEHUMOCTD
9TOI'o IIoAxoaa. HpI/H\/Iepr B34THI U3 pa60T, yHOMS{HyTbIX B CCBIJIKaX.

KirouyeBple ciioBa: HMHTEerpaJIbHOE ypaBHEHUE BOJII)Teppa, METO/L Pa3JIOKEeHU A A,ZLOMI/I—
aHa, IIOJIyaHaJIUTUIECKOE pelIeHue.

Huruposanue: Swxysamos 3.K., Carumosa H.M., Xydotbepearos M.O. Pemenune cu-
CcTeMBbl HHTErpajibHbIX ypaBHeHuit Bosibreppa mepBoro poga MomuduImpOBaHHBIM METO-

JOM Pa3JIO2KEHU A A,HOI\/II/IaHa // HpO6JIeIVIbI BBIYUCJIUTEJILHON 1 HpI/IKJIa,HHOIU/I MaTeMaTUuKM.
—2024. — Ne4/1(59). — C. 23-36.
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IIpodeccop
NCPANJIOB MAPY® NNCPANJIOBUY
(k 90-steTuIO CO IHS POXKIEHMUS)

Mapyd Ncpamiosua VcpanioB — U3BECTHBIN YYeHBII-MAaTEMATUK, JOKTOP (DU3UKO-
MaTeMaTHIeCKIX HayK, mpodeccop, KPYHIHBII CHENUaJUCT B 0OJaCTH TEOPUU JHCET U
BBIYNCIUTEHHON MATEMATUK.

M.N. UcpanmoB pommicsa 27 amnpens 1934 roga B ropoge CamapKaHIe B CeMbe pe-
MecaerrnKa. B 1951 roay ¢ ommmamem okoHYHB cpemmioro mkoay Nel6 . Camapkania,
noctTynmi Ha (u3nKo-mMmareMaTuydeckuii daxymabreT CamMapKaHICKOrO TOCy/IapCTBEHHOTO
yHUBepcuTera, KOTopbiil ycrerHo okon4am1 B 1956 . C 1958 1o 1961 rojbr npoxo/ui 00y-
yenue B actiimpantype Mucruryra maremaruku uM. B.V. PomanoBcKoro o1 pyKoBoJICTBOM
npodeccopa H.I1. Pomanosa. B 1966 rojy 3amuTu Kan uJIaTcKyo JTUCCEPTAIIIO HA TEMY
«IIpobnema Tappu Jj1st OBICTPOPACTYIIHUX CJIAra€MbIX U €€ TPUJIOKEHUE K U3YUIEHUIO dp-
rojimdaecknx cymm». B 1974 rogy M.U. VcpannoBy nprcBoeHO 3BaHUE CTAPIIErO HAYTHOTO
corpyaauka. B 1986 rogy M.U. McpanioB 3amuTi TOKTOPCKYIO JIUCCEPTAIAIO HA TEMY
«AcuMIITOTHYECKHE U TOYHBIE (DOPMYJIBI JIId aJJIATUBHBIX 339 C PACTYIIUM THCJIOM
caaraeMbix», a B 1989 rojy nosydmit 3Banue mpodeccopa 1o CrernuajbHoCTu « Buraucn-
TeJIbHAs MaTeMaTUKay.

[Tocne okonwanum acrmpantypbl M.M. Mcpawmio paboras MIaJmmmuM HAYYHBIM CO-
TpyAHUKOM B Borauciurensnom merTpe Mucturyra matemaruku AH PV3, zatem ¢ 1966
I. — cTapiuM HaydIHbIM coTpyaHukoM. C 1976 rojga paboras Ha JIOJZKHOCTH 3aBe/LyIONIe-
ro Jiaboparopueit «Teopus npubimzkeHHOro HHTErpUpoBanusd» VHcruryra KubepHeTUKu
¢ BeruucanTeabHbIM meHTpoM. C 1984 1. u 1o 1995 1. — aBJIsICS 3aBEIYIONIAM OTAEIOM
«Boraucimmrenpabie Meroely Nucruryta maremarnku AH PVY3. B tom ke 1995 romy
M.N. Ucpanios npuctynmi K pabore B CaMapKaHICKOM TOCYIapCTBEHHOM YHUBEPCUTETE
B Ka4eCTBe 3aBe/IyIONero Kadeapoil BBIYUCINTEIHHON MATEMATHK.

[Ipodeccop M.M. NUcpanioB umest MUPOKHil JTHaTa30H HAYYHBIX HHTEpPecoB. Kro riy-
OOKMe MCCae0BaHnsA B 00JIACTIX aIMTUBHBIX 3aJa4, [IOCTPOeHUsT O0InX apudMeTnde-



CKUX OPTOTOHAJIBHBIX U OMOPTOTOHAJIBHBIX CUCTEM B I'MJILOEPTOBBIX MPOCTPAHCTBAX; Ha-
XOYKJIEHUA YUCJIA PEIICHUN pa3InydHbIX KJIaCCOB JTUO(MAHTOBLIX yPABHEHUI, OIEHKE TPU-
TOHOMETPUYIECKUX CYMM; MTOCTPOEHUS ONTUMAJIbHBIX KBaIpATYPHBIX U KyOaTypHBIX (hOop-
MYJI B Pa3/IMIHbIX (DYHKIIMOHAJIBHBIX IIPOCTPAHCTBAX, & TaKKe MPUOJINZKEHHOI'O PEIIeHUS
PEeryapHBIX U CUHTY/IAPHBIX WHTErPAJIbHBIX YPaBHEHWII BHEC/IM CYIIECTBEHHBIN BKJIaJ B
PA3BUTUE TEOPUU TUCE]T U BBIYUC/IUTEIHLHON MaTeMaTuku. Pe3ybraTsl ero paboT ycIemnrHo
NPUMEHSIOTCA B MHOTOYUC/IEHHBIX TTPUKJIAIHBIX 3a/a9aX.

M.N. NcpanioB BuepBblie ncciiempoBas mpobaemy Tappu fjis 00X IUCIOBBIX OCTe-
JIOBATEJILHOCTEN U MPUMEHUJT K U3YUICHUIO SPIOJUICCKUX CyMM. 3JI€Ch OH TAKXKE PEIUI
M3BECTHYIO IPpobJieMy BeHrepckoro Maremarnka [1. Dpgemma (06 omnenke CHI3Y MaKCHMyMa
MOJLyJIsl MHOTOYJIEHOB Ha €JIMHUIHON OKPYKHOCTH) B OOOOIIEHHON U yTOYHEHHON mocTa-
noske. M.I. McpanioBy npuHa/IIe?KUT BCECTOPOHHEE MCC/IeTOBAHNE aJJIATUBHBIX 33184
¢ PACTYIIIM YUCIOM cjaaraeMbiX. OH MOJTy9InI aCUMITOTHIECKUE PA3JIOKEHHUsS B IIpodJIe-
Me BapuHra ¢ moJIMHOMHUAJIBHBIMEU CJIaraeMbIMU 1 B JinodanToBoit cucreme ['mibbepra-
Kawmxke.

WM takzke HaiigeHa ToYHas (GoOpMy/Ia JJisi YUCJIa PEIIeHn JTHHEHHBIX 1n0(haHTOBBIX
ypaBHeHU 001Iero Buja. JTa (opMysia HaAILIA IPUMEHEHHEe B TEOPUU WHBAPUAHTHBIX
KybGarypabix dopmyr akagemuka C.J1.ECo6oseBa i mo3BOMIIA CHIBHO YIIPOCTHTE HCCITE-
JIOBAHUE U TOCTPOCHHUE TaKUX (POPMYJ Ha MOBEPXHOCTH MHOTOMEPHBIX Cdep U IapoB.

Mapyd HcpamnoBud TakzKke BHEC CYIIECTBEHHBIN BKJIAJ] B IPUMEHEHUE TEOPETUKO-
YUCJIOBBIX METOJIOB U METOJOB CILIAH-(PYHKIUN B BBIYUC/IUTEIbHON MaTeMaTuke. Vm
IIOCTPOEHBI ONTHMAJIbHBIE KBaJIpaTypHbIe U KybaTypHbIe (POPMYJIbl CUHTYISPHBIX HHTE-
rpaJjioB ¢ siapamu ['uinbepra u Koru, HaiijieHbl MpUOJIMKEHHO-aHATUTUICCKUE PEITCeHUST
CHUCTEM OJTHOMEPHBIX ¥ MHOTOMEPHBIX MHTErpaJIbHbIX ypaBHEHUN ¢ sgiapamMu PpejironbMma,
['mnbbepra u Komm. HaiijeHbl o1eHKN MOTPENTHOCTH B PA3JIMYHBIX YaCTO BCTPEYAIONINX-
¢l IPOCTPAHCTBAX (PYHKINNA. DTU Pe3yabTATHI NMEIOT MHOTOYHUC/IEHHBIE TTPUMEHEHUs B
NPUKJIAIHBIX 3aja4daX, B YaCTHOCTH B adPOJMHAMUKE U T'UJIPOIUHAMUKE. XapaKTepHO
0CODEHHOCTBIO ITOTO IUKJ/IA MCC/IEIOBAHUN SBJIAETCAd HOBU3HA ITOCTAHOBOK 3aJlad U Pas-
paboTKa HOBBIX METOJIOB UX PEIICHU.

Otnenbable pe3ynbrarhl uccaemoBannit M.U. McpanmoBa mo Teopun nzera-QyHKIMNT
Pumana n npobsieme nenuresneit Jlupuxiie Bb3Ban O0JIbINON PE30OHAHC CPEIN CIIEIIAA -
CTOB 3a IIpejieIaMy HaIlell CTpaHbI.

B Mapyde NcpanioBude rapMOHUYHO COYETANUCH CIIOCOOHOCTH KPYIIHOI'O yYEHOTO,
TaJAHTIUBOIO IIe/Iarora U yMeJIoro PYKOBOIUTEIA KPYIIHBIX HAayUIHBIX HcciaegoBanmnii. Ou
YCIENTHO COYeTaJ TIJIOJIOTBOPHYIO HAYYHYIO M HAYYHO-OPraHU3aTOPCKYIO JIeATETbHOCTD C
OOJIBINION TeJarorunvdeckoii nu obmecTBeHHO AearenbHocTho. C 1967 1. M.U. Mcpanios
quTasI OOINKe U CIeluaIbHbIe KYPChl Ha (paKy/IbTeTe MPUKJIaIHON MaTeMaTuKu TaIkeHT-
CKOI'0 TrocyJiapcTBeHHOro yHuBepcureTa, a ¢ 1995 mo 2003 rogapr — B CamapKaHICKOM
rOCYJIapCTBEHHOM YHHBEPCHUTETE, TJie JO KOHIA YKW3HU ITPOJIOJIZKA aKTUBHYIO HAYTHO-
[eJIATOTUIECKYTO JIeATeIbHOCTh B KA9eCTBE IMOYETHOTO MPOodeccopa-KOHCYILTaHTA.

M.N. Ucpannos ¢ 1972 1. aBidicd 9I€HOM JBYX CIEUAIU3UPOBAHHBIX COBETOB II0
3aIuTe KaHINIaTCKUX U JTOKTOpcKux jguccepranuii. C 1967 mo 1995 rombr pyKoBOIMI pa-
60TOI OPranm30BaHHOTO UM TOPOJICKOr0 Hay4dHoro cemunapa «lIpumenenune reopun aucesn
B BBIUUC/INTE/BHON MaTemaTtukes npu Vuacruryre kubepuetuku AH PY3 u Uncturyre
marematuku AH PV3, a ¢ 1995 roga pykoBogwmt HaydHbIM cemuHapoM «lIpubmmkennbie
MeTOJIbI BbiciIero anajm3as B Caml'V.

Paboras B kpynueitmmx BY3ax u HUN pecrybmmku, Mapyd UcpanaoBud moaroroBut
JIECATKU YUEHUKOB, YCIIENTHO pabOTAIONUX B PAa3IUYIHBIX cepax SKOHOMUKU PeciryOJim-



KU, B cCTpaHax OJmKHEro u jajibHero 3apyoexnbs. M.U. Ucpaunos pykoBoua paboramu
MarucTpaHTOB, ACIIUPAHTOB U JIOKTOPAHTOB. [loy ero pykoBojicTBOM 3amuiieHbl bosiee 10
KaHIUJIATCKUX JINCCEPTAIUil, OH CIIOCOOCTBOBAJI 3AIlUTE TPEX JOKTOPCKHUX JTUCCEPTAITHi.
C 1993 r. M.A. UcpanyioB co cBOMMU JIOKTOPAHTAMM, aCIUpaHTaMU U CTYJACHTAMU BEJI
Hay4YHbIe MCCIEJIOBAHUS B PaMKaxX IIPOEKTOB, MMEIONUX (QyHIaMeHTaIbHOEe 3HAYEHUE U
MIUPOKOE TPUKJIAHOE ITPUMEHEHNE.

O6brano Oyaymux yuenbix Mapyd VcpanioBuda npusiiekas K HayKe CO CTYICHIECKO
ckaMbu. Bojiee TOro, OH ¢ acnUPaHTCKUX JIET AKTUBHO YYACTBOBAJI B MOUCKE U (pOPMUPO-
BaHUU IOHBIX MATEMAaTUYECKUX JJAPOBAHUN B CHCTEMeE IIKOJBLHOIO oOpaszoBaHus. Bymydn
acCIIMPaHTOM U MOJIOJbIM yuenbiM M.U. Vcpanios mpenojiaBai B clenuaIn3upoOBaHHON
dusuko-maTeMaTrdeckoit 1mkose Ne82 ropoja TarkeHTa, opraHn30BaHHON aKaJIeMUKOM
B.K. Ka6ysiobim. Muorue yuennku M.J. VcpansioBa u3 9Toil MKOJIBI CTAJIA B IIOCTETY-
IOIIEM JIOKTOPaAMH HayK M M3BECTHBIMU CIIEIMAJINCTaMU B cBOMX oTpaciaax. [loarorosky
MaTeMaTUKOB CO TIKOJIbHOU cKaMbu mpodeccop M.U. McpannoB npoaomkui B hpU3nKo-
MaTeMaTu4IeckKoM Jjuiee r. CamMapKaHa, yaalimecss KOTOPOro Pery/isipHO 3aHUMAJIA [TPU-
30Bble MeCTa Ha Pa3IMYHBIX MEXKIYHAPOIHBIX MaTeMaTHYeCcKnX oJuMmmImajax. Ha mpo-
TAYKEHUU BCell IeJIarOrmIecKoil JIedTeIbHOCTA CBOMMU HAYYHO-TIOMYJISIPHBIMU CTATHIMU
B SHITUKJIONE/IUAX, B PA3JIUIHBIX OOIIECTBEHHBIX U MOJIOJECKHBIX W3JIaHUAX, e TeJe-
nepejgad M.U. McpanioB ymesno u BbIBepeHO (hOPMUPOBAT MATEMATHYECKYIO KYJIBTYPY
MBIILJIEHUS Y MOJIOJIEYKU.

M.N. Ucpannos — aBrop 6osee 160 nHayurbix, 40 HayIHO-TOMYISIPHBIX paboT. OKoJI0
50 ero Hay9IHBIX cTaTell OIyOINKOBAHBI B ABTOPUTETHBIX U3IAHUIX OJIMKHETO U JAJIHBHErO
zapybexbs. [Ipodeccop M.U. Mcpansios siBjisgeTcss aBTOPOM IIHPOKO U3BECTHOTO JIBYXTOM-
HOI'O yIeOHMKA 110 BRITHCIUTEILHOM MaTeMaTuKe « XucobJran MeToaiapuy. JlanHas Kaura
SIBJISIETCSI €IMHCTBEHHBIM YIeOHUKOM I10JIOOHOIO THUIIA Ha y30EKCKOM SI3bIKE U IPUHSATA B
KavyecTBE OCHOBHOTO B BEJYIIUX yHUBEpCHUTeTaX Y30eKucrana. DTOT yIeOHUK HAIMCAH
Ha OCHOBe OpUTHHAJILHBIX Jiekinit M.U. Mcpaniosa, KoTopble OH YnuTasl Ha TPOTIKEHIT
40 mer B HanmmonabaOM yHUBepcuTeTe Y30ekncrana, CaMapKaHICKOM TOCY/IapCTBEHHOM
yHuBepcuTere, Ha cemuHapax B Mucturyre marematruku AH PVY3. Takxke pesysnbrarom
MHOT'OJIETHET'O UTEHUs JIEKIUil cTaj yueOHuK 1o Teopun uncen «CoHIap Ha3apusacu» B
coaBropcTse ¢ npodeccopom A. CoJieeBbIM.

M.N. VcpansnoB u ero y4eHUKN y4acTBOBAJIU C JIOKJIAJAMU BO MHOTUX MEXKTyHAPO/I-
HBIX Hay4dHBIX (hopymax. Ou npunuMmas yuactue B MexyHapoHOM KOHI'Decce MaTeMa-
TUKOB, BcemupHom KoHrpecce obiecTBa BepHy/m u Ipyrux. Bbu oHUM U3 aKTHUBHBIX
OPTaHU3aTOPOB BCEX MEXKJyHAPOIHBIX KOH(MEPEHIIN 10 TeOPUU KyOaTypHBIX (POPMYII,
POBOIUMBIX B ¥Y30ekucrane. [Ipodeccop M.M. Ncpanios 10 mocsie fHUX JIHEH ocTaBasICs
AKTUBHBIM YYaCTHUKOM €KeroiHoit MexKmyHapoHolt HayIHO-TIPAKTHIeCKoil KoHdepen-
mun «uHoBanusy. ABisisach ogauM 3 6eccMeHHBIX PyKoBojuTe el ceknuu «Maremaru-
ka. Maremarndeckoe monenuposanuey, M./. Vcpanios nomiepKkuBajl BLICOKHI yPOBEHD
HAYYHBIX U3bICKAHUI U JOK/Ia10B KoHdepennun. M.M. VcpanioB ObLT 4I€eHOM PeIKOJI-
Jleruu cOOpHUKA «Bompochl BEIYUCIUTETBHON 1 TPUKJIAIHON MaTeMaTHKIy, a TAKXKe OT-
BETCTBEHHBIM PEJIAKTOPOM COOPHHUKOB 110 BBIYUC/IUTEIHLHON MaTeMATHKE, BBIITYCKAEMbBIX B
Nucruryre maremarukun AH PVY3. A ¢ 2001 roga sAB/Isijics 9JI€HOM PEJIKOJIIErHU cOOP-
HUKa Hay4dHbIX crareit Mexynapojnoit koudepennun «unoBarusy. ABisica aienom
AMEpUKaHCKOTO MATEMATHIECKOTO OOIEecTBa W IKCIEPTOM MEKIyHAPOIHOTO KypHAJIA
«Mathematical Reviewss.

Mapyde UcpanioBut HEOTHOKPATHO HAIPAZKIAJICSA TTOIETHBIMY I'PAMOTAME AKaIeMUN
HayK Pecrybsimkn Y36ekncraH.



B sHak mpmsHaHus BECOMOI'O MHOroJjieTHero BKJiaja mpodeccopa M.U. Mcpanios B
pa3BUTHE MaTEMATHIECKON HAYKU U MOJTOTOBKY BBICOKOKBAIN(MUIIMPOBAHHBIX KaIPOB B
2009 roxy HarmumonabHBIM yHUBEPCHTETOM Y30eKucTaHa OblIa MPOBEJIeHa PeciryO/IMKaH-
cKas Hay4dHad KoHdepeHius «Beraucanre/buble TEXHOJIOIIN 1 MaTeMaTHIEeCKOe MOJIE/H-
poBaHUe», OCBAIIeHHas ero 7o-yeruto. B 2013 roxy nmposesnen nHayunblit cemunap «IIpo-
deccop M.U. VcpaunoB u pa3BuTue MPUKJIAIHON MaTeMaTuKu B Y30ekucrane», B 2014
rOJIy COCTOSIJIACH HAyJHO-TeXHWIecKasi kKoHdepennus: «lIpukiagnas maremMaTuka U WH-
dopmanmonHas 6e30macHOCTh», ocBAmIeHHas S80-yeTuio yaénoro. B rekymem 2024 roxy
B cBsa3u ¢ 90-etuem mpodeccopa M.U. Mcpaunosa B HY Y3 opranunzoBan Mexk 1yHapo/I-
HbIIT HaydHBIT cemuHap «Borauciurenbabie Mojenu u texuoynorun (CMT2024)».

Cozmannas npodeccopom M.U. VcpanmoBbiM HaydHas MKOJA IO UUCIEHHBIM METO-
JlaM U B HACTOSIIEE BPEeMsl ITPOJIOJIZKAET HPOJyKTUBHO (DYHKIIMOHUPOBATH. Y 9€HUKU U
nocsiegoBaresin Mapyda VcepanioBuda cerojus ycrento padoTaioT B pa3jnydHbIX cde-
pax M OTpac/sgX SKOHOMUKHU HaIlleil peciryOJIuKu U 3a pyOekKoM, ITPOJIOJIzKas JIEJI0 CBOETO
Ycroza-yauress.

PepaknuonHasi KoJjierus >KypHaJsia «IIpobsieMbl BBIYUCIUTEIBHON U TIPH-
KJIQJHO MaTeMaTUKN» IMOCBANIAET JIAHHBINA CIEIUAJIbHbI BbIIIYCK CBETJION I1a-
msaTu npodeccopa Mapyda Vcpannosuua McpansoBa — BeIgaomierocs y4IeHo-
ro, TaJaHTJIWBOIO MeJarora, 3a00TJIMBOro HACTABHUKA M 3aMedYaTeJIbHOTO dYe-
JIOBEKa, KOTOPbIil HaBCer/Jla OCTaHEeTCd B MaMATHU JApy3eil, KoJIJIer 1 yIEeHUKOB.
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