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1 Introduction
Discrete Lotka–Volterra operators constitute a fundamental class of nonlinear dynam-

ical systems acting on finite-dimensional simplices [1]. They naturally arise in popu-
lation dynamics, mathematical genetics, ecology, and evolutionary game theory, where
the coordinates of a point of the simplex represent normalized frequencies or propor-
tions of interacting entities. Beyond biological applications, the same formalism provides
an effective mathematical framework for describing adaptive redistribution mechanisms
in non-biological systems, including competing strategies, information sources, decision
rules, and multi-agent interactions. The relationship between Volterra-type quadratic
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stochastic operators, tournaments, fixed points, and Lyapunov functions was established
in classical studies [2].

Recent work has also extended the study of Volterra operators to infinite-dimensional
simplices, where Lyapunov functions provide tools for describing limiting behavior [3].

Let

𝑆𝑚−1 =

{︃
𝑥 = (𝑥1, . . . , 𝑥𝑚) ∈ R𝑚 : 𝑥𝑖 ⩾ 0,

𝑚∑︁
𝑖=1

𝑥𝑖 = 1

}︃
be the standard (𝑚 − 1)-dimensional simplex. A discrete Lotka–Volterra operator on
𝑆𝑚−1 is a mapping

𝑉 : 𝑆𝑚−1 → 𝑆𝑚−1

defined by

(𝑉 𝑥)𝑖 = 𝑥𝑖

(︃
1 +

𝑚∑︁
𝑗=1

𝑎𝑖𝑗𝑥𝑗

)︃
, 𝑖 = 1, . . . ,𝑚, (1)

where
𝐴 = (𝑎𝑖𝑗)

𝑚
𝑖,𝑗=1, 𝑎𝑖𝑗 = −𝑎𝑗𝑖, 𝑎𝑖𝑖 = 0.

The skew-symmetric matrix 𝐴 is called the interaction matrix. The sign of 𝑎𝑖𝑗 determines
the direction of dominance between the 𝑖-th and 𝑗-th components, while its absolute value
measures the strength of the corresponding interaction.

A point 𝑥* ∈ 𝑆𝑚−1 is called a fixed point of 𝑉 if

𝑉 𝑥* = 𝑥*.

The set of all fixed points is denoted by Fix(𝑉 ). If 𝑥* ∈ Int𝑆𝑚−1, then 𝑥*𝑖 > 0 for all
𝑖 = 1, . . . ,𝑚. Therefore, the fixed point equation 𝑉 𝑥* = 𝑥* is equivalent to

𝐴𝑥* = 0, 𝑥*𝑖 > 0,
𝑚∑︁
𝑖=1

𝑥*𝑖 = 1. (2)

Thus, the existence of an interior fixed point is reduced to the existence of a positive
normalized vector in the kernel of the skew-symmetric interaction matrix 𝐴. This obser-
vation shows that the local and global dynamics of the operator are strongly connected
with the algebraic structure of 𝐴.

The sign pattern of 𝐴 defines a tournament, that is, a complete oriented graph whose
vertices correspond to the components of the system [4]. For each pair of vertices, exactly
one directed edge is assigned according to the sign of the corresponding interaction coef-
ficient. A triple of indices is called cyclic if the associated three directed edges form an
oriented cycle. Such cyclic triples play a special role, since the restriction of the Lotka–
Volterra operator to the corresponding two-dimensional invariant face has an interior fixed
point on that face.

Volterra-type quadratic stochastic operators associated with homogeneous tourna-
ments have also been investigated on finite-dimensional simplices [5].

Recent studies have also investigated Volterra-type operators associated with strange
tournaments, with particular attention to interior fixed points and nonergodic behavior [6].

An important tool for describing the arrangement and interrelation of fixed points lo-
cated on such invariant faces is the fixed-point card [7]. The vertices of the card correspond
to fixed points on the relevant two-dimensional invariant faces, while the orientations of
the edges connecting them are determined by the algebraic structure of the interaction
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matrix, in particular by the signs of the corresponding Pfaffian invariants. In the case
𝑚 = 5, the structure of the fixed-point card is closely related to the fourth-order principal
Pfaffian invariants of the interaction matrix. In the nondegenerate case, the signs of these
Pfaffians determine the orientations of the edges of the card. The fixed-point structure and
spectral properties of a discrete Lotka–Volterra operator on the four-dimensional simplex
were further studied in [8]. In contrast, the vanishing of a Pfaffian leads to a degenerate
configuration, where a non-oriented edge and, in many cases, a continuum of fixed points
may appear [9].

In continuous-time antisymmetric Lotka–Volterra systems, Pfaffian methods connect
interaction-network topology with positive kernel vectors and coexistence properties [10].
Related studies of coupled cyclic interactions have examined connections between nonlin-
ear dynamics and the structure of the linearized system [11].

The present paper is devoted to the cyclic configuration of the fixed-point card of a
discrete Lotka–Volterra operator on the four-dimensional simplex 𝑆4. We consider a class
of operators whose associated tournament contains four cyclic triples. The corresponding
equilibria on the cyclic two-dimensional faces generate a fixed-point card. Under a suitable
sign convention, we show that when the relevant Pfaffian invariants are positive, this card
forms a directed cycle. This cyclic configuration is not merely a combinatorial feature of
the tournament; it is also directly related to the existence of an interior fixed point of the
operator.

Building on established results on fixed-point cards and interior fixed-point existence,
this paper develops an explicit connection between Pfaffian geometry and local spectral
analysis for the four-cycle configuration considered here. The characteristic polynomial
and the two oscillation frequencies are expressed through the interaction coefficients and
the Pfaffian invariants that also determine the interior fixed point. Restricting the Ja-
cobian to the invariant simplex tangent space separates the transverse unit eigenvalue
from the dynamically relevant spectrum and establishes local repulsion. The resulting
fixed-point configurations and interaction responses are further used to define descriptors
for a proposed geological evidence-integration framework. This applied construction is
presented as a mathematical formulation requiring subsequent calibration and empirical
validation.

2 Algebraic Structure of the Operator: Interaction Matrix,
Tournament and Pfaffian Invariants
In this section, we consider the discrete Lotka–Volterra operator on the four-

dimensional simplex 𝑆4 given by

𝑉 :

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝑥′1 = 𝑥1(1− 𝑎12𝑥2 − 𝑎13𝑥3 − 𝑎14𝑥4 + 𝑎15𝑥5),

𝑥′2 = 𝑥2(1 + 𝑎12𝑥1 − 𝑎23𝑥3 − 𝑎24𝑥4 + 𝑎25𝑥5),

𝑥′3 = 𝑥3(1 + 𝑎13𝑥1 + 𝑎23𝑥2 − 𝑎34𝑥4 − 𝑎35𝑥5),
𝑥′4 = 𝑥4(1 + 𝑎14𝑥1 + 𝑎24𝑥2 + 𝑎34𝑥3 − 𝑎45𝑥5),
𝑥′5 = 𝑥5(1− 𝑎15𝑥1 − 𝑎25𝑥2 + 𝑎35𝑥3 + 𝑎45𝑥4),

(3)

where

0 < 𝑎𝑖𝑗 ⩽ 1, 1 ⩽ 𝑖 < 𝑗 ⩽ 5.

The corresponding skew-symmetric interaction matrix is
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𝐴 =

⎛⎜⎜⎜⎜⎝
0 −𝑎12 −𝑎13 −𝑎14 𝑎15
𝑎12 0 −𝑎23 −𝑎24 𝑎25
𝑎13 𝑎23 0 −𝑎34 −𝑎35
𝑎14 𝑎24 𝑎34 0 −𝑎45
−𝑎15 −𝑎25 𝑎35 𝑎45 0

⎞⎟⎟⎟⎟⎠ , (4)

so that 𝐴𝑇 = −𝐴. Here 𝑎𝑖𝑗 ∈ (0, 1], 𝑖 < 𝑗, are the parameters appearing in (3), and
𝐴 = (𝛼𝑖𝑗) denotes the signed interaction matrix given in (4).

The tournament corresponding to the operator is shown in Figure 1.

Figure 1 Tournament corresponding to the Lotka–Volterra operator.

From this tournament, the following cyclic triples are obtained:

(1, 3, 5), (1, 4, 5), (2, 3, 5), (2, 4, 5).

These cyclic triples determine the invariant two-dimensional faces whose interior fixed
points will be used in the construction of the fixed-point card.

Since 𝐴 is a skew-symmetric matrix of odd order [12],

det𝐴 = 0.

Hence,
Ker𝐴 ̸= {0}.

For a 5×5 skew-symmetric matrix, a kernel vector can be expressed in terms of fourth-
order Pfaffians. We introduce the following fourth-order principal Pfaffian invariants:

∆1 = 𝑎23𝑎45 − 𝑎24𝑎35 − 𝑎25𝑎34,

∆2 = 𝑎14𝑎35 − 𝑎13𝑎45 + 𝑎15𝑎34,

∆3 = 𝑎12𝑎45 + 𝑎14𝑎25 − 𝑎15𝑎24,

∆4 = 𝑎15𝑎23 − 𝑎12𝑎35 − 𝑎13𝑎25,

∆5 = 𝑎12𝑎34 − 𝑎13𝑎24 + 𝑎14𝑎23.
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For convenience, the signs of the Pfaffian invariants are chosen here so that the directed
cycle of the fixed-point card is characterized by positive inequalities. Accordingly, some
of the ∆𝑖 may differ by a sign from the corresponding Pfaffian quantities used in our
previous notation. This is only a change of sign convention and does not alter the algebraic
identities or the geometric fixed-point configuration.

With this convention, the cyclic orientation of the fixed-point card corresponds to

∆𝑖 > 0, 𝑖 = 1, 2, 3, 4.

Let Δ = (∆1,∆2,∆3,∆4,∆5)
𝑇 .

Lemma 1. The Pfaffian vector Δ belongs to the kernel of the interaction matrix 𝐴; that
is,

𝐴Δ = 0.

Proof. The statement follows from the standard Pfaffian kernel identity for skew-
symmetric matrices of odd order. In the present notation, this identity gives directly
𝐴Δ = 0.

Therefore, if

∆𝑖 > 0, 𝑖 = 1, . . . , 5,

then the normalized Pfaffian vector determines a positive vector in Ker𝐴. This vector
will be used below to construct an interior fixed point of the operator.

3 Cyclic Face Fixed Points and the Fixed-Point Card
In this section, we describe the fixed points located on the cyclic two-dimensional

invariant faces and construct the corresponding fixed-point card. The main purpose is
to relate the orientations of the edges of this card to the signs of the Pfaffian invariants
introduced above.

Let 𝐽 ⊂ 𝐼 = {1, 2, 3, 4, 5}. We denote by

Γ𝐽 =
{︀
𝑥 ∈ 𝑆4 : 𝑥𝑖 = 0 for all 𝑖 /∈ 𝐽

}︀
the corresponding face of the simplex.

Since the Lotka–Volterra operator has the form

𝑥′𝑖 = 𝑥𝑖

(︃
1 +

5∑︁
𝑗=1

𝑎𝑖𝑗𝑥𝑗

)︃
,

each face Γ𝐽 is invariant under 𝑉 .
For a triple (𝑖, 𝑗, 𝑘), we write

Γ𝑖𝑗𝑘 =
{︀
𝑥 ∈ 𝑆4 : 𝑥𝑙 = 0 for all 𝑙 /∈ {𝑖, 𝑗, 𝑘}

}︀
.

The invariant two-dimensional faces corresponding to the cyclic triples identified in
the previous section are

Γ135, Γ145, Γ235, Γ245.
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Fixed-point properties of Volterra and ℓ-Volterra operators have been studied in [13].
For the cyclic faces considered here, the restriction of 𝑉 has a unique interior fixed point.
These fixed points are

𝐶135 =

(︂
𝑎35
𝛿135

, 0,
𝑎15
𝛿135

, 0,
𝑎13
𝛿135

)︂
, 𝛿135 = 𝑎13 + 𝑎15 + 𝑎35, (5)

𝐶145 =

(︂
𝑎45
𝛿145

, 0, 0,
𝑎15
𝛿145

,
𝑎14
𝛿145

)︂
, 𝛿145 = 𝑎14 + 𝑎15 + 𝑎45, (6)

𝐶235 =

(︂
0,
𝑎35
𝛿235

,
𝑎25
𝛿235

, 0,
𝑎23
𝛿235

)︂
, 𝛿235 = 𝑎23 + 𝑎25 + 𝑎35, (7)

and

𝐶245 =

(︂
0,
𝑎45
𝛿245

, 0,
𝑎25
𝛿245

,
𝑎24
𝛿245

)︂
, 𝛿245 = 𝑎24 + 𝑎25 + 𝑎45. (8)

The fixed points
𝐶135, 𝐶145, 𝐶235, 𝐶245

form the vertices of the fixed-point card.
In the present configuration, the adjacent pairs are

(𝐶135, 𝐶145), (𝐶145, 𝐶245), (𝐶245, 𝐶235), (𝐶235, 𝐶135).

The orientations of the corresponding edges are determined by the signs of the Pfaffian
invariants. According to the orientation criterion established in [7, 8], and with the sign
convention adopted in the present paper, we have

∆2 > 0 =⇒ 𝐶135 → 𝐶145, (9)
∆3 > 0 =⇒ 𝐶145 → 𝐶245, (10)
∆1 > 0 =⇒ 𝐶245 → 𝐶235, (11)
∆4 > 0 =⇒ 𝐶235 → 𝐶135. (12)

Therefore, if
∆𝑖 > 0, 𝑖 = 1, 2, 3, 4,

then the four vertices form the directed cycle

𝐶135 → 𝐶145 → 𝐶245 → 𝐶235 → 𝐶135.

According to the criterion established in [14], such a cyclic fixed-point card implies the
existence of an interior fixed point. In the next section, this point is constructed explicitly
using the Pfaffian vector.

4 Cyclic Fixed-Point Card, Interior Fixed Point and Local
Spectrum
In this section, we study the cyclic fixed-point card considered above, construct the

corresponding interior fixed point, and analyze the local spectrum of the operator at this
point.
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Assume that all Pfaffian invariants are positive:

∆𝑖 > 0, 𝑖 = 1, . . . , 5. (13)

In particular,
∆1,∆2,∆3,∆4 > 0.

Therefore, by the orientation relations (9)–(12), the four fixed points located on the
cyclic two-dimensional invariant faces form the directed cyclic fixed-point card

𝐶135 → 𝐶145 → 𝐶245 → 𝐶235 → 𝐶135.

Figure 2 Directed cyclic fixed-point card in the case Δ𝑖 > 0, 𝑖 = 1, 2, 3, 4.

The cyclic structure of the card is determined by the signs of the Pfaffian invariants
∆1,∆2,∆3,∆4. Under condition (13), the full Pfaffian vector

Δ = (∆1,∆2,∆3,∆4,∆5)
𝑇

has strictly positive components. Criteria relating fixed-point cards to the existence
of interior fixed points were established in [14]. We now construct the interior fixed point
explicitly using the Pfaffian vector.

Put
∆ = ∆1 +∆2 +∆3 +∆4 +∆5. (14)

By (13), ∆ > 0.

Theorem 2. Assume that
∆𝑖 > 0, 𝑖 = 1, . . . , 5.

Then the Lotka–Volterra operator (3) has the interior fixed point

𝑥* =

(︂
∆1

∆
,
∆2

∆
,
∆3

∆
,
∆4

∆
,
∆5

∆

)︂
.

Proof. Since
∆𝑖 > 0, 𝑖 = 1, . . . , 5,

all coordinates of 𝑥* are positive. Moreover,

5∑︁
𝑖=1

𝑥*𝑖 =
∆1 +∆2 +∆3 +∆4 +∆5

∆
= 1.

Hence,
𝑥* ∈ Int𝑆4.
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By Lemma 1, the Pfaffian vector satisfies

𝐴Δ = 0.

Since
𝑥* =

Δ

∆
,

it follows that
𝐴𝑥* = 0.

Thus, for every
𝑖 = 1, . . . , 5,

we have
5∑︁

𝑗=1

𝑎𝑖𝑗𝑥
*
𝑗 = 0.

Substituting this equality into the Lotka–Volterra formula gives

(𝑉 𝑥*)𝑖 = 𝑥*𝑖

(︃
1 +

5∑︁
𝑗=1

𝑎𝑖𝑗𝑥
*
𝑗

)︃
= 𝑥*𝑖 .

Therefore,
𝑉 𝑥* = 𝑥*,

and hence 𝑥* is an interior fixed point of 𝑉 .

We next analyze the local spectrum of the operator at 𝑥*.
For the Lotka–Volterra operator

(𝑉 𝑥)𝑖 = 𝑥𝑖

(︃
1 +

5∑︁
𝑗=1

𝛼𝑖𝑗𝑥𝑗

)︃
,

the entries of the Jacobian matrix are

𝐽𝑖𝑗(𝑥) =
𝜕(𝑉 𝑥)𝑖
𝜕𝑥𝑗

= 𝛿𝑖𝑗

(︃
1 +

5∑︁
𝑘=1

𝛼𝑖𝑘𝑥𝑘

)︃
+ 𝑥𝑖𝛼𝑖𝑗.

At the fixed point 𝑥*, the equality

𝐴𝑥* = 0

implies

1 +
5∑︁

𝑘=1

𝛼𝑖𝑘𝑥
*
𝑘 = 1.

Therefore,
𝐽(𝑥*) = 𝐼 +𝐷*𝐴, (15)

where
𝐷* = diag(𝑥*1, 𝑥

*
2, 𝑥

*
3, 𝑥

*
4, 𝑥

*
5).

Equivalently,

𝐷* = diag

(︂
∆1

∆
,
∆2

∆
,
∆3

∆
,
∆4

∆
,
∆5

∆

)︂
.

We now determine the characteristic polynomial of 𝐽(𝑥*).
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Theorem 3. Assume that
∆𝑖 > 0, 𝑖 = 1, . . . , 5.

Then
𝐷(𝜆) = det(𝐽(𝑥*)− 𝜆𝐼)

has the form
𝐷(𝜆) = (1− 𝜆)

[︀
(1− 𝜆)4 + 𝑆2(1− 𝜆)2 + 𝑆4

]︀
, (16)

where
𝑆2 =

1

∆2

∑︁
1⩽𝑖<𝑗⩽5

𝑎2𝑖𝑗∆𝑖∆𝑗, (17)

and
𝑆4 =

∆1∆2∆3∆4∆5

∆3
. (18)

Proof. From (15),
𝐽(𝑥*)− 𝜆𝐼 = (1− 𝜆)𝐼 +𝐷*𝐴.

Let
𝜇 = 1− 𝜆.

Then
𝐷(𝜆) = det(𝜇𝐼 +𝐷*𝐴).

Since 𝐷* is a positive diagonal matrix, 𝐷*𝐴 is similar to

𝐾 = 𝐷1/2
* 𝐴𝐷1/2

* .

Indeed,
𝐷−1/2

* (𝐷*𝐴)𝐷
1/2
* = 𝐷1/2

* 𝐴𝐷1/2
* = 𝐾.

Since
𝐴𝑇 = −𝐴,

we obtain
𝐾𝑇 =

(︀
𝐷1/2

* 𝐴𝐷1/2
*
)︀𝑇

= 𝐷1/2
* 𝐴𝑇𝐷1/2

* = −𝐾.

Thus 𝐾 is a real skew-symmetric 5× 5 matrix. Consequently, its eigenvalues have the
form

0, ±𝑖𝜔1, ±𝑖𝜔2,

and therefore
det(𝜇𝐼 +𝐾) = 𝜇

(︀
𝜇4 + 𝑆2𝜇

2 + 𝑆4

)︀
.

Since 𝐷*𝐴 and 𝐾 are similar,

det(𝜇𝐼 +𝐷*𝐴) = det(𝜇𝐼 +𝐾).

Hence,
𝐷(𝜆) = 𝜇

(︀
𝜇4 + 𝑆2𝜇

2 + 𝑆4

)︀
.

Using
𝜇 = 1− 𝜆,

we obtain
𝐷(𝜆) = (1− 𝜆)

[︀
(1− 𝜆)4 + 𝑆2(1− 𝜆)2 + 𝑆4

]︀
.
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The coefficient 𝑆2 is the sum of the second-order principal contributions of the weighted
skew-symmetric matrix 𝐾:

𝑆2 =
∑︁

1⩽𝑖<𝑗⩽5

𝑎2𝑖𝑗𝑥
*
𝑖𝑥

*
𝑗 .

Since
𝑥*𝑖 =

∆𝑖

∆
,

we obtain
𝑆2 =

1

∆2

∑︁
1⩽𝑖<𝑗⩽5

𝑎2𝑖𝑗∆𝑖∆𝑗.

The fourth-order coefficient is the sum of the fourth-order principal contributions of
𝐾. Since the fourth-order principal Pfaffians of 𝐴 are represented by the quantities ∆𝑖,
we have

𝑆4 =
5∑︁

𝑖=1

(︃∏︁
𝑗 ̸=𝑖

𝑥*𝑗

)︃
∆2

𝑖 .

Substituting

𝑥*𝑗 =
∆𝑗

∆
,

we obtain

𝑆4 =
5∑︁

𝑖=1

(︃∏︁
𝑗 ̸=𝑖

∆𝑗

∆

)︃
∆2

𝑖 .

Therefore,

𝑆4 =
∆1∆2∆3∆4∆5

∆4

5∑︁
𝑖=1

∆𝑖.

By (14),
5∑︁

𝑖=1

∆𝑖 = ∆.

Hence,

𝑆4 =
∆1∆2∆3∆4∆5

∆3
.

Thus, (16) follows.

Remark 1. The characteristic polynomial is expressed entirely through the interaction
coefficients 𝑎𝑖𝑗 and the Pfaffian invariants ∆𝑖. Thus, the same algebraic quantities de-
termine both the cyclic structure of the fixed-point card and the local spectrum at the
interior fixed point.

We now describe the eigenvalues explicitly.
From (16), one eigenvalue of the full Jacobian matrix is

𝜆0 = 1.

The remaining four eigenvalues are determined by

(1− 𝜆)4 + 𝑆2(1− 𝜆)2 + 𝑆4 = 0.
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Putting again
𝜇 = 1− 𝜆,

we obtain the biquadratic equation

𝜇4 + 𝑆2𝜇
2 + 𝑆4 = 0. (19)

Since 𝐷*𝐴 is similar to the real skew-symmetric matrix 𝐾, its two nonzero pairs of
eigenvalues are purely imaginary. Therefore, the four nontrivial eigenvalues of

𝐽(𝑥*) = 𝐼 +𝐷*𝐴

have the form
1± 𝑖𝜔1, 1± 𝑖𝜔2.

More precisely,

𝜔2
1,2 =

𝑆2 ±
√︀
𝑆2
2 − 4𝑆4

2
.

Moreover,
𝑆2
2 − 4𝑆4 ⩾ 0,

because
𝑆2 = 𝜔2

1 + 𝜔2
2, 𝑆4 = 𝜔2

1𝜔
2
2,

and hence
𝑆2
2 − 4𝑆4 = (𝜔2

1 − 𝜔2
2)

2 ⩾ 0.

Since ∆𝑖 > 0 for all 𝑖 = 1, . . . , 5, formula (18) gives

𝑆4 > 0.

Consequently,
𝜔2
1𝜔

2
2 = 𝑆4 > 0,

and therefore
𝜔1 > 0, 𝜔2 > 0.

Theorem 4. Under assumption (13), the spectrum of the full Jacobian matrix 𝐽(𝑥*) is

spec(𝐽(𝑥*)) = {1, 1± 𝑖𝜔1, 1± 𝑖𝜔2} ,

where

𝜔2
1,2 =

𝑆2 ±
√︀
𝑆2
2 − 4𝑆4

2
. (20)

Moreover,
𝜔1 > 0, 𝜔2 > 0.

Proof. The factor
1− 𝜆

in (16) gives the eigenvalue
𝜆0 = 1.

The remaining four eigenvalues satisfy (19). Solving this equation with respect to 𝜇2,
we obtain

𝜇2 =
−𝑆2 ±

√︀
𝑆2
2 − 4𝑆4

2
.
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Since the corresponding eigenvalues of 𝐷*𝐴 are purely imaginary, we may write

𝜇 = ±𝑖𝜔1, 𝜇 = ±𝑖𝜔2.

Since
𝜆 = 1− 𝜇,

we obtain
spec(𝐽(𝑥*)) = {1, 1± 𝑖𝜔1, 1± 𝑖𝜔2} .

Formula (20) follows directly from the quadratic equation for 𝜇2.
Finally, since

𝑆4 = 𝜔2
1𝜔

2
2 =

∆1∆2∆3∆4∆5

∆3
> 0,

both frequencies are strictly positive:

𝜔1 > 0, 𝜔2 > 0.

We now take into account that the dynamics of 𝑉 is restricted to the four-dimensional
simplex 𝑆4. The tangent space to the simplex at 𝑥* is

𝑇𝑥*𝑆4 =

{︃
ℎ = (ℎ1, . . . , ℎ5) ∈ R5 :

5∑︁
𝑖=1

ℎ𝑖 = 0

}︃
.

We first show that the tangent space 𝑇𝑥*𝑆4 is invariant under the Jacobian 𝐽(𝑥*).
Since 𝐴 is skew-symmetric, for every 𝑥 ∈ R5 we have

𝑥𝑇𝐴𝑥 = 0.

Therefore,

5∑︁
𝑖=1

(𝑉 𝑥)𝑖 =
5∑︁

𝑖=1

𝑥𝑖

(︃
1 +

5∑︁
𝑗=1

𝑎𝑖𝑗𝑥𝑗

)︃
=

5∑︁
𝑖=1

𝑥𝑖 + 𝑥𝑇𝐴𝑥 =
5∑︁

𝑖=1

𝑥𝑖.

Differentiating this identity with respect to 𝑥, we obtain

1𝑇𝐽(𝑥) = 1𝑇 ,

where
1 = (1, 1, 1, 1, 1)𝑇 .

Hence, for every
ℎ ∈ 𝑇𝑥*𝑆4,

we have
1𝑇ℎ = 0,

and therefore
1𝑇𝐽(𝑥*)ℎ = 1𝑇ℎ = 0.

Thus,
𝐽(𝑥*)ℎ ∈ 𝑇𝑥*𝑆4
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for every ℎ ∈ 𝑇𝑥*𝑆4. Consequently,

𝐽(𝑥*)𝑇𝑥*𝑆4 ⊆ 𝑇𝑥*𝑆4.

Hence, the tangent space 𝑇𝑥*𝑆4 is invariant under the Jacobian 𝐽(𝑥*).
We next identify the eigenvector corresponding to the eigenvalue 𝜆0 = 1. By Lemma 1,

𝐴Δ = 0.

Consequently,
𝐷*𝐴Δ = 0,

and therefore
𝐽(𝑥*)Δ = (𝐼 +𝐷*𝐴)Δ = Δ.

Thus, Δ is an eigenvector of 𝐽(𝑥*) corresponding to the eigenvalue 𝜆0 = 1.
Moreover,

1𝑇Δ = ∆1 +∆2 +∆3 +∆4 +∆5 = ∆ > 0.

Hence,
Δ /∈ 𝑇𝑥*𝑆4.

Thus, the eigenvalue 𝜆0 = 1 corresponds to a direction transverse to the tangent space of
the simplex.

Furthermore, since 𝑆4 > 0, the factor

(1− 𝜆)4 + 𝑆2(1− 𝜆)2 + 𝑆4

does not vanish at 𝜆 = 1. Therefore, the eigenvalue 𝜆0 = 1 is simple.
Since 𝑇𝑥*𝑆4 is a four-dimensional invariant subspace and the eigenvector corresponding

to the simple eigenvalue 𝜆0 = 1 does not belong to this tangent space, the spectrum of the
restriction of the Jacobian to 𝑇𝑥*𝑆4 consists precisely of the remaining four eigenvalues:

spec
(︁
𝐽(𝑥*)

⃒⃒
𝑇𝑥*𝑆4

)︁
= {1± 𝑖𝜔1, 1± 𝑖𝜔2} .

Corollary 1. Under assumption (13), the interior fixed point 𝑥* is locally repelling with
respect to the dynamics on the simplex 𝑆4.

Indeed, the four eigenvalues of the tangent restriction satisfy

|1± 𝑖𝜔𝑘| =
√︁

1 + 𝜔2
𝑘 > 1, 𝑘 = 1, 2.

Hence all tangent spectral directions are expanding.

Proof. Since
𝜔𝑘 > 0, 𝑘 = 1, 2,

we have
|1± 𝑖𝜔𝑘| =

√︁
1 + 𝜔2

𝑘 > 1.

Thus every eigenvalue of the restricted Jacobian

𝐽(𝑥*)
⃒⃒
𝑇𝑥*𝑆4

lies outside the unit circle. Therefore the interior fixed point is locally repelling on 𝑆4.
Since the eigenvalues occur in complex conjugate pairs, the local repelling dynamics

also contains rotational, or oscillatory, components.
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Remark 2. The interior fixed point 𝑥* represents a balance point generated by the posi-
tive Pfaffian vector, but it is not an attracting equilibrium. The fixed-point card describes
the cyclic structure of the boundary fixed points, while the spectrum of the Jacobian re-
stricted to 𝑇𝑥*𝑆4 shows that the local dynamics near the interior fixed point has an
oscillatory repelling character.

In applications, this spectral structure corresponds to cyclic redistribution around the
balance state rather than monotone convergence to a single static distribution.

5 Mathematical Formulation of Integrated Geological Evidence
The theoretical construction developed above can be incorporated into a mathematical

framework for the integration of heterogeneous geological evidence used in gold prospec-
tivity analysis. Mineral prospectivity assessment generally requires the simultaneous in-
terpretation of several types of geological, geochemical, geophysical, and structural infor-
mation [15, 16]. In the present framework, these heterogeneous data are represented by
five aggregated evidence groups:

𝐸1 = geochemical evidence, 𝐸2 = geophysical evidence,

𝐸3 = structural evidence, 𝐸4 = lithological–formation evidence,

and
𝐸5 = mineralogical–alteration evidence.

The integration of these evidence groups requires attention to spatial alignment, mea-
surement scale, and differences in data resolution, as emphasized in recent work on mul-
timodal mineral system characterization [17].

Remote-sensing information may additionally contribute to the construction of the
structural, lithological, and alteration evidence groups [18]. Thus, the five-dimensional
representation should be understood as an integration of information sources rather than
as a restriction to five individual geological variables.

Let
𝑧 = (𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5)

denote the aggregated nonnegative evidence values at a given spatial location. After
preprocessing and normalization, we define

𝑥𝑖 =
𝑧𝑖
5∑︁

𝑗=1

𝑧𝑗

, 𝑖 = 1, . . . , 5, (21)

provided that
5∑︁

𝑗=1

𝑧𝑗 > 0.

Hence,
𝑥 = (𝑥1, . . . , 𝑥5) ∈ 𝑆4.

The simplex representation has a natural interpretation: each coordinate 𝑥𝑖 describes
the relative contribution of the corresponding geological evidence group at the considered
spatial location. Therefore, different locations are represented by different points of the
same four-dimensional simplex.



Pfaffian structure and spectral dynamics of a discrete. . . 109

The interaction matrix

𝐴 = (𝑎𝑖𝑗)
5
𝑖,𝑗=1, 𝐴𝑇 = −𝐴,

describes the pairwise interaction structure of the five evidence groups. The coefficient
𝑎𝑖𝑗 represents the signed relative interaction between the 𝑖-th and 𝑗-th groups, while its
magnitude characterizes the strength of this interaction.

In a practical implementation, the magnitudes of the interaction coefficients may be
estimated from spatial or statistical relations between the corresponding evidence groups,
whereas their signs are required to satisfy the interaction pattern prescribed by the theo-
retical Lotka–Volterra configuration considered in this paper. Thus, the resulting matrix
combines empirical information with the structural constraints of the mathematical model.

Knowledge-driven, data-driven, and hybrid evidence-integration approaches have been
applied to gold prospectivity mapping, including weights-of-evidence and fuzzy-logic mod-
els [19].

For a geological evidence profile 𝑥 ∈ 𝑆4, define the interaction response vector

𝑞(𝑥) = 𝐴𝑥. (22)

Its components

𝑞𝑖(𝑥) =
5∑︁

𝑗=1

𝑎𝑖𝑗𝑥𝑗

measure the net interaction effect acting on the 𝑖-th evidence group.
The corresponding one-step Lotka–Volterra redistribution is

𝑉 (𝑥) = 𝑥+ diag(𝑥)𝐴𝑥, (23)

or componentwise,
(𝑉 𝑥)𝑖 = 𝑥𝑖 (1 + 𝑞𝑖(𝑥)) .

Therefore, the vector
𝑅(𝑥) = 𝑉 (𝑥)− 𝑥 = diag(𝑥)𝐴𝑥 (24)

provides a quantitative measure of the interaction-induced redistribution of the geological
evidence profile.

Unlike a purely additive evidence model, relation (24) takes into account pairwise
interactions between the different sources of geological information. Consequently, two
locations having similar individual evidence values may produce different interaction re-
sponses if the relative configuration of their evidence components is different.

The algebraic structure of these interactions is further characterized by the Pfaffian
invariants

∆1, . . . ,∆5.

When
∆𝑖 > 0, 𝑖 = 1, . . . , 5,

the model possesses the interior fixed point

𝑥* =
1

∆
(∆1,∆2,∆3,∆4,∆5), ∆ =

5∑︁
𝑖=1

∆𝑖.
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In the geological interpretation, 𝑥* is a model-defined reference configuration at which
the net interaction response vanishes:

𝐴𝑥* = 0, 𝑅(𝑥*) = 0.

Thus, 𝑥* characterizes a balanced interaction state of the five normalized evidence groups.
It is important to distinguish this interpretation from dynamical stability. As shown

in the previous section, 𝑥* is locally repelling for the discrete Lotka–Volterra dynamics
on 𝑆4. Therefore, closeness to 𝑥* is not identified directly with high gold prospectivity.
Instead, 𝑥* serves as a mathematically defined reference configuration for measuring and
comparing different geological evidence structures.

6 Model-Based Descriptors and a Proposed Computational
Scheme
To connect the Lotka–Volterra structure with spatial prospectivity analysis, we in-

troduce a collection of model-based descriptors associated with each geological evidence
profile 𝑥 ∈ 𝑆4.

The first descriptor is the distance from the interior reference state,

𝑑*(𝑥) = ‖𝑥− 𝑥*‖2. (25)

This quantity measures the deviation of the observed evidence composition from the
balanced interaction configuration.

The second descriptor is the magnitude of the interaction response,

𝐼(𝑥) = ‖𝐴𝑥‖2. (26)

Since
𝐴𝑥* = 0,

we have
𝐼(𝑥*) = 0.

Large values of 𝐼(𝑥) indicate evidence configurations in which the pairwise interaction
structure generates a stronger net response.

A third descriptor is obtained from the actual Lotka–Volterra redistribution,

𝐿(𝑥) = ‖𝑉 (𝑥)− 𝑥‖2 = ‖ diag(𝑥)𝐴𝑥‖2. (27)

Unlike 𝐼(𝑥), the quantity 𝐿(𝑥) also accounts for the relative weight of each evidence
component through the factors 𝑥𝑖.

The boundary fixed points

𝐶135, 𝐶145, 𝐶245, 𝐶235

provide additional reference configurations corresponding to the cyclic two-dimensional
invariant faces. For each of them, define

𝑑𝑖𝑗𝑘(𝑥) = ‖𝑥− 𝐶𝑖𝑗𝑘‖2.

The vector
𝐷𝐶(𝑥) = (𝑑135(𝑥), 𝑑145(𝑥), 𝑑245(𝑥), 𝑑235(𝑥)) (28)
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therefore describes the position of a geological evidence profile relative to the cyclic fixed-
point card.

The resulting Lotka–Volterra prospectivity descriptor is defined as

Φ(𝑥) = (𝑥1, . . . , 𝑥5, 𝑑*(𝑥), 𝐼(𝑥), 𝐿(𝑥), 𝐷𝐶(𝑥)) . (29)

Thus, Φ(𝑥) contains three complementary types of information: the normalized ge-
ological composition, the interaction response generated by the skew-symmetric matrix,
and the position of the evidence profile relative to the interior and boundary fixed-point
configurations.

For quantitative prospectivity assessment, we propose a calibrated prospectivity func-
tional of the general form

𝑃 (𝑥) = 𝐺
(︀
Φ(𝑥); 𝜃

)︀
, 0 ⩽ 𝑃 (𝑥) ⩽ 1, (30)

where 𝐺 is a monotone calibration function and 𝜃 denotes parameters determined from
exploration observations.

The introduction of 𝐺 is essential. The mathematical theory determines the inter-
action structure and the descriptors in (29), but it does not by itself determine which
numerical combination of these quantities corresponds to economically significant gold
mineralization. This relation must be established using geological observations.

A simple parametric realization is

𝑃 (𝑥) =
1

1 + exp [− (𝛽0 +
∑︀𝑚

𝑘=1 𝛽𝑘Φ𝑘(𝑥))]
, (31)

where the coefficients
𝛽0, 𝛽1, . . . , 𝛽𝑚

are calibrated using known mineralized and background locations.
Equation (31) is not part of the Lotka–Volterra dynamics itself. Rather, it provides

a statistical calibration layer connecting the deterministic dynamical descriptors with
observed mineralization data. Other calibrated mappings may be used without changing
the underlying Pfaffian–Lotka–Volterra construction.

The complete computational procedure can therefore be organized as follows.

1. Collect geochemical, geophysical, structural, lithological–formation, and
mineralogical–alteration information for each spatial observation.

2. Preprocess the heterogeneous variables and aggregate them into five nonnegative
evidence groups

𝑧1, . . . , 𝑧5.

3. Transform each observation into a point of the simplex using

𝑥𝑖 =
𝑧𝑖∑︀5
𝑗=1 𝑧𝑗

.

4. Construct or estimate the skew-symmetric interaction matrix

𝐴 = (𝑎𝑖𝑗), 𝐴𝑇 = −𝐴,

subject to the sign structure of the Lotka–Volterra configuration.
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5. Compute the Pfaffian invariants
∆1, . . . ,∆5

and determine the orientation of the corresponding fixed-point card.
6. When

∆𝑖 > 0, 𝑖 = 1, . . . , 5,

construct the interior fixed point

𝑥* =
1

∆
(∆1, . . . ,∆5).

7. Compute the model-based descriptors

𝑑*(𝑥), 𝐼(𝑥), 𝐿(𝑥), 𝐷𝐶(𝑥)

for every spatial observation.
8. Calibrate the prospectivity functional

𝑃 (𝑥) = 𝐺(Φ(𝑥); 𝜃)

against known mineral occurrences, deposits, or other reliable exploration targets.
9. Apply the calibrated model to the study region and classify the resulting values of

𝑃 (𝑥) into prospectivity classes.
10. Validate the resulting prospectivity pattern using observations not employed in the

calibration stage and evaluate the sensitivity of the results to data preprocessing,
parameter estimation, and uncertainty.

Uncertainty analysis is particularly important in mineral prospectivity mapping be-
cause preprocessing choices and the construction of evidence layers may influence the
final spatial prediction [20, 21]. The representativeness of known mineralized and non-
mineralized observations must also be considered during calibration and validation [22].

The selection of background or non-deposit locations also requires careful considera-
tion, because it can influence the performance of gold prospectivity models [23].

The proposed formulation therefore separates three distinct levels of the model:

geological evidence −→ Lotka–Volterra/Pfaffian structure
−→ calibrated prospectivity assessment

.

The first level provides the spatial evidence variables, the second describes their non-
linear interaction geometry, and the third establishes the empirical relation between the
mathematical descriptors and actual gold mineralization.

This separation avoids identifying dynamical equilibrium with geological favorability
while retaining the Pfaffian and spectral structure as the mathematical core of the prospec-
tivity model. It also makes the framework suitable for subsequent implementation using
real spatial exploration data and for comparison with alternative mineral prospectivity
methods [24].

7 A Synthetic Numerical Experiment
This section provides a reproducible numerical illustration of the theoretical results

and the proposed evidence descriptors. All coefficients and profiles are synthetic; no
exploration observations, measured concentrations, deposit labels, or spatial prediction
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outputs are used. The experiment verifies the algebraic calculations and illustrates the
computation of descriptors. It does not assess gold prediction accuracy.

7.1 Interaction matrix and fixed-point configurations
We choose the interaction matrix

𝐴 =

⎛⎜⎜⎜⎜⎝
0 −0.3 −0.1 −0.6 0.9
0.3 0 −0.9 −0.3 0.3
0.1 0.9 0 −0.1 −0.2
0.6 0.3 0.1 0 −0.5
−0.9 −0.3 0.2 0.5 0

⎞⎟⎟⎟⎟⎠ .

Its entries satisfy the sign pattern in (4), skew symmetry, and |𝛼𝑖𝑗| ⩽ 1. Substitution into
the Pfaffian formulas gives

Δ = (0.36, 0.16, 0.06, 0.72, 0.54)𝑇 , ∆ = 1.84.

All five components are positive. Consequently, the prescribed card has cyclic orientation
and the interior fixed point is

𝑥* =
1

184
(36, 16, 6, 72, 54)𝑇 = (0.195652, 0.086957, 0.032609, 0.391304, 0.293478)𝑇 .

Direct computation gives 𝐴𝑥* = 0 and 𝑉 (𝑥*) = 𝑥*, up to floating-point roundoff. The
four face fixed points are

𝐶135 =
1

12
(2, 0, 9, 0, 1), 𝐶145 =

1

20
(5, 0, 0, 9, 6),

𝐶245 =
1

11
(0, 5, 0, 3, 3), 𝐶235 =

1

14
(0, 2, 3, 0, 9).

Each satisfies 𝑉 (𝐶𝑖𝑗𝑘) = 𝐶𝑖𝑗𝑘. These configurations are reference compositions defined by
the model; their coordinates are not measured geological concentrations.

7.2 Spectrum and local departure
For 𝐽(𝑥*) = 𝐼 + diag(𝑥*)𝐴, the characteristic coefficients are

𝑆2 = 0.112542533, 𝑆4 = 0.000215698.

The ambient eigenvalues, rounded to six decimal places, are

𝜆0 = 1, 𝜆1,2 = 1± 0.044163𝑖, 𝜆3,4 = 1± 0.332554𝑖.

The two corresponding moduli are 1.000975 and 1.053846. The four non-unit eigenvalues
lie outside the unit circle. The eigenvalue 1 corresponds to the transverse eigenvector 𝑥*
and is excluded when restricting the Jacobian to 𝑇𝑆4. Thus, the computed spectrum
agrees with local repulsion on the simplex.

To illustrate this behavior, let

𝑥(0) = 𝑥* + 10−3𝑢, 𝑢 =
1√
2
(1,−1, 0, 0, 0)𝑇 ,

and iterate 𝑥(𝑛+1) = 𝑉 (𝑥(𝑛)) for 0 ⩽ 𝑛 < 400. Since
∑︀

𝑖 𝑢𝑖 = 0 and all initial coordi-
nates are positive, the initial condition belongs to Int𝑆4. No additional normalization or
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Figure 3 Synthetic experiment: (a) ambient Jacobian eigenvalues and the unit circle; (b) dis-
tance from the interior fixed point along a perturbed trajectory. The transverse eigenvalue 1 is
displayed in (a) but does not belong to the tangent spectrum.

projection is applied during iteration. The initial distance is 10−3, and the distance at
iteration 400 is 0.709596. Figure 3 displays the spectrum and the computed departure.
This finite trajectory illustrates local instability; it does not establish a global convergence
statement or imply monotone distance growth for every initial condition.

7.3 Descriptors for synthetic evidence profiles

We consider seven normalized profiles 𝑃0, . . . , 𝑃6, with 𝑃0 = 𝑥*. The five coordinates
represent the five evidence groups in the proposed framework, rather than five measured
element concentrations. Table 1 reports their coordinates and descriptors. Values are
rounded independently to four decimal places; all calculations use unrounded values.
At 𝑃0, the three descriptors vanish. For the remaining profiles, the values distinguish

Table 1 Synthetic compositions and computed descriptors.
Profile 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑑* 𝐼 𝐿

P0 0.1957 0.0870 0.0326 0.3913 0.2935 0.0000 0.0000 0.0000
P1 0.2000 0.2000 0.2000 0.2000 0.2000 0.2935 0.2332 0.0466
P2 0.4500 0.1500 0.1000 0.1000 0.2000 0.4084 0.4709 0.0862
P3 0.1000 0.4000 0.1500 0.1000 0.2500 0.4557 0.3499 0.0621
P4 0.1000 0.1000 0.4000 0.1500 0.2500 0.4521 0.3110 0.0349
P5 0.1000 0.1000 0.1500 0.4000 0.2500 0.1583 0.1967 0.0329
P6 0.1000 0.1000 0.1000 0.1000 0.6000 0.4389 0.4951 0.0577

compositional displacement, net interaction response, and actual one-step redistribution.
Figure 4 compares these values. The four distances to the face fixed points are also
computed and supplied in the accompanying numerical results file.

The experiment confirms consistency between the Pfaffian construction, direct fixed-
point calculations, and the local spectrum for the selected matrix. It also demonstrates
a fully specified computation of the proposed evidence descriptors. No prospectivity
functional 𝐺, probability estimate, classification threshold, or prediction-quality metric is
fitted because observed mineralization labels are unavailable in this synthetic experiment.
Establishing geological usefulness requires a separate study with documented exploration
data and independent validation.
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Figure 4 Distances and interaction descriptors for seven synthetic evidence profiles. Larger
values indicate larger model-defined deviations or responses; they do not imply greater gold
prospectivity.

8 Conclusion
This study examined the connection between the Pfaffian structure of a discrete Lotka–

Volterra operator, its cyclic fixed-point card, and the local dynamics at an interior fixed
point on the four-dimensional simplex. The four cyclic two-dimensional invariant faces
provide the fixed points forming the vertices of the card. Under the adopted sign con-
vention, the established orientation criterion relates the signs of the relevant fourth-order
principal Pfaffian invariants to the directed cycle of these vertices.

Positivity of the full Pfaffian vector gives an explicit interior fixed point through nor-
malized Pfaffian ratios. The characteristic polynomial of the Jacobian at this point was
expressed in terms of the interaction coefficients and the same Pfaffian invariants. The
tangent space of the simplex is invariant under the Jacobian. Its restricted spectrum
consists of two complex conjugate pairs with moduli greater than one, whereas the simple
eigenvalue equal to one belongs to a transverse direction in the ambient space. Thus, the
interior fixed point is locally repelling on the simplex, with oscillatory components in its
local dynamics.

A possible interpretation of this mathematical construction was proposed for integrat-
ing five groups of geological evidence. In this interpretation, the interior fixed point serves
as a model-defined reference composition, while distances to the interior and face fixed
points, together with interaction-response measures, describe the relative configuration of
the evidence. These descriptors do not by themselves establish geological favorability or
constitute a validated gold prospectivity model.

Further application requires explicit construction of the evidence variables, estimation
of the interaction coefficients under the prescribed structural constraints, and verification
of the Pfaffian positivity conditions. Any relationship between the proposed descriptors
and gold mineralization must then be calibrated and tested using independent exploration
observations. The present results therefore provide a mathematical foundation and a
proposed computational scheme for future geological evidence integration studies.
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ра Лотки–Вольтерры на четырёхмерном симплексе. Для турнира взаимодействий,
содержащего четыре циклические тройки, единственные внутренние неподвижные
точки соответствующих инвариантных двумерных граней образуют вершины кар-
ты неподвижных точек. На основе ранее установленного критерия ориентации и
выбранного соглашения о знаках циклическая конфигурация этой карты характе-
ризуется главными пфаффиановыми инвариантами четвёртого порядка. При поло-
жительности всех компонент пфаффианова вектора внутренняя неподвижная точка
явно строится посредством нормированных отношений пфаффианов. Характеристи-
ческий многочлен матрицы Якоби в этой точке выражается через коэффициенты
взаимодействия и те же инварианты. Доказывается инвариантность касательного
пространства симплекса относительно матрицы Якоби. Спектр её ограничения на
это пространство состоит из двух пар комплексно-сопряжённых собственных зна-
чений с модулями больше единицы, что устанавливает локально отталкивающую
динамику с колебательными компонентами. Полученные результаты объединяют
геометрию неподвижных точек и локальное спектральное поведение в рамках еди-
ного алгебраического подхода и дают явные формулы, пригодные для вычислитель-
ного анализа. Также предлагается математическая интерпретация интеграции пяти
групп геологических данных. Расстояния до конфигураций неподвижных точек и
показатели отклика на взаимодействия вводятся как характеристики состава дан-
ных и взаимодействий между их группами. Их потенциальное использование для
оценки перспективности на золото требует калибровки по данным геологоразведоч-
ных наблюдений и независимой эмпирической проверки.

Ключевые слова: дискретный оператор Лотки–Вольтерры, пфаффианов инвари-
ант, карта неподвижных точек, внутренняя неподвижная точка, локальный спектр,
оценка перспективности на золото
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