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A mathematical model and a verified numerical method are developed for the trans-
port of passive and settling pollutants in the atmospheric boundary layer over complex
terrain. The advection—diffusion equation is written in the terrain-following coordinate
0 = (z—h)/(Htop —h) in fully conservative (Jacobian-weighted) form. The contravariant
vertical velocity is diagnosed from the discrete continuity equation, so that the kinematic
condition at the terrain surface is satisfied exactly and no mass can cross the ground.
The horizontal wind, prescribed from a single-point forecast or reanalysis through a log-
arithmic profile in the height above ground, is made mass-consistent by a column-flux
normalisation under a rigid lid. Turbulent diffusivities follow Monin—Obukhov similar-
ity with a parabolic decay towards the top of the layer, and the stability parameter is
obtained from the hourly solar radiation and air temperature. The finite-volume dis-
cretisation uses shared face fluxes, first-order upwinding, and an explicit step chosen
from a local positivity bound. It conserves mass to round-off, preserves a uniform field
exactly, and keeps concentrations non-negative without clipping. Verification includes
an analytical point-source solution (relative Ly error 1.1%, R = 0.9999, FAC2 = 1 on
the finest grid), grid and time-step refinement, and a closed global budget with residual
below 2 x 10712, Tt is also shown that the widely used simplification of a horizontal wind
(w = 0) in the o-equation violates the kinematic surface condition: over a 200 m ridge
it removes more than 60% of the emitted mass within 15 min and produces a spurious
lee-side attenuation of two to three orders of magnitude. With the conservative formula-
tion, a ridge changes near-ground concentrations by 2-51%, the largest effect occurring
for an elevated source under stable stratification, whereas atmospheric stability changes
them by more than an order of magnitude. The model is coupled with the Copernicus
digital elevation model and ERA5 reanalysis data and applied to the city of Tashkent.
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1 Introduction

Air quality in cities located in foothills and intermontane valleys is controlled by two
groups of factors that act on different time scales: the orography, which is fixed, and the
meteorological regime, which changes within hours through the diurnal cycle of stability,
calm periods, and wind turning [1,2|. Practical regulatory tools such as AERMOD |[3|
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and CALPUFF [4] parameterise terrain effects within Gaussian or puff formulations.
Lagrangian particle models [5] and comprehensive Eulerian chemical-transport systems [6]
resolve the transport explicitly, but they require three-dimensional meteorological fields
produced by a mesoscale model and substantial computing resources. Laboratory and
theoretical studies of stratified flow over hills [7] and of neutral flow over low hills [8] show
that the near-surface flow either passes over or is deflected around an obstacle depending
on stability. Near-ground concentrations are therefore sensitive both to the terrain shape
and to the source height relative to the terrain.

A standard way of representing an irregular lower boundary in an Eulerian model
is a terrain-following vertical coordinate [9-11|, which maps the physical domain onto a
rectangular computational domain. The mapping brings a Jacobian into the transport
equation and a contravariant vertical velocity into its advective part. Both have to be
treated consistently: the tracer equation must be written in Jacobian-weighted flux form
for the discrete mass to be conserved, and the contravariant velocity must vanish at the
ground for the terrain surface to be impermeable. The latter condition is easily lost in
simplified models in which the wind is assumed horizontal in physical space (w = 0). The
transformed vertical velocity then does not vanish at the surface and tracer mass leaves
the domain through the ground. As shown below, this defect is not small: it can dominate
the solution over a ridge of moderate height.

Turbulent exchange in the surface layer is described by Monin—Obukhov similarity [12]
with the Businger-Dyer universal functions [13, 14]; above the surface layer the eddy dif-
fusivity is reduced towards the top of the boundary layer by a polynomial (O’Brien-type)
profile [15]. The surface heat flux that controls the Obukhov length can be estimated
from routine data such as global radiation [16]. The input data for such a model are now
available openly and globally: the ERAS reanalysis provides hourly near-surface meteo-
rology [17], the Copernicus digital elevation model (DEM) provides the terrain [18], and
both can be retrieved through a single programming interface [19]. Within the regional
research school, pollutant dispersion in the atmosphere has been modelled by operator
splitting [20], with account for the capture of particles by vegetation [21], and conserva-
tive finite-volume schemes have been developed for related transport problems [22]. These
studies, however, consider flat terrain.

The present paper develops a terrain-following dispersion model whose conservation
properties are established rather than assumed, and couples it with open elevation and
reanalysis data. The contributions are: (i) a conservative o-coordinate formulation in
which the contravariant vertical velocity is diagnosed from continuity, so that the ground
is exactly impermeable, together with a mass-consistent wind obtained from single-point
meteorological data by a column-flux normalisation; (ii) a finite-volume scheme with ex-
act discrete conservation, exact preservation of a uniform field, and a positivity-preserving
adaptive time step, for which the corresponding discrete identities are stated; (iii) a verifi-
cation suite reported within the paper, including an analytical solution, grid and time-step
refinement, and closure of the global budget, together with a quantitative demonstration
of the error caused by the w = 0 simplification; and (iv) the coupling with the Copernicus
DEM and ERAS5 and an application to Tashkent. The nomenclature is collected at the
end of the paper.

2 Problem statement

Consider the domain Q@ = {0 <z < L,, 0 <y < L,, h(z,y) < 2 < Hypp}, where x
points east, y north, z upwards, h(x,y) is the terrain height measured from the lowest
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point of the domain, and Hy,, is the height of the upper boundary. The concentration
C(z,y, z,t) of a pollutant satisfies the advection—diffusion equation in conservative form [1,
2]

oC  d(uC)  I(wC) N O((w — wy)C)

54— ox * dy 0z
o, 9C\ 9, 9C\ 9, . 0C
_ %(Kx%) + a_y<1r<y(,),—y) + &(KZ§> +S5-AC, (1)

where u, v, w are the wind components, wy is the gravitational settling velocity, K, K, K,
are the eddy diffusivities, S is the source term, and A\ is a first-order decay rate. For
spherical particles of diameter d, and density p, the settling velocity is given by the Stokes
law with the Cunningham correction (1], wy = ppgd2C./(18), Co = 1+ (2(,/d,) (1.257 +
+ 0.4exp(—1.1d,/(2(,))), where p is the dynamic viscosity of air and ¢, the mean free
path of air molecules; w, = 0 for gases.

The terrain-following transformation [9, 10]

<= h($7y)
D(z,y) ’

o= D(x,y) = Hyop — h(z,y), 0<o<1, (2)

maps ) onto the rectangular box (0,L,) x (0,L,) x (0,1); D is the Jacobian of the
transformation and z,, = oD is the height above ground. Since the terrain does not

change in time, the coordinate surfaces ¢ = const are fixed. The rate of change of o
following an air parcel defines the contravariant vertical velocity

azé—j:%[w—u—a)(ugwg—m, W = De. (3)

Transforming (1) with the chain rule and multiplying by D gives the Jacobian-weighted
conservative equation

(DO N d(DuC) N o(DvC) N (W —wy)C)

ot ox oy do
_ %(DK$88—S> + %(DKyg—j) + %(%g—f) + DS —ADC. (4)

The advective part of (4) is exact. In the diffusive part the cross-derivative metric terms,
which are of order |V h| relative to the retained terms, are neglected, so horizontal diffusion
acts along the o-surfaces; this is the usual approximation for moderate slopes. For h =0
one has D = Hy,,, W = Hy,pw, and (4) reduces to (1).

The ground is impermeable: at z = h the air moves along the surface, w = u dh/dz +
+ v Oh/Jy, which by (3) is equivalent to W = 0 at o = 0. For an incompressible flow the
continuity equation in the transformed coordinates reads

d(Du) N d(Dv) LW 0. Wiryo)=— /0” P(é;u) N 8(8Dyv) o', (5)

ox dy 0o

where the integration starts from the ground value W = 0. Equation (5) determines W,
and hence the physical vertical velocity, from the horizontal wind. We stress that the
frequently used simplification w = 0 in (3) gives W|,—g = —(u0h/0x 4+ vOh/Jy) # 0 on
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every slope: the ground then behaves as a sink on windward slopes and as a source of
clean air on lee slopes. The consequences are quantified in Section 4.

The horizontal wind is constructed from single-point data. The meteorological input
is a time series of the 10-m wind speed Vi and direction ¢ (direction from which the
wind blows), air temperature 7,, and global radiation R, at one point. The horizontal

components are ujg = —Vigsin g, vig = —Vjgcosp. The vertical profile is logarithmic in
the height above ground and is multiplied by a column factor I'(x, y):
1
(1.0) = (s va) FOD)Tep), J(6) = o (s> 20),
6
o M [ f(0Hypp) do (6)

D fol f(oD)do

where z; is the roughness length. The factor I' makes the column-integrated horizontal
mass flux fol D(u,v)do = (u19,v10) Hiop fol f(0Hyp) do independent of (z,y). Its horizon-
tal divergence therefore vanishes, and (5) gives W = 0 also at the upper boundary o =1
(rigid lid). Over elevated terrain I' > 1, which represents the acceleration of the flow over
hills [8]. Because the lid is rigid, the speed-up is overestimated when the obstacle height
is not small compared with Hy,,; with H;,, = 800 m and a 200 m ridge the maximum
speed-up is 1.34 (Fig. 1).

Turbulent exchange is parameterised through the friction velocity and the Obukhov
length [12],

»Vio > uipcpTa
x I /1n /- o Y ) L = ’
Y max(ln(l()/zo) 0.05 M »gH
7
"o 0.3R,, R,>5Wm? (7)
T 1-30 Wm2, R,<5Wm2

where the sensible heat flux H is a simple radiation-based estimate [16], and Ly =
= 10° m (neutral) is taken for |[H| < 1 Wm™2. The eddy diffusivities combine surface-
layer similarity with a parabolic decay towards the upper boundary [15]:

KUy Zag

K,=K,= 1—0)? K,
Y Sct @m(zag/LM)( U) ’

_ HUyZag
Sc Sph(zag/LM)

with the Businger-Dyer functions [13,14] ¢, = (1 — 16¢)"4, ¢, = (1 — 16¢)~"/2 for
¢ <0and ¢, =¢, =1+5(¢ for ¢ > 0. The functions are limited to 0.1 < ¢ < 10 and
the diffusivities to K < K < Kpax.

A point source of strength ¢ located at height z, above the ground at (xg,ys) is S =
=qd(x — 25)0(y — Ys)0(24g — 2s), so its height above the terrain is preserved wherever it
is placed. Initially C' = C), (background). On a lateral boundary with outward normal n,
C' = C), where the flow enters (V -n < 0) and 9C/0n = 0 where it leaves. At the upper
boundary the diffusive flux vanishes and W = 0. At the terrain surface the vertical flux
equals dry deposition minus surface emission,

(1-0)% (8

= —(vqg +wy) C + Fj, 9)

which is the o-form of the Robin condition K, C'/0z = v4C — F§; v, is the dry deposition
velocity and F the surface emission flux.
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3 Numerical method

The computational box is divided into N, x N, x N, cells with centres z; = (i —
— Az, y; = (j — 3)Ay, 0 = (k — 2)Ao. The physical volume of cell (,7,k) is
Vij = Az Ay D;; Ac. The terrain is evaluated at cell centres and at face centres, so that
Dij, Diy1/9; and D; i1/, are available. Integrating (4) over a cell gives the semi-discrete
balance

dCijn, Fioipp—Fi—12 Piyip— Pimip Gigryz — Gryo

D;; & Ar - Ay - Ao + D;jSiji — AD3iCijk,
(10)

where only the index that changes is written. Each face flux is computed once and used
by both adjacent cells. The horizontal fluxes combine first-order upwinding with central
diffusion,

(DKm)i—H/Q
Az

with a* = max(a,0), a= = max(—a,0); Pj41/2 is analogous, with Vji1/o = Dji1/2 Vj11/2.
The vertical flux is

C,—U_,

FH‘1/2 = U} i+1/2

i+1/2 Civ1— (Oi+1_0i>7 Ui+1/2 = Di+1/2 Ui41/2, (11)

- K, Crt1 — Ck
Cr = Wi o0k (D>k+1/2 Ao

and at the ground G/, = —(vq +wy) Cyj1 + Fs according to (9). At the lateral and upper
boundaries the diffusive flux is zero and the advective flux takes the upwind value, Cj
at inflow faces. The source of a point emission is distributed over the neighbouring cells
with trilinear (cloud-in-cell) weights in (z,y, z44), which conserves ¢ exactly and removes
the dependence of the solution on the position of the source within a cell.

The contravariant velocity at the horizontal faces of each column is obtained from the
discrete analogue of (5), integrated upwards from the ground:

Gy = Wi

+1/2

W=W —w,, (12)

Ui+1/2 - Ui71/2 X Vj+l/2 - ‘/371/2

Wi =20 W =Wi_ 10— A .
1/2 ) k+1/2 k—1/2 o Az Ay N

(13)
The factor I' in (6) is evaluated with the same discrete column sums, Ao ), Uis1/21 =
= const, so that Wiy, 11/, vanishes to round-off (in the computations below |Wy, 41/2| <
1075 ms™1).

The system (10) is advanced by the explicit Euler method, C"™! = C™ + At"R(C™).
Writing the update of each cell as C’”Jrl (1—Ata,)CE T+ AL Yo b O + At Sij, with
non-negative neighbour coefficients bm, the diagonal coefficient is

? J

1 [U+1/2 U 19 N Vit Vi, W1:+1/2 Wil

ik = D;; Ax Ay Ao
(DEy)ivijs + (DEy)icy | (DEy)j1/2 + (D)2
Ax? Ay?
K./D + (K./D)j—
e )'”1/202( /D)y 2]+ (19)
where W), = —(vg + wy) at the ground. The time step is chosen as
a

At'=———,  0<a<l, (15)

max a;jy’
ijk



206 Nasrullayev P.A., Juraboyeva O.S., Samanova G.B.

and is recomputed whenever the meteorological fields are updated. Expression (14) con-
tains the outgoing advective rates and the diffusive rates of each cell. It is a local, sharper
form of the usual combined Courant and diffusion restriction, and in the o-coordinate it
automatically accounts for the thin cells over elevated terrain through the factors 1/D;;
and 1/D?. We use a = 0.9.

The scheme has three discrete properties, referred to below as (P1)-(P3), which are
used as verification targets in Section 4. The first of them (P1) is exact conservation of
mass. Multiplying (10) by AzAyAc and summing over all cells, the interior face fluxes
cancel in pairs, which gives the exact discrete budget

M"™ = M+ A" (E = Oy — Prop — Paey — AM™), M =Y Vi;Cisn,  (16)
ijk
where E is the emission rate and @, ®1op, Paep are the net outflows through the lateral
boundaries, the upper boundary and the ground, all evaluated from the same face fluxes.
Accumulating these terms gives the budget residual ), = (M — My — > (E — P —
— Dyop — Pep — AM )At) /> EAt, which must vanish to round-off. With the ground flux
restricted to (9), no mass crosses the terrain surface other than by deposition.

The second property (P2) is positivity: if C™ > 0, C, > 0, S > 0 and At" <
1/ max a;ji, then C"** > 0, since C"*! is a combination of non-negative values with
non-negative coefficients. No clipping is required, so (P1) is not disturbed.

The third property (P3) is free-stream preservation: if C" = Cy, S = 0, A = 0 and
vg = wy = 0, then all diffusive fluxes vanish and the advective part of the update of
every cell is Cj, times the left-hand side of the discrete continuity equation (13), which is
zero. Hence C™""! = C}: the terrain-following grid does not generate spurious sources in
a uniform field.

The input data are prepared as follows. For a domain centred at (¢g, Ag) the terrain is
taken from the Copernicus DEM [18] at 31 x 31 regularly spaced points retrieved through
the Open-Meteo interface [19], referred to the lowest point, and interpolated bilinearly to
cell and face centres; it is limited to h < Hi,, — 10 m. Hourly ERAS values of Vi, ¢, T,
and R, [17] are interpolated linearly in time, the wind by its vector components (u1g, v1)
to avoid the discontinuity of the direction at 0°/360°. In the computational algorithm
the terrain, D and the source weights are computed once. Every 300 s of model time the
meteorological parameters are interpolated, and u,v (6), K (8), W (13) and At (15) are
recomputed. The face fluxes and the cell update (10) are then evaluated, and the budget
terms are accumulated. Near-ground concentrations are reported in the first cell, C(oy),
whose centre lies at z,, = DAc /2. The solver is written in Python with the flux and
update loops compiled by Numba [23]; a step on 3 x 105 cells takes about 3 ms on two
Processor cores.

4 Verification

All quantities in this section are computed with the scheme of Section 3. The synthetic
terrain is a two-dimensional Gaussian ridge h = 200exp( — (z — 3000)?/(2 - 500?)) m
(maximum slope 0.24) in a domain L, X L, X Hy,, = 6000 x 3000 x 800 m. The wind is
westerly, Vip =3 ms™!, 2o = 0.1 m, S¢; = 0.7, Kppin = 0.1 and K. = 200 m2s~!. Stable
conditions correspond to R, = 0, T, = 288 K (Lj; = 56 m) and unstable conditions to
R, = 600 Wm™2, T, = 298 K (Ljy; = —9.7 m). Figure 1 shows the grid, the speed-
up factor of the mass-consistent wind, and the diagnosed contravariant velocity: W is
positive on the windward slope and negative on the lee slope, is zero at the ground and

at the lid, and does not exceed 9 mms~*.
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(a) o-grid (every 2nd level) (b) u/uypstream (c) W=Do, mm/s
00 T 800 1.35 800 8.88
EuSBSERN SNy 1.30 5.92
600 AN 600 1.25 600
HEgZaRNNNEN 2.96
LA AN 1.20
i 400 g T 400 1.15 400 0.00
] Ny 110 -2.96
200 ] Ny 200 1.05 200
-5.92
N N 1.00
0 0 0.95 0 -8.88
0 2 4 6

Figure 1 Two-dimensional ridge: (a) terrain-following grid (every second o-level); (b) speed-up
of the mass-consistent wind (6) relative to the upstream profile; (c) contravariant vertical velocity
W = D¢ diagnosed from (13).

The first two tests check the discrete properties (P3) and (P1). Starting from C' = C), =
=1 with S = 0, v4 = 0 and inflow value C}, the solution over the ridge remained equal
to 1 exactly (maximum deviation 0 in double precision) after 1800 s, in both stable
and unstable conditions, as required by (P3). In all computations reported in this paper,
including the time-dependent Tashkent runs with deposition, the budget residual satisfied
lesr| < 2 x 1072 and no negative concentrations occurred.

The accuracy of the scheme was then assessed against an analytical solution. For flat
terrain, constant wind U and constant isotropic diffusivity K, the steady concentration
from a point source in an unbounded medium is [1]

Ca(x) = 47:%7‘ exp(— Ulr _2(;(_ xs))>, =X — X (17)

The ground and the lid are included by image sources at —z;, 2H;op — 25, —2H}op + 25 and
2H;pp+25. WithU =2ms™ K =20m?s™!, ¢ = 1, a 1600 x 800 x 400 m domain and the
source at (300, 400,200) m, the numerical solution at ¢ = 1400 s was compared with (17)
in the plane of the source for 100 < z—x, < 1000 m, |y —y,| < 150 m, using the fractional
bias F'B, normalised mean-square error NM SFE, fraction within a factor of two FAC?2,
and correlation R [24], together with the relative Ly error (Table 1, Fig. 2a). All measures
are far inside the acceptance ranges commonly used for dispersion models (|F'B| < 0.3,
NMSE < 1.5, FAC2 > 0.5) [24], and the L, error decreases with an observed order of
1.5 and 1.2 over the two refinements. The order is between one and two because the cell
Péclet number UAxz/K decreases from 4 to 1 on these grids and the discretisation error
changes from upwind-dominated to diffusion-dominated.

Table 1 Comparison with the analytical solution (17) (flat terrain, cubic cells).
Ax=Az,m Points FB NMSE FAC2 R Rel. Ly error
40 184  0.032 0.0083 1.00  0.9978 0.072

20 720 0.011  0.0010 1.00  0.9995 0.026
10 2700  0.005  0.0002 1.00  0.9999 0.011
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Convergence over terrain was examined with a uniform line source along y (¢ = 5 x
x 1075 kgs™'m™!, x, = 1000 m, z, = 50 m), which reduces the problem to the z—o plane
over the ridge; it was solved on four grids N, x N, = 60 x 20, 120 x 40, 240 x 80 and
480 x 160. The near-ground concentration at ¢ = 3600 s (Fig. 2b) converges: the relative
L, difference from the finest grid over 1.5 < z < 5.9 km is 25%, 5.4% and 3.0% in stable
conditions and 3.7%, 1.8% and 0.6% in unstable conditions. The stable case converges
more slowly because the thin plume is resolved by only a few cells on the coarsest grid.
Halving « from 0.9 to 0.45 and 0.225 changes the transient solution at ¢ = 900 s by 1.4%,
0.55% and 0.18% relative to o = 0.1125, consistent with first-order accuracy in time; the
value a = 0.9 is therefore adequate for the purposes of the paper.

(a) flat terrain vs. analytical (b) grid refinement, ridge (c) mass in the domain
- — analytical L2y 1.0
—e— Ax=40m RN ~—
1073 ¢ —=— Ax=20m 1oy "\\
© E -——— Ax=10m = . 0.8 \
E_) [ — 08 B Elf_-ic \\
X L
8 10-4 ~ 0.6} S 06 \
5 : S g X
o ~>_<: B Ny x N, n 04F N
8 . O 0.4 —— 60x20 = \\\\
10-5 L —— 120%40 i ===
0 0.2 —— 240x80 0.2 present scheme
[ — 480%x160 = = w =0 formulation
1 1 0'0 1 1 0 0 1 1
0 500 1000 0 2 4 6 0 10 20 30
X —Xs, M X, km t, min

Figure 2 Verification: (a) centreline concentration from the analytical solution (17) and from
three grids; (b) near-ground concentration over the ridge on four grids (stable stratification, line
source); (c) ratio of the mass in the domain with and without the ridge for the present scheme
and for the formulation with w = 0 (stable stratification, vy = 0).

To quantify the effect discussed after (5), the same point-source problem (stable strat-
ification, z; = 50 m, ¢ = 0.05 kgs™!, vy = 0) was solved with a node-based upwind scheme
that uses w = 0 in (3), i.e. W = —(1 — 0)(u0h/0x + vOh/Jy), and the non-weighted
form of the horizontal fluxes. Since deposition is switched off, before the plume reaches
the outflow boundary the mass in the domain must be the same with and without the
ridge. For the present scheme the ratio M,;qge/Mfiar equals 1.000 until ¢ ~ 16 min and
then decreases slightly as the accelerated plume starts to leave the domain. For the w =0
formulation it falls to 0.88, 0.54 and 0.38 at 5, 10 and 15 min, and to 0.27 at 30 min
(Fig. 2¢). The lost mass leaves through the windward slope. On the lee side the same
formulation predicts near-ground concentrations lower than over flat terrain by a factor
of 600 at z = 4-5 km (Fig. 4a). This attenuation is an artefact of the missing kinematic
condition, not a physical blocking effect.

5 Results and discussion

A point source (¢ = 0.05 kgs™!) at (1000,1500) m emits for one hour under the
conditions of Section 4, with vy = 5x 1073 ms~! and a 120 x 60 x 40 grid. Figure 3 shows
the concentration in the vertical plane through the source. Under stable stratification the
plume from a 50 m source stays in a shallow near-ground layer and follows the terrain
over the ridge. Under unstable stratification it is mixed through the whole layer within
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about 1 km of the source. Figure 4 compares the near-ground concentrations with and
without the ridge, and Table 2 lists the ratios for three source heights.

(a) stable, flat (b) stable, ridge
600
400 | -
g 10-6
N
200 -
0 10—7 r?E
(c) unstable, flat (d) unstable, ridge o
600 -
@}
400 1078
g
N
200
10-9
0

Figure 3 Concentration in the vertical plane y = 1500 m through the source (z; = 50 m,
t = 3600 s): (a, b) stable stratification over flat terrain and over the ridge; (c, d) unstable

stratification. Logarithmic colour scale.

(a) stable stratification (b) unstable stratification

109 —t flat terrain
F —— ridge, present scheme
[ —+- ridge, w =0 formulation

1 1 1 1 1 10—8 1 1 1
1 2 3 4 5 6 1 2 3 4 5 6

x, km x, km

Figure 4 Near-ground concentration along the plume axis (z; = 50 m, ¢ = 3600 s): (a) stable
and (b) unstable stratification. The shaded profile shows the ridge. The dashed line in (a) is the

w = 0 formulation (without deposition).

Two conclusions follow. First, with a consistent kinematic condition the ridge does not
screen the lee side. Instead, it raises the near-ground concentration on the crest and lee
slope by 2-13% for a 50 m source and by up to 51% for a 150 m source in stable conditions.
The mechanism is the convergence of the o-surfaces over the ridge: a plume that travels
at a fixed fraction of the column depth comes closer to the ground where the column is
thinner. The effect grows with the source height because, in stable conditions, an elevated
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Table 2 Near-ground concentration over the ridge relative to flat terrain, Cyridge/Cfiat, at t =
= 3600 s; the ridge crest is at x = 3 km. The last column gives the flat-terrain value at * = 3 km.

Stratification zg, m 2 =25km x=30km 2x=35km z=40km Cppg, kgm™3

stable 50 1.02 1.04 1.05 1.04 8.7 x 1077
stable 100 1.07 1.17 1.22 1.20 7.7 %1078
stable 150 1.15 1.37 1.51 1.48 1.8 x 1079
unstable 50 1.04 1.09 1.12 1.13 5.0 x 1078
unstable 100 1.03 1.08 1.12 1.12 4.6 x 1078
unstable 150 1.03 1.07 1.11 1.12 4.3 %1078

plume reaches the ground mainly through this geometric approach rather than through
weak vertical mixing. The acceleration I' > 1 acts in the opposite direction, which is
why the net effect for a low source is only a few per cent. Second, stability dominates.
At x = 3 km the near-ground concentration from the 50 m source is 17 times larger in
stable than in unstable conditions, and for the 150 m source it is 24 times smaller, because
the elevated stable plume has not yet reached the ground. These findings are deliberately
conservative. The kinematic wind (6) cannot represent flow splitting or upstream blocking
in strongly stratified flow [7]; such effects require a dynamic or diagnostic wind model and
are outside the present scope. The model does ensure that any terrain effect it reports
comes from the transport itself and not from a loss of mass.

The model was also applied to the real terrain and meteorology of Tashkent. The
domain is 10 x 10 km centred at 41.351° N, 69.336° E, with H,,, = 600 m, a 100 x 100 x 30
grid (Ar = Ay = 100 m) and vy = 5 x 1073 ms™!. A point source of an inert gas
(¢ = 0.2 kgs™!, z, = 40 m) is placed at the centre, and the calmest 24-hour period of
January 2025 (lowest mean Vo in the ERA5 series) is simulated from 00:00 local time,
with and without the terrain.

The model has several limitations that define its scope. The wind is kinematic: it
follows the terrain, is mass-consistent under a rigid lid, and is horizontally uniform apart
from the terrain factor I'. Upstream blocking and flow splitting in strongly stable flow,
slope and valley winds, and the urban canopy are not represented. The single-point
meteorological input and the radiation-based heat flux (7) are appropriate for domains of
a few tens of kilometres with moderate relief. The upwind scheme is first-order accurate
in space and time; it was chosen for its monotonicity and positivity, and the verification
shows that its numerical diffusion is acceptable at the grid spacings used. A higher-order
limited scheme can replace (11) without changing properties (P1) and (P3).

6 Conclusions

A terrain-following model of pollutant dispersion in the atmospheric boundary layer
has been formulated in Jacobian-weighted conservative form. The contravariant vertical
velocity is diagnosed from continuity, so the terrain surface is exactly impermeable, and
the horizontal wind is obtained from single-point data and made mass-consistent by a
column-flux normalisation. The finite-volume scheme conserves mass to round-off (budget
residual below 2 x 107!2), preserves a uniform field exactly, and remains positive under
a local time-step bound. It reproduces the analytical point-source solution with FB =
= 0.005, NMSE =2 x 107% R = 0.9999 and FAC2 = 1, and converges under grid and
time-step refinement over terrain. The widely used assumption of a horizontal wind in
the o-equation violates the kinematic surface condition: over a 200 m ridge it loses more
than 60% of the emitted mass in 15 min and produces a spurious lee-side attenuation of
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the order of 10?-10%. With the conservative formulation, a moderate ridge changes near-
ground concentrations by 2-51%, most strongly for elevated sources in stable conditions,
whereas stability changes them by more than an order of magnitude. Coupled with the
Copernicus DEM and ERAJ reanalysis, the model provides a reproducible basis for rapid
assessment of pollution over real terrain. Planned extensions are a diagnostic wind model
with stability-dependent terrain blocking and a higher-order monotone advection scheme.

Nomenclature

C concentration (kgm™3); Cj background concentration; x,y, z Cartesian coordinates
(m); h terrain height; H,,, height of the upper boundary; D = H,,, — h column depth
(Jacobian); o terrain-following coordinate; z,, = oD height above ground; u, v, w wind
components (ms™'); &, W = D¢ contravariant vertical velocity; I' column factor of the
wind; Vip, ¢ 10-m wind speed and direction; zy roughness length; w, settling velocity; vq
dry deposition velocity; Fj surface emission flux; K, K, K, eddy diffusivities (m?s™'); u,
friction velocity; Lj; Obukhov length; H sensible heat flux; R, global radiation (W m™2);
T, air temperature; ,,, @, universal functions; » = 0.41 von Karman constant; Sc¢,
turbulent Schmidt number; S, ¢ source term and source strength; A decay rate; M mass
in the domain; « time-step safety factor; FB, NMSE, FAC2, R statistical measures.
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KOHCEPBATUBHASI MOJEJIb IIEPEHOCA IIPUMECEN B
ATMOCO®EPE HA/I CJIOZKHBIM PEJIBE®OM

Y Hacpyanaes II.A., ! JTowcypaboesa O.C., >?Camanosa I'.B.
*uzbekpy@gmail. com
'Hayuno-ucciieioBare/ibCKuii HHCTUTYT PA3BUTUS IUMDPOBBIX TEXHOJIOTHI ¥ UCKYCCTBEHHOIO
unresuiekta, 100125, Ysbekucran, r. Tamkenr, M-B Bys-2, 17A;
2TamKeHTCKIii TOCYIAPCTBEHHbINH MeuuHcKnii yausepeuter, 100109, Yabekucram,
r. Tamkent, ya. @apobu, 2

Paszpaboranbl MaTemaTvyecKast MOJIeJIb 1 BepUMUITUPOBAHHDBIN YUCIEHHBI METOJ, JIJTsi
pacydéra mepeHoca MaCCUBHBIX M OCEJAIONINX IIPUMecell B IOMPAHUTIHOM CJIoe aTMOCKhEPhI
HAJT CJIOYKHBIM peJibecboM. Y paBHeHne aaBeKnu—1uddy3un 3aucato B KOOpINHATE, CJie-
JyTotieit pesibedy, B MOJHOCTHIO KOHCEPBATUBHOI popMe ¢ AKOOMaHOM TPeodpa30BaAHUS.
KonrpaBapuanrnas BepTUKaIbHAST CKOPOCTH OIPEIEISI€TCS U3 JUCKPETHOIO YPABHEHUS
HEPA3PBIBHOCTHU, TIO9TOMY KUHEMATUYECKOE YCJIOBHE Ha ITOBEPXHOCTH pesibeda BBHIIOJIHS-
€TCs TOYHO U [TOTOK BEIECTBA Yepe3 3eMHYIO IOBEPXHOCTb OTCYTCTBYET. [0Opr30HTAIbHBIIH
BeTep, 3a/[aBAEMBbIil 110 TOYECTHOMY IIPOTHO3Y WA PEAHAJN3Y JIOrapupMUIECKUM Tpodu-
JIEM TIO BBICOTE HAJI TIOBEPXHOCTHIO, COIVIACYETCs C YpaBHEHUEM HEPa3PBIBHOCTU HOPMMU-
POBKOiI TIOTOKa, B CTOJIOE TIPU yCJIOBUU KECTKOM KphIiku. KosddumuenTs: TypOyieHTHOI
nuddy3un onpenessiiorcst mo Teopun nonodus Moununna — O0yxoBa ¢ mapabOTUIECKIM
3aTyXaHHEeM K BEpPXHEW TI'DAHUIE CJIOH, a HapaMeTpP YCTONYUBOCTU BBIYUC/ISETCs 110 da-
COBBIM 3HAYEHUSIM COJIHEYHOH pajUallid U TeMIEpaTypbl Bo3ayxa. KoHedHO-00bEMHAST
cxeMa ¢ OOIMUMU ITOTOKAMU Uepe3 IPaHU, MPOTUBOIMOTOYHON AIIIPOKCUMAIIAEH U SIBHBIM
IIArOM 110 BPEMEHU, BLIOMPAEMBIM U3 JIOKAJBLHOI'O YCJIOBUS MTOJOKUTEILHOCTH, COXPAHSI-
€T MacCy C TOYHOCTBIO JI0 ONINOOK OKPYTJIEHUs, TOYHO COXPAHAET OJHOPOIHOE II0JIe U He
MOPOXKIAET OTPUIIATEIbHBIX KOHIeHTpaIuil. Bepudukarus BKo4aeT cpaBHEeHUE C aHAa-
JINTUYECKUM PENIEHUEM JIJIsi TOYEIHOI'O UCTOYHUKA, MCCJIEIOBAHUE CXOIUMOCTHU TI0 CETKE
¥ IIAry 10 BPEMEHN U 3aMKHYTHIl GajaHc Macchl ¢ Heps3koi Menee 2 - 10712, TTokaza-
HO, YTO PaCIPOCTPAHEHHOE YIIPOIEHUe ¢ TOPU30HTAJBHBIM BeTpoM (w = () Hapymaer
KMHEMATUIeCKOe YCJIOBUE Ha MOBepxHocTH: Haj xpedbrom BeicoToit 200 M 3a 15 MuH Te-
pserca 6osee 60% BHIOPOIMEHHOR MaCCHI, a 3a XpeOTOM BO3HUKAET JIOXKHOE ocaabiieHue
KOHIIEHTPAIUU Ha JBa—TPU MOpsiJika. B KOHCEPBATUBHON MOCTAHOBKE XpeOET M3MEHSET
npHU3eMHbIe KOHIeHTpanuu Ha 2-51%, Torjga kak yecTroifanBocTh arMocdepbl U3MEHSIeT UX
6osiee yem Ha TOpsiOK. Mojenb cBsizaHa ¢ udpoBoil Mosebio penbeda Copernicus u
peanajuzoMm ERAD u npumenena K teppuropun I. TamkeHTa.

KiiodeBble cJIoBa: MOTPAHWYIHBIN €10 aTMOCGEPHI, TIEPEHOC MTPUMeceit, KOOPINHATA,
caenyiommast peabedy, MeTo/ KOHEUYHBIX O0BbEMOB, COXpaHEHNE MACCHI, TeOPHUsl MTOT00MST
Moununa — ObyxoBa
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