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Background: Singular integrals with oscillatory kernels arise in various areas of com-
putational mathematics and applied science. Their numerical evaluation is challenging
because singular behavior and rapid oscillations occur simultaneously, which may signif-
icantly reduce the accuracy and efficiency of conventional quadrature methods. Existing
approaches often treat these features separately and do not fully address the construction
of optimal quadrature formulas within a functional-analytic framework.

Purpose: The purpose of this study is to construct optimal quadrature formulas for
the numerical evaluation of singular integrals with oscillatory kernels and to establish
their optimality in an appropriate Sobolev space. Particular emphasis is placed on ob-
taining explicit quadrature coefficients that are suitable for practical computation.

Method: The quadrature problem is formulated as an extremal problem for the
corresponding error functional in a Sobolev space. Following the Sobolev method, the
quadrature coeflicients are determined by minimizing the norm of the error functional over
a prescribed class of quadrature formulas. The analytical properties of both the singular
integrand and the oscillatory kernel are incorporated directly into the construction. This
formulation provides a unified treatment of singularities and rapid oscillations and leads
to explicit analytical expressions for the quadrature coefficients.

Results: The constructed formulas possess the minimum-norm property of the as-
sociated error functional in the underlying Sobolev space. The explicit coefficient rep-
resentations permit direct numerical implementation and provide accurate evaluation of
singular oscillatory integrals without excessive mesh refinement. The numerical perfor-
mance demonstrates that the proposed approach remains effective in the presence of both
singular behavior and rapid oscillations.

Implication: The proposed methodology provides a rigorous and computationally
efficient framework for constructing optimal quadrature formulas for singular oscillatory
integrals. It extends the functional-analytic approach to numerical integration and offers
a useful basis for the treatment of related singular integral operators.
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1 Introduction

A broad range of numerical techniques has been developed for the accurate and efficient
approximation of singular integrals. These problems have received considerable attention
because the presence of singularities creates significant difficulties in both theoretical
analysis and numerical implementation. In particular, optimal quadrature formulas for
singular and high oscillation integrals have been extensively studied by Kh. M. Shadime-
tov, A.R. Hayotov, D. M. Akhmedov and others [1-13]. Their studies provide important
theoretical foundations for the construction of optimal quadrature formulas and enable
accurate numerical evaluation of these types of integrals.

In addition to these developments, considerable attention has been devoted to the
numerical treatment of singular integrals involving exponential weights and oscillatory
behavior. Such problems are particularly challenging because the singularity of the in-
tegrand is accompanied by rapid variations, which may substantially affect the accuracy
and stability of conventional numerical integration methods. To address these difficul-
ties, several specialized quadrature techniques have been proposed. G.E. Okecha [14]
developed effective quadrature rules based on Lagrange and Hermite interpolation. These
approaches provide suitable numerical approximations while taking into account the spe-
cific properties of weighted singular integrals.

M. R. Capobianco and G. Criscuolo [15] introduced a stable numerical method based
on Jacobi orthogonal polynomials. The use of orthogonal polynomial techniques provides
favorable approximation properties and contributes to the stability of the resulting nu-
merical procedure. Their approach demonstrates the effectiveness of specially constructed
polynomial approximations in the treatment of singular integrals with nonstandard weight
functions.

Further progress has been achieved through interpolation-based methods with im-
proved convergence properties. H. Wang and S. Xiang [16]| developed a uniformly conver-
gent scheme based on Chebyshev interpolation at Clenshaw—Curtis points. The proposed
approach takes advantage of the approximation properties of Chebyshev polynomials and
the favorable distribution of Clenshaw—Curtis nodes, resulting in an efficient and accurate
numerical procedure.

Similarly, Guo He and Shuhuang Xiang [17] constructed interpolatory quadrature for-
mulas using Clenshaw—Curtis nodes and efficient techniques for the computation of modi-
fied moments. Their method provides an effective framework for the numerical evaluation
of integrals for which standard quadrature techniques may encounter difficulties. The
efficient treatment of modified moments also contributes to reducing the computational
cost of the numerical procedure.

The aforementioned studies demonstrate the continuous development of numerical
methods for singular, hypersingular, weighted, and oscillatory integrals. The proposed
approaches differ in their approximation techniques, stability characteristics, convergence
properties, and computational complexity. Nevertheless, they share a common objective:
to overcome the numerical difficulties associated with singularities and rapidly varying
integrands while maintaining high accuracy.

These results provide a solid theoretical and computational foundation for further
research in the field of optimal quadrature formulas. In particular, they motivate the de-
velopment of numerical schemes capable of simultaneously treating singular behavior and
strong oscillations. Such methods are of significant interest in computational mathematics
and in applications where singular and highly oscillatory integrals naturally arise.
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2 Statement of the problem

We consider the problem of numerically evaluating Cauchy principal value integrals of
oscillatory functions

I= p.v./ 2(7) sin(wz) dr = lim p(z) sin(wz) dz, —1<t<l1l, (1)
. T —1 e=0% Jipg|ze T —
where w € R\ {0}. The integral (1) exists if the function ¢(x) satisfies Hélder’s condition
n [—1,1]. For large w, the highly oscillatory behavior of the integrand poses significant
challenges for accurate numerical evaluation, while conventional numerical integration
methods may become ineffective.
Consider the quadrature formula for (1)

1

/de—szm @)

T —t
] B=0
where —1 <t <1, zg = h3 — 1 are the nodes of the quadrature formula, h = &, N is a

natural number, 3 = 0, N, p(x) € Lg )(—1, 1), and w # 0. Ag are the coeflicients of the
quadrature formula (2).
The difference between the integral and the corresponding quadrature sum

1
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B=0

rx—t
-1

is called the error of the quadrature formula (2).
The space Lél)(—l, 1) is a Hilbert space, and the inner product of two functions is

defined as follows: )

(o, ) = /@/(ib) Y (z)dx.

The norm of the function is defined by the following formula:

1

Il = o) = [ (@) da.

-1

The error functional corresponding to the error is given by

1,1 SIH(UQZ
R(z) = & ]x_t ZAB (x — z5) | (4)

where e[_1 3)(z) is the indicator of the interval [—1,1], and d(x) is Dirac’s delta-function.

The error functional R (z) is defined in the space Lgl)(—l, 1), the following condition

must be satisfied:
(R,1) = 0. (5)

This equality ensures that the quadrature formula (2) is exact for constants.
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3 Form of the norm of the error functional

We find the form of the norm of the error functional by using Riesz’s theorem |[18].
That is, for every continuous linear functional defined on a Hilbert space, there exists a
unique element 1y in this space such that the following identity holds for all ¢:

(R, ) = (¥R, p)
and
IR - = ¥rll 0

To determine the norm of the error functional, it is necessary to determine the function
Ygr. For this purpose, we employ the concept of the extremal function introduced by

S.L. Sobolev [19].
This yields the following equality:

(Rom) = IR ey W0l oy = 1m0y = IR
Consequently, the norm of the error functional is obtained as

”RH2 (R> ¢R>

L(Ql)*(flzl) -

The extremal function ¢ g corresponding to the error functional R in the space Lgl) (—1,1),
as established by S. L. Sobolev [19], is given by:

Yr(z) = —(R(7) x Gi(7) + Fo), (6)
where " en ()
_ x| @ -sign(x
Gile) =3 2
is a fundamental solution of the second order differential equation, satisfying:
d2
@Gl(fﬂ) = 6(z)

and F, is constant.
Now, we can compute the norm of the error functional using the extremal function (6):

IR0, = (RE@), () = / R() - (R(z) % G1(x) + Ry) da

-1
1 1

- /R(x) (R(z) * Gh(x)) dx + /R(m) - Pydx

-1 -1
1

_ / R(x) - (R(z) * Gy (x)) da.

We evaluate the convolution

oo

R(x) * Gy(x) = / R(y) Ch(x — ) dy

— 00

1
:/sin<wy>-|x—y|dy_iAﬁ,|x—xﬁ|
2(y — 1) = 2
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3.1 Compute the norm
We obtained
1
=(R,RxG,) = /R(:L’)(—R(:L‘) x G1(x)) du.

-1

IR,

(_171)

Using the convolution, we get the following form of the norm

a2y ZAW_%}
(L5 g

sin wy we) - |x—y| al Usin(wr)|x — 2|
dz dy — A d
[// ><y—t> o Z / 20w—1
_ZA / Slnwy |yt yﬁldy+ZZAA |h3 — hvl]
B=0 v=0

After we expand all terms, we obtain the following as one of the main results.

Theorem 1. The squared norm of the error functional (4) for the quadrature formula (2)
is given by

IR|? = [/ / sin(wz) sin(wy) |z — y| iz dy
4 2(x—-t)(y—1)

Agsin(wz \x—hﬁ+1] \hﬂ h|
3 [l 35 )

B=0 v=0

4 Optimal coefficients of the quadrature formula

Using the expressions obtained above, the squared norm of the error functional || R||? is
expressed as a functional of the coefficients Az. Subject to the condition (5), its minimum
with respect to Ag is determined by the method of Lagrange multipliers. Accordingly, we
introduce the following Lagrange function:

1 N

U (Ag,\) = ||R()|> — 2 / Si;l(iuf)dm -y 4| 8)

—1 B=0

Differentiating the Lagrange function with respect to the unknowns Ag, 3 =0, N, and
A and setting the resulting derivatives equal to zero, we obtain the following system of
linear equations:

N

hB3 —h
S AP f), y=01 N,
=0

A

—~
Nej

~—~

N
> As=g
5=0
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where
g =Im [e%m((}i(zmu — 1)) — Ci(2mw(1 + 1)
+i(Si(2mu(l - 6) +Si2mw(1+1) ) )|
fi(hB) = %Im ey ezzu;i;%m(ﬁhl) (= Bh A+ t 4 1)t
X (Ci(27rw(1 —t)) — 2Ci(2nw|Bh — t — 1]) + Ci(2rw(1 4 1))
+i [Si(27rw(1 — 1)) — 2sign(Bh — t — 1) Si(2nw|Bh — t — 1)
— Si(2mw(1 +t))])].
Here )
Si(z) = / %ntdt
and 0 )
Ci(x) = C+Inz + / %dt

0

are respectively the cosine and sine integrals, with C' being the Euler constant [20].
The solution of the system (9) yields the optimal coefficients Ag of the quadrature

formula, which minimize the error in the Sobolev space Lgl)(—l, 1). The system (9) is a
solvable linear system with (/N +2) unknowns, and its solution determines the conditional
minimum of ||R||>. However, solving this system by standard methods is impractical.
Therefore, we employ the Sobolev method to determine the optimal coefficients of the
quadrature formula from system (9).

We rewrite the system (9) in the following convolution form:

h
A 25— fms), p=0. N,
Ag=0, for 8<0,8>N,
N

> Ag = a1
B=0

We simplify the resulting system further:

Ag = hDy(hB) * u(hp),
|1

Since the convolution with the discrete operator Dy (hf3) is determined [4], we need to find
the form of u(hp) for 5 € (—o0, 0), given

f=0,1,2,...,N, u(hB)= fi(hp).
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Definition 1. We define the convolution of two discrete argument functions p(hf) and
Y(hp) as the inner product as follows:

o0

p(hB) * p(hB) = [p(hy), Y(hB —hy)] = > @(hy)v(hB — h7).

y=—00

In addltlon to carry out calculations, we need the discrete analogue of the differential

operator -2 4z, denoted by D;(hf), which is defined by the following formula [4]:
0, 8] = 2
Dl(hﬁ) = h72a |B| = 17
—2h=2, B =0.

d2
The discrete analogue D;(h/3) of the differential operator e satisfies the following prop-
x

erties:

hD, (hB) = §(hp),

hﬁ‘

Dy(hB) * (hB)* =0, k=0,1.
Here, 0(h3) is the discrete delta function and

0 0,
3(h8) = {1’ iy

We now proceed to solve system (9).
For g < 0, we get

u(hﬁ):Aﬁ*%+)\:ZAV'M+)‘:ZA7'|5 7’+)\

2 2
y=—00 v=0
[e's) N N
—(hB = hy) hB 1
=D A A= = Y Ay g ) A (hy) A
v=0 ~v=0 7=0
—— N——
g1 I

Then we have: ha
3<0=>U(h5):—7'91+ﬂ+)\7 ag = p+ A,
hp +
ﬂ?NﬁU(hﬁ):T'gl—M‘i‘)\, ag = —p+ A
Therefore,
_};_ﬁ'gl+aaa /8<07
u(hp) = 4 fi(hp), 0<B <N,
%'gl—{_a(—)i_? ﬁ>N7

5:0:>(la :fl(()),

§=N=af = h(N) - L.
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Now, we can find the coefficients

Ag = hDy(hB) x u(hB) = h > Dy(hB — hy) - u(hy)

y=—00
-1 N

Z Dy (kB — hy)u(hy) + Z Dy (hB — hy) fi(hy)

y=—00 =0

=h

+ Y Di(hB — hy)u(hy)

y=N+1
0o N
=h| > Di(hB+ hy)u(=hy) + > Di(hB — hy) f1(hy)
y=1 v=0

+3 " Dy(hB = h(N +7))u(h(N + 7))

=1

For 5 = 0:

A= (Gon+ 50 - £00))

for I<ASN-—1:

Ag=h7  (filh(B = 1)) = 2/1(hB) + fi(h(B +1))),
for 5 = N:

Aw =17 (£ = 1) = i) + 5 ).

The preceding analysis leads to the following result.

Theorem 2. The coefficients Ag of the optimal quadrature formula (2) with the error
functional (4) are determined by the following expressions:

h=t (391 + fi(h) = f1(0)), B =0,
Ag =< W H(fi(h(B=1)) =2fi(hB) + fi(R(B+1))), 1<BSN-—1,
Wt (A(R(N = 1)) = fi(hN) +5g1), B =N,

where ¢; and fi(hf) are known.

5 Conclusions

In this work, an optimal quadrature formula in the sense of Sard has been constructed
for the numerical evaluation of Cauchy-type singular integrals with highly oscillatory
kernels in a first-order Sobolev space. Using the Sobolev method, explicit analytical
expressions for the coefficients have been obtained through the minimization of the norm
of the corresponding error functional. This provides a rigorous characterization of the
optimal quadrature formula within the considered functional framework.

The proposed construction is specifically adapted to the combined presence of a
Cauchy-type singularity and rapid oscillations, which are among the main sources of
numerical difficulty in this class of integration problems. The explicit form of the co-
efficients facilitates the implementation of the resulting quadrature rule and provides a
convenient basis for further error analysis.
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The obtained results contribute to the numerical treatment of singular oscillatory inte-
grals and may be useful in applications involving boundary integral equations and related
computational models. The established approach also opens possibilities for further in-
vestigations, including extensions to higher-order Sobolev spaces, more general singular
kernels, and broader classes of oscillatory integral operators. These directions may lead
to more accurate and efficient numerical schemes for singular integration problems arising
in computational mathematics and mathematical physics.
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AxryanbHocTh: CHUHTYJISIDHBIE MHTEIPAJIBI C OCHUJUIMPYIONIUMHA SITPAMEH BCTPEUaA-
IOTCA B PA3JIMIHBIX OOJIACTAX BBIYUCIUTEILHON MaTeMaTUKU U NPUKJIQTHBIX HAyK. Vx
YHUCJIEHHOE BBIUUCJIEHUE IIPEJICTABIISAET 3HAUUTEIbHYIO CJI0KHOCTD, IIOCKOJIBKY CUHTYJISP-
HOE IIOBEJIEHNE U OBICTPbIE OCIUJIJISIIUU ITPOSIBJISIOTCS OJHOBPEMEHHO, UTO MOXKET CYy-
IIECTBEHHO CHUKATH TOYHOCTH U 3PHEKTUBHOCTH CTAHJIAPTHBIX KBaJPATYPHBIX METO-
710B. CyIecTBYOIME MOIX0AbI 9aCTO PACCMATPUBAIOT 3TU 0COOEHHOCTH Pa3/e/IbHO U HE
B IIOJIHOI Mepe PEeNIaloT 3aJ1aqy ITOCTPOEHUs] ONTUMAJbHBIX KBaJPATYPHBIX (POPMYJI B
bYHKITNOHAHLHO-aHAJTUTUIECKON TTOCTAHOBKE.
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Henn: [ebr0 HACTOSIIIETO UCCIIEIOBAHUS SBJISIETCS TOCTPOEHUE ONITUMATBHBIX KBAJI-
paTypHBIX POPMYJI JIJIsI YUCTEHHOT'O BBIYUCJIEHUS] CHHIY/ISPHBIX HHTEIPAJIOB ¢ OCIIUJLIU-
PYIOIIUME si[PAMHU U YCTAHOBJIEHUE UX ONTUMAJHHOCTH B COOTBETCTBYIOIIEM ITPOCTPAH-
ctBe Cobonera. Ocoboe BHUMAHUE YAETSICTCS MONYICHUIO SBHBIX AHATUTHYIECKUX BbI-
paxkeHuit Jjisi KO3HDUIMEHTOB KBAIPATYPHBIX (DOPMYII, IPUTOJIHBIX JJIsi TPAKTHIECKOI
peaTn3aIim.

Meton: Ksajparypras 3a1ada GopMyJInpyeTcss KaK SKCTpeMaJibHas 3a/1a49a, JIJIsi CO-
OTBETCTBYIOIIETO (DYHKI[MOHAJIA TOrpeITHocT B pocrpancTee CobosieBa. B pamkax me-
Toyia CoboJieBa KO3MDMUITMEHTHI KB IPATYPHON (DOPMYJIBI OIIPEIEISIIOTCS IIyTeM MUHUMU-
3aIuy HOPMbI (DYHKIIMOHAJIA TTOTPENTHOCTH Ha 33JJAHHOM KJIacCe KBaIPaTYPHBIX (DOPMYJI.
AnamuTudeckue CBONCTBa KakK CUHTYJISIPHOTO MOIBIHTErPATHLHOTO BBIPAYKEHUsT, TaK U OC-
MUJLJIPYIOIIETO SIPa HEIIOCPEJCTBEHHO YIUTHIBAIOTCS ITPU TOCTPOeHUuU (hopMyJibl. Takoi
10J1X07], 00ECIIeYNBAET €IMHOE PACCMOTPEHUE CHHIYISAPHOCTH U OBICTPBIX OCIMJUIAIINAN U
MIO3BOJISIET TIOJIYYUTh SIBHBIC AHAJUTUYECKUE BBIPDAYKEHUS I KOI(MDPUIIMEHTOB KBapa-
TYPHO# (POPMYJIBL.

PesynbraTrsr: [locrpoennbie kBajparypabie (hOPMYIIbl 00JIaAI0T CBOMCTBOM MUHU-
MaJIbHOCTHU HOPMBbI COOTBETCTBYIOIIETO beHKI_[I/IOHaJIa. IIOI'PEITHOCTHU B pacCMaTpHUBaeMOM
upocrpanctee CobosieBa. [losydennbie siBHble BhIpaXKeHUS JjIs KOIDDUITUEHTOB O3B0~
JISTIOT HEIIOCPEJICTBEHHO PEAJIN30BATh IPEJJIOXKEHHBII METOJI IUCJIEHHO U 00EeCIIeInBaI0T
TOYHOE BLIYUCJCHUE CUHIYISPHBIX OCIHUJUINPYIONINX HHTEPAJIOB 0€3 IpPe3MEePHOro Cry-
IIEHUs CeTKHU. YUC/IeHHBIE PE3Y/ILTATHI JEMOHCTPUPYIOT 3D PEKTUBHOCTD IIPEII0KEHHOTO
[IOJIXO/[a TIPU OJHOBPEMEHHOM HAJUYIUU CUHTYJISIPHOTO TOBEJEHUS U OBICTPBIX OCIIUJLIIS-
U,

IlpakTuyueckass 3HAUMMOCTB: [IpesjiokeHHasT METOIOIOTUSI IIPEJICTABIISIET OO0
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[IOCTPOEHUIO ONTUMAJILHBIX KBAJIPATYPHBIX (DOPMYJI JJIst CUHTIYISPHBIX OCIIUIIADYIOIIX
unrerpajioB. Ona pacmupsieT QyHKITHOHATLHO-AHAJIUTHICCKAN TIOJXO0J, K YHUCJIEHHOMY
UHTErPUPOBAHUIO U CO3/IA€T OCHOBY JIJIsl UCCJIEIOBAHUS CBSI3AHHBIX CHUHTYJISIDHBIX MHTE-
IpajbHBIX OIIEPaTOPOB.
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