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Background: The Caputo fractional-order derivative of order aw € (0,1) is repre-
sented by a weakly singular integral of the classical first-order derivative against the
kernel (z —t)~%, and its accurate numerical evaluation is central to the modeling of pro-
cesses with memory. Existing methods (the L1 scheme, Griinwald—Letnikov-type sums,
product-integration schemes) fix an interpolation rule for the derivative first and only
afterwards estimate the resulting error, so their coefficients are not chosen to directly
minimize that error.

Purpose: The purpose of this work is to construct, for an arbitrary partition of the
interval of integration, a quadrature formula for the Caputo derivative whose coefficients
are optimal from the outset, in the sense of Sard, in a suitable Sobolev-type Hilbert space.

Method: We pose the approximation problem directly in the space Lgl)(a,m) and
use the p-function method: on each subinterval of the partition we construct an explicit
function ¢y, related to the singular kernel, determine its free constant by minimizing
the corresponding quadratic error functional, and thereby obtain the coefficients of the
quadrature formula in closed form.

Results: Explicit closed-form expressions are obtained for the coeflicients Ag, A1,
..., Ay of the optimal quadrature formula for an arbitrary node partition, and these are
specialized to the case of equally spaced nodes. As an independent check, the constructed
formula is shown to reduce, in a particular case, to a known optimal quadrature formula
obtained earlier by a different method for the generalized Abel integral equation.

Implication: The result extends the @-function construction of Sard-optimal
quadrature formulas, previously used mainly for regular and oscillatory integrals, to
the weakly singular kernels that arise in fractional calculus, and it provides explicit,
ready-to-use coefficients for the accurate numerical evaluation of the Caputo derivative
on arbitrary meshes.
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1 Introduction

1.1 Problems leading to Caputo-type derivatives

Fractional-order differentiation and integration operators arise naturally whenever a
process depends not only on its present state but also, in a weighted way, on its entire
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history. Because of this memory property, fractional calculus has become a standard
modeling tool in a wide range of applied problems: anomalous diffusion in porous and
heterogeneous media, viscoelastic and rheological models, fractional-order control systems,
and fractional relaxation—oscillation equations, to name a few. Comprehensive discussions
of the current state, computational pitfalls, and open problems of the field can be found
in the survey papers [1, 2.

Among the several nonequivalent definitions of a fractional derivative (Riemann—
Liouville, Griinwald-Letnikov, Caputo, and others), the Caputo derivative

(D2, y) (x):F( L )/:(y/(t) dt,  a€(0,1),

-« r—t)”

plays a distinguished role in applications. Unlike the Riemann—Liouville derivative, the
Caputo derivative of a constant is zero, and initial-value problems formulated with it
require initial data of the classical form y(a) = ¥, exactly as for integer-order differential
equations. This is one of the main reasons fractional relaxation and diffusion equations,
fractional oscillators, and many other applied models are usually written with the Caputo
derivative rather than another fractional derivative. At the same time, as the formula
above shows, the Caputo derivative of y is nothing but a weakly singular, weighted integral
of the classical derivative 3/(t), so computing DS, y accurately comes down to computing
an integral with an integrable singularity at ¢t = x.

Closely related to the Caputo derivative is the Abel integral equation and its general-
izations, since the Abel equation of the first kind is solved precisely through an integral
of the same weakly singular type. This connection is well known and has motivated a
fairly large body of work on constructing accurate quadrature rules for integrals with a
(x — t)~“-type kernel, some of which we use below when we compare our result with the
existing literature.

1.2 Existing numerical methods for the Caputo derivative

A number of methods for the approximate calculation of the Caputo derivative already
exist.

Probably the most popular one is the L1 scheme: the function y(t) is replaced by
a piecewise-linear interpolant on the mesh %y, ¢1,...,¢,, and then the integral against
the singular kernel (z — t)~* is computed exactly for this interpolant [3,4]. It is simple
to program and is used very often, although it only gives first-order accuracy, and this
accuracy gets worse if y is not smooth enough near t = a.

Another group of methods comes from the Griinwald-Letnikov definition of the
fractional derivative: the derivative is approximated directly by a (shifted) Griinwald—
Letnikov sum, or, more generally, by a fractional linear multistep method built from the
power series of (1 — z)®, as was proposed by Lubich [5]. These give convolution-type
formulas, and their coefficients can be found by a recursion.

A third approach, product integration, again keeps the singular part (z — t)~“ exact
and only approximates y'(t) — usually by a piecewise linear or quadratic polynomial. The
fractional Adams—Bashforth—Moulton predictor—corrector method of Diethelm, Ford and
Freed [6] is probably the best-known method of this type. There are also spline-based
and collocation methods, which can give higher accuracy but need more smoothness of y
and are more complicated to implement.

What all of these methods have in common is that the interpolation (or collocation)
rule for f(t) = /(t) is chosen first, more or less independently of the error, and only
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afterwards is the error of the resulting formula estimated. So the coefficients of these
quadrature formulas are not really chosen to minimize the error on a given class of func-
tions — they simply come from whatever interpolation scheme was used.

1.3 Optimal-in-the-sense-of-Sard quadrature formulas

A different line of work, closer in spirit to what we do here, constructs quadrature
formulas that are optimal from the start, in the sense of Sard: for a fixed set of nodes, the
coefficients are chosen so that the norm of the error functional over a given Hilbert (or
Sobolev-type) space of functions is as small as possible. The foundational construction of
such formulas in the space W™V was given in [7].

Formulas of this kind for weakly singular kernels of the (z — ¢)~® type have been
obtained, for instance, for the numerical solution of the generalized Abel integral equation
in the space Lgl) [8], with further developments and refinements of this construction given
in [9,10]; and, more recently, in the space W2(2’1), where the coefficients also involve
the derivative ¢ of the unknown function [10]. A related optimal quadrature formula
with a derivative term, for the right-sided Riemann-Liouville integral, was constructed
in [11], extending earlier work on the right Riemann-Liouville fractional integral and on
fractional integrals in a Hilbert space [12, 13]. Analogous optimal quadrature and weighted
quadrature formulas with derivative terms have also been constructed for other classes of
singular kernels, including Hadamard-type and Cauchy-type singular integrals [14-16|, for
periodic functions [17], and, quite recently, in a fully weighted and consecutively optimized
setting in general Sobolev spaces [18-21].

The @-function method that we use below — building an explicit representer of the
kernel on each mesh subinterval and choosing its free constants to minimize the quadratic
error functional — has likewise been used to construct optimal quadrature formulas for
Fourier-type and exponentially weighted integrals [22-24].

1.4 Contribution of the present work

Here we follow this second line of work rather than the first. Instead of choosing
an interpolation rule for f(¢) = y/(t) first, we pose the approximation problem for the
integral representation (1) of the Caputo derivative directly in the Sobolev-type Hilbert

space Lél)(a, x), and look for the quadrature formula

/m ) Zn: Auf(tr) + Ru(f)

(z —1)°

whose coefficients A; minimize the error functional R, over the unit ball of Lél)(a, x), for
fixed nodes T' = (tg,...,t,) — that is, a formula that is optimal in the sense of Sard. To
build it for the weakly singular kernel (z — ¢)~® coming from the Caputo derivative, we
use the p-function method: on every subinterval of the partition we construct an explicit
function ¢y, related to the kernel, find its free constant by minimizing the corresponding
norm, and in this way obtain closed-form expressions for Ay, A;,..., A,. As we show
at the end of the paper, our result also lets us recover, as a special case, an optimal
quadrature formula obtained earlier by a different route for the related generalized Abel
integral equation [8], which is a useful check on the derivation.

The Caputo derivative of order o (v € (0, 1)) of a function y(t) is defined as follows [25]:

(Dg—‘ry) (JZ) = F( ! ) /ax ( y/(t) dt. (1)

l—«a xr —t)”
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Thus, the Caputo derivative of fractional order « is expressed through a weakly sin-
gular weighted integral of the classical first-order derivative of the function. To approx-
imately compute the derivative of the form (1), we construct an optimal quadrature
formula in a certain Hilbert space in the present work. To construct such a quadrature
formula, we use the p-function method.

2 The p-function method for the quadrature formula
We partition the segment [a, z] by the nodes

a=tg<thi < - <t 1 <tp<---<t,=u, (2)

and on each subinterval ¢ € [tx_1,t;] we consider a function g (t) satisfying

and we set
SO(t)'tE[tk_l,tk} = @k(t)

Consider the integral I(f), which is precisely the left-hand side of the quadrature
formula (1). Splitting it over the subintervals of the partition and using (3), we obtain

10)= [ el t—Zj;aFt (1) dt

n ts ) U = f’ du = f/ dt
:;/t“@k() f(t)dt @) dt = dv, v = (t) ‘
=Y (wr@)] -3 [ a0 roa

£ k—1 k=1 tr—1

k=1
Continuing,
I(f) = Z or(tr) f
k=1
=2 _ ()
k=1
where

n

o (te) f(tr) — ka(tkfﬁf(tkfl)) - Z/ k or(t) - f'(t) dt.

k=1 tk—1

n

Zwk th1) f(te 1)—/z¢(t>'f/(t)dt

Z 1 (i) f

(tx) + Ru(f),

By the Cauchy—Schwarz inequality,

[[s0rsoaf [ o

[Rn(f)] =
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Rewriting (4) by separating the boundary terms (kK = 0 and k = n) from the interior
sum, we get

I(f) = i wi(te) - f(te) + pnlta) f(tn) — i wri1(te) - f(tk) — @1(to) - f(to) + Bn(f)

n—1

= —pi(to) - f(to) + Y (pr(te) = @r1(t)) f(Ex) + @n(tn) f(tn) + Ru(f)- (7)

k=1

Comparing (7) with the quadrature formula (1), we identify the coefficients

Ay = —%(to),
Ak = ka(tk) - kaJrl(tk)? k= Ln - 17 (8)
An = @n(ty).

So once the functions ¢y are known, formulas (8) give the coefficients of the quadrature
formula directly.
2.1 Determining the function ¢

Integrating (3) once gives, on each subinterval [t;_1, k],

=t o =t

a—1 11—« +Cr, 9)

ei(t) =

with a free constant Cj on every subinterval. By (7), the error is controlled by ||¢]|L,, so
we still have to choose the constants ('} so as to make

F(A) :/xgﬁ(t) dt:Z/ttk P2 (t) dt (10)

as small as possible. Because the subintervals do not overlap, this amounts to minimizing,
separately for each k,

7%
Fu(Cy) = / F(t)dt — min, Cp—? (11)
tk—1
173 — )l 2
Fiu(Cy) = / <u + Ck> dt
b a—1
tr (ZL’ _ t)272ka1 (ZL’ o t)lfa (12)
— = 42 7 dt.
/tk—l( (Oé—l)2 " a—1 Ck+0k)
Setting the derivative with respect to Cj to zero,
2 b
FI(C) = 2C4(te — 1) + —/ (x— )~ dt = 0, (13)
a—1/, |
ie.
1 bk
Ck(tk - tk,1> = — / (33 — t)lia dt. (14)
a—1/, |
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(x —t)* ™

Usi B T i
sing [(z — 1) o

+ const, the right-hand side of (14) evaluates to

1 (11 — tk_1)2_a — (QL’ — tk)2_a . (.T — tk)2_a — ([E — tk_1)2_a

a—1 2 -« (a—1)(2 - «a) ’

so that ) )
(il? — tk) e (1’ — tkfl) o

(1 - O_/)(Q — Oé)(tk - lfk_l) ’
where we used (o — 1)(2 —a) = —(1 — @)(2 — a). It is easy to check directly (by
substituting (15) back into (13)) that this is indeed the minimizer, since F} is a convex

quadratic function of CY.
Substituting (15) into (9), we obtain the explicit form of ¢y:

Cr=—

(15)

(x =)' (2 —1t)* " — (x —tp_1)*®

e 1 e T (16)

2.2 The coefficients Ay, A, A,
For k =1, (16) gives

(x =)' (x =) — (& —t)* @

o) == T T T i — ) (17)

Since Ay = —p1(to) and ty = a, formula (17) evaluated at t = t, gives

C(z—a)' (x—t) = (x—a) "
s s P 1 B A (18)

Next, evaluating (16) at t = ¢, and the analogous expression for ¢y at t = ty,

(z—t) (=) —(z— 1)

te) = — - 19
(pk< k) 1—a (1—Oé>(2—06)(tk—tk_1) ’ ( )
(=)' (= ) ()
t,) = — — . 20
Pua(fn) 1—a (1—a)(2—a)(tess — tr) (20)
The (z — tx)'7%/(1 — a) terms cancel in Ay = ., (tx) — @rr1(tr), and we obtain
A, — 1 ((ZL‘ — tk+1)27a — (I — tk)27a
p =
(1 — a)(2 — Oé) tk+1 — tk
2—« 2—« (21)
_ (ZB - tk) - (ZL‘ - tk—l) >
b — th—1 7
k=1n—1.
Finally, since ¢, = z, formula (16) for k& = n gives p,(t) with (z —t,)'"* = (z —
—t,)**=0at t =t,, so that
(.CIZ’ — tn_l)l_a
A, = o (t,) = . 929

We collect these results in the following theorem.
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Theorem 1. Among all quadrature formulas of the form (7) with fixed nodes T =
= (to,t1,...,tn), a =ty <ty <--- < t, =z, the quadrature formula

| (xf_(tz)a 0= Af(t) + Rolf) (23)
a k=0

that is optimal in the sense of Sard in the space Lél)(a, x) has coefficients given by

(r—a)™ (z—t)**—(z—a)®

Ag = 24
T a0l —ah-a) (24)
A, — 1 (((L’ — tk+1)2_a — (.7) — tk)2—o¢
g =
(1 — a)(2 — Oé) tk+1 — tk
2—a 2—a (25>
_ (CL’ — tk) — (l’ - tk:—l) >
by — tp—1 ’
k=1,n-1,
($ —-tn_l)l_a
A, = . 2%
1-—a)2—a) (26)
Corollary 1. When the nodes of (2) are equally spaced, h = tj, —ty_1 = Y70 for every
k, the coefficients of the optimal quadrature formula (23) take the form
(x—a)'™ (r—a—h)**—(z—a)*™
Ag = 27
e S YO A (27)
Ay, = he ((n—/ﬁ—l)z_“—2(n—k)2_a+(n—k:—1)2_O‘> k=Tn—1, (28)
(1—0a)2—a) ’ ’ ’

hl—a
I—aC-a)
Proof. With a = ¢y and equal spacing, * — t;, = x — a — kh = (n — k)h; substituting this
into (24)-(26) and factoring out h*~* from the differences of powers in (25) gives (27)-(29)
after simplification.

A, = (29)

Remark 1. It is worth checking this result against a formula obtained by an entirely
different method for a closely related problem. Setting a = 0 in Corollary 1 and replacing
a by 1 — « throughout (so that 2 — a becomes 1 + «, etc.), formulas (27)-(29) turn into

x® ht

A= T oD <(x — )T = xaH)’
h1 a+1 a+1 a+1 _
Ay = m((gg— (k + 1)h)°H — 2(z — kR)*™ + (z — (k — 1)h) ) k=TT,
N ha
" ala+ 1)

which is exactly the optimal quadrature formula obtained by Shadimetov and Daliev in
the space Lgl)(O,x) for the generalized Abel integral equation (see [8, Theorem 1]). In
other words, that earlier result is recovered as the particular case a = 0, o — 1 — « of
Corollary 1 above, which gives a useful independent check on our derivation.
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3 Conclusion

In this paper, we constructed an optimal quadrature formula, in the sense of Sard,
for the weakly singular integral that represents the Caputo fractional-order derivative
of order @ € (0,1) in the Sobolev-type Hilbert space Lgl)(a,x). Using the ¢-function
method, we obtained explicit closed-form expressions for the coefficients Ag, Aq,..., A,
of the formula for an arbitrary partition of the interval of integration, and we specialized
these expressions to the practically important case of equally spaced nodes. As a further
check on the derivation, we showed that, as a particular case, the constructed formula
reduces exactly to a known optimal quadrature formula obtained earlier by a different
method for the generalized Abel integral equation, which confirms the correctness of our
result. In future work, we plan to extend the ¢-function approach used here to Caputo
derivatives of order a € (m — 1,m), m > 1, and to Sobolev spaces of higher smoothness
Lgm)(a, x), as well as to study the corresponding error estimates and carry out numerical
experiments illustrating the accuracy of the constructed formulas.
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IIpeanoceuiku: pobuas npoussopnast Kamnyro nopsiika o € (0,1) npeacrasiisi-
ercsd B Bujie cyabo CHUHIYISPHOIO MHTErpajia OT KJIACCHYECKOW ITPOU3BOJIHON IIEPBOIO
Hopsijika ¢ saApoM (z — t)~% u eé TOYHOE YUCJIEHHOE BBIYUC/IEHUE UTPAET HEeHTPATLHYIO
POJIb IIPU MO/JIEJTMPOBAHUY [IPOIIECCOB € TaMsIThio. MI3BecTHbIe MeTo bl (L1-cxema, cyMMBbI
tuna ['pronBasibia—/leTHUKOBA, CXeMbI [TPOJLyKT-UHTEIPUPOBAHUsI) CHAYAJIA (DUKCUDYIOT
[IPABUJIO UHTEPIIOJISIIIAN IPOU3BOIHON U JIUIIH 3aTEM OIEHUBAIOT BOZHUKAIOIIYIO IIOTPEIIT-
HOCTbB, [TO3TOMY UX KO DUITUEHTHI He BEIOUPAIOTCS C MEJIbIO IPAMON MUHUMHU3AIUH ITOM
[IOT'PEITHOCTH.

Iens: e mammnoit paboThl — HOCTPOUTD /I IPOU3BOJIHLHOTO PAa30UEHNsT HHTEPBAJIA
MHTErPUPOBAHUST KBaIPaTypHYIO dopMmyry st npousBomuoit Kamyro, koaddumuenTs
KOTOPOI1 ONITUMAJILHBI ¢ caMOro HadaJja, B cMbiciie Capria, B OIXOJSIIEM THIL0EPTOBOM
upocrpancrse Tuna CoboJiesa.

Metoa: 3amaua TpuONMMIKEHWsT CTABUTCS HEMOCPEJICTBEHHO B  IPOCTPAHCTBE
Lél)(a, x), U UCHOJIb3yercsi MeTof @-dyHKIUi: Ha KayKIOM IIOJbIHTEepBaJe Pa3bueHust
CTPOUTCS sIBHAsT (DYHKIUS (Of, CBSI3aHHAs C CUHTYJSIDHBIM sIJIpOM, €€ CBODOIHAsT KOH-
CTaHTa OIIPEJIEJIAeTCd MUHUMU3AINEH COOTBETCTBYIONIErO KBAAPATUIHOTO (DYHKITMOHAIA
IIOTI'PEITHOCTH, U TaKUM 00pa30M KoM DUIMEHTHI KBaIpaTyPHO (DOPMYJIBI IOy IAI0TCST
B 3aMKHYTOM BHJIE.

PesynbraTrsr: [lonyuensr sBHBIE 3aMKHYTBIE BhIpayKeHust st Koaddurmentos Ag,
Aq, ..., A, onTUMAIBHON KBaJIpaTypHOU (DOPMYJIbI IIPU IIPOU3BOJBHOM Pa30UEHUN y3-
JIOB, KOTODPBIE 3aTeM CIENUAIU3UPYIOTCH Ha CIy4dail paBHOOTCTOAIINX y3JI0B. B KadecTse
HE3aBUCHUMOU MIPOBEPKM MTOKA3aHO, UTO MOCTPOCHHAs (POPMYJIa B YACTHOM CJIyUae COBIIA-
JIaeT ¢ W3BECTHON ONTUMAJILHON KBaApaTypHOU (bOpMYyJIoif, paHee MOJYIEHHONW IPyTUM
METOJIOM JIJIsT OOODIEHHOTO UHTErPAJILHOTO ypaBHeHusT AGeTst.

3uaynmocTbk: Pesysibrar pacmmpsier MeTojt o-(yHKIUI TOCTPOEHHUsT OITUMAIbHBIX
B cMbicsie Capjia KBaJpaTypHBIX (POPMYJI, paHee IPUMEHSIBIIUICT B OCHOBHOM JIJIsI pe-
CYJSPHBIX U OCIMJUINPYIONIUX UHTEIPAJIOB, Ha CJ1ab0 CHUHIYJISPHBIE SPa, BOSHUKAIOIIIE
B JIDOOHOM HMCYUCJIEHUU, U JAET SBHDBIE, TOTOBbIE K MUCIOJIB30BAHUIO KOIDDUITUEHTDI JIJIst
TOYHOT'O YHMCJIEHHOTO BBIYUCJIEHUS IPOU3BO/IHOM KalyTo Ha MpOU3BOJIBHBIX CETKAX.

KroueBsie ciaoBa: mpoussoaHas KamyTo, 1pobHoe ncuncaenne, OonTHMAIbLHAS KBaIpa-
TypHas dopmyia, Merol w-byHknmii, B cMmbicsie Capia, npocrpancrso CoboJieBa, MHTE-
rpanbHoe ypaBuenue Abes

HutupoBanue: Xaémos A.P., [uprnanacos C.O.lpubnukénnoe Bbraucjenune JIpoOHOI
npoussojnoit Kamyro // IIpoGsieMbl BBIYUCIUTENBHON U NPUKJIAIHON MATeMATHKU. —

2026. — Ne4/1(75). — C. 180-189.
DOTI: 10.71310/pcam.4-1 75.2026.14



Nod/1(75) 2026

BACKANL T COCGALE W SUBTY WSS T
it AT e’ LaCa A T

HISOBLASH VA AMALIY

MATEMATIKA
MUAMMOLARI

[TPOBIEMBI BBIYHCTHTEBHOI
[ TPHKTAJHOH MATEMATHKH

PROBLEMS OF COMPUTATIONAL
AND APPLIED MATHEMATICS

[SSN 2181-8460




I[TPOBJIEMBI BEIYNCJINTEJIBHOM 1
[TPUKJIAJTHOII MATEMATIUKUA

Ne4/1(75) 2026

2Kypnana ocunoan B 2015 romy.
N3znaercsa 6 pa3 B roj.

Yupeaureb:
Hayuno-nccieoBare/ibCKuii HHCTUTYT Pa3BUTHS IU(MPOBBIX TEXHOJIOTHIA 1
HMCKYCCTBEHHOIO MHTEJLJIEKTA.

I';maBHBI pemaKkTOp:
Papmanos H.

3amecTHuTE M TVIABHOTO PEJAaKTOPA:
Apumos M.M., [Tagumeros X.M., Axmemon 1. /1.

OTBeTCTBEHHBIII CeKpeTaphb:
Voaiipynnaes M.IILI.

Pepakinonnsbrii coBer:

Azamo A.A., Anoes P.J1., Amupramues E.H. (Kazaxcran), Apymanos M.JL.,
Bob6opaxumos B.U., Bypuames B.®., Jlxxymaézos V.3., Sarpebuna C.A. (Poccus),
Bagopun A.U. (Poccus), Urnarses H.A., Wapun B.II. (Poccns),
Umankymnos T.C. (Kazaxcran), Uemarunos V.U. (Poccus), Kabanuxun C.U. (Poccus),
Kyp6onos H.M., Mamaros H.C., Mupzaes H.M., Mypamos @.A., Hasuposa 9.111.,
Hopmypogos U.B., Hypamnues ®@.A., Hypamues ®©.M., Onanacenko B.H. (Ykpanna),
Pacymvmyxamenos M.M., Caxyraesa II.A., Craposoiitos B.B. (Besapycs),
Xaéro A.P., Xammkurutos A., Xammamor P.X., Xyxaes U.K., Xyxkaepos b.X.,
Dmmamarosa [1.B., dycrmypomosa 12K, Use Ex Vu (Poccus),
[Ma6ozos M.III. (Takukucran), Dimov I. (Bosrapus), 1i Y. (CIIIA),
Mascagni M. (CIIIA), Min A. (Fepmanus), Singh M. (FOxnasa Kopes).

Kypnan saperucrpupoBan B AreHTcTBe HH(MOPMAIME U MACCOBBIX KOMMYHUKAIIWI 1TpU
Avmancrpanun [pesugenta Peciybmukn Y36ekucran.
Caugerenbcro Ne0O8H6 ot 5 asrycra 2015 roza.

ISSN 2181-8460, eISSN 2181-046X

HpI/I eperedaTrke MaTepruaJjioB CChlJIKa Ha 2KYypHall 00g3aTe/ILHA.
3a TOYHOCTb (baKTOB n JOCTOBEPHOCTD I/IHCbOpMaHI/H/I OTBETCTBEHHOCTDb HECYT aBTOPHI.

A npec penakmun:

100125, r. TamkenT, M-B. By3-2, 17A.
Tem.: +(998) 71 263-41-98.
O-noura: journals@airi.uz.
Beb-caitT: https://journals.airi.uz.

JnzaiitH 1 BEpcTKAa:
[MTapunos X./I.

Orneuarano B Tunorpacdun HUM PIITUN.
[Tognucano B ewars 05.10.2026 1.
@opmar 60x84 1/8. Bakaz Ne 5. Tupazx 100 k3.


https://journals.airi.uz

PROBLEMS OF COMPUTATIONAL AND
APPLIED MATHEMATICS

No. 4/1(75) 2026

The journal was established in 2015.
6 issues are published per year.

Founder:
Digital Technologies and Artificial Intelligence Development Research Institute.

Editor-in-Chief:
Ravshanov N.

Deputy Editors:
Aripov M.M., Shadimetov Kh.M., Akhmedov D.D.

Executive Secretary:
Ubaydullaev M.Sh.

Editorial Council:

Azamov A.A.; Aloev R.D., Amirgaliev E.N. (Kazakhstan), Arushanov M.L.,
Boborakhimov B.I., Burnashev V.F., Djumayozov U.Z., Zagrebina S.A. (Russia),
Zadorin A.I. (Russia), Ignatiev N.A., Ilyin V.P. (Russia), Imankulov T.S. (Kazakhstan),
Ismagilov LI. (Russia), Kabanikhin S.I. (Russia), Kurbonov N.M., Mamatov N.S.,
Mirzaev N.M., Muradov F.A., Nazirova E.Sh., Normurodov Ch.B., Nuraliev F.A_,
Nuraliev F.M., Opanasenko V.N. (Ukraine), Sadullaeva Sh.A.,
Starovoitov V.V. (Belarus), Khayotov A.R., Khaldjigitov A., Khamdamov R.Kh.,
Khujaev I.K., Khujayorov B.Kh., Eshmamatova D.B., Dustmurodova Sh.J.,
Chye En Un (Russia), Shabozov M.Sh. (Tajikistan), Dimov I. (Bulgaria), Li Y. (USA),
Mascagni M. (USA), Min A. (Germany), Singh M. (South Korea).

The journal is registered by Agency of Information and Mass Communications under the
Administration of the President of the Republic of Uzbekistan.
Certificate of Registration No. 0856 of 5 August 2015.

ISSN 2181-8460, eISSN 2181-046X

At a reprint of materials the reference to the journal is obligatory.
Authors are responsible for the accuracy of the facts and reliability of the information.

Address:
100125, Tashkent, Buz-2, 17A.
Tel.: +(998) 71 263-41-98.
E-mail: journals@airi.uz.
Web-site: https://journals.airi.uz.

Layout design:
Sharipov Kh.D.

DTAIRI printing office.
Signed for print 05.10.2026
Format 60x84 1/8. Order No. 5. Print run of 100 copies.


https://journals.airi.uz

Conepxkanne

Xaémos A.P., Myxmoposa M.M.
QOYHKIIE TUCTOCIIAfHA TPU BOCCTAHOBJIEHUH (DYHKIIWI 110 WHTerpaJbHBIM 3Ha-
YEHUSIM .

Oaumos H.H.
YucieHHOE perienne TMHEeHHBIX MHTerPaIbHBIX ypaBHeHuit @ peroibmMa BTOPOTro
pPoO/ia Ha OCHOBE ONTHUMAJIBHBIX HWHTEPITOIAMOHHBIX (DOPMYJI € TIPOU3BOIHBIMA

Babaes C.C., Damypodosa C.C.
YucienHnoe npubnKenne JIPOOHBIX NWHTErPAJIOB: ONTUMAJIbHBIN KBaIpaTyPHBIiI
10JTX0/T, OCHOBAHHBIN Ha (pu-DyHKITUAX

Kyadowes X. M.
Boipaxkenust jijist Koa(b(bHuHeHTOB ONTUMAJIbHBIX KBaPaTypPHBIX (GOPMYII C Ma-
pamMeTpom

Xaémos A.P., Xycauwoe A
AJIbTepHaTI/IBHBII/I BBIBOJ[ M YUMCJIEHHBI aHAJM3 ONTHUMAJbHON WHTEPIIOIAIMOH-
HOW (hOPMYJIBI B THJIBOEPTOBOM MTPOCTPAHCTBE

Xaumos T.O.
OnrumaibHbIEe METO/IBI YNCIEHHOTO MHTEIPUPOBAHNsI, OCHOBaHHBIE Ha ajredpa-
MYIECKUX U TPUTOHOMETPUIECKUX (DYHKITHX

HIadumemos X. M., Hagacos A.IO.
Kajipar HOpMBbI (DYHKITMOHAJIA TOTPEITHOCTH WHTEPIIOJIAIIMOHHON (hOPMYJIBI ¢
TpeTheil MPOU3BOAHON B IMJILOEPTOBOM IIPOCTPAHCTBE

Boamaes A.K., llapdaesa O.D.
Wureprionigiiuonnbie CILIAHBI, MUHUMUABUPYIOIIUE TOJIYHOPMY B TMJIBOEPTOBOM
npocrpanctee CoboJieBa

Bepdumypadosa Y. A.
SBHBIE KOXDMUIMEHTHI W OIEHKa IOIPEIIHOCTH ONTHUMAJILHONW KBaJIpaTypPHOI
dopmyJibt

Honsonos C.3.
OnrumasibHasi KBaJpaTypHasi GpopMyJia ¢ KPaTHBIME y3JIaMd B TMJIBOEPTOBOM
IIPOCTPAHCTBE

Bappaesa C.III.
OnrumalibHbIe KBaIpATyPHBIE (bopMyﬂbI ¢ TPUTOHOMETPUIECKUMU BECAMU B IIPO-
crpanctBe CoboJieBa

Hypaaues @.A., A6dyaraesa FZU
CpaBHI/ITeJIbeH/I aHaJ M3 aJIredPanKO-TUIIEPOOTNIECKIX HATYPAIbHBIX CILIAITHOB
IIIECTOrO TOPSIJIKA U MHTETPATbHBIX KBA3UMHTEPIIOISIITIOHHBIX CILTANHOB

Axmedos J[.M., Ilomarurxosa M.III.
OnTumasibHas KBaJapaTypHas (popMyJia THIIa IPMHUTA CO CIaOOCHHIYIsIPHBIM Be-
com metojiom PHI-ynkimit

Xaémos A.P., ITupnanacos C.O.
[IpubmKkEnHoe BhIUKCIeHne ApobHOIl mponsBoanoii Karyro

Bysawepos J[.C., Aaues L. FE.
OnrumalibHbIe KBaIpaTypHbIe (bopMyJIbl JUTsT UHTerpaJjoB tuna Komm ¢ Tpuro-
HOMETPUIECKIMU BecaMu

Hacpyanaes 11.A., ocypaboesa O. C’ Camanosa FB
KOHCGpBaTI/IBHaﬂ MOJIeJIb TIepeHoca mpuMeceii B aTrMocdepe HaJ CJI0KHBIM
pesbedom

16

29

41

61

72

85

98

116

127

141

153

167

180

190

. 201



Contents

Hayotov A.R., Mukhtorova M.M.

Histospline functions in reconstructing functions using integral values . . . . . . )
Olimov N.N.

Numerical solution of linear Fredholm integral equations of the second kind based

on optimal interpolation formulas with derivatives . . . . . . .. . ... ... .. 16

Babaev S.S., Elmurodova S.S.

Numerical approximation of fractional integrals: an optimal quadrature approach

based on phi-functions . . . . .. ... 29
Kuldoshev Kh.M.

Expressions for the coefficients of optimal quadrature formulas with a parameter 41
Hayotov A.R., Husainov A.

Alternative derivation and numerical analysis of an optimal interpolation formula

in the Hilbert space . . . . . . . . . . . . .. 61

Khaitov T.O.
Optimal numerical integration rules based on algebraic and trigonometric functions 72

Shadimetov Kh.M., Nafasov A.Y.
The squared norm of the error functional for a third-derivative interpolation

formula in a Hilbert space . . . . . . . . . .. . .. ... ... ... .. ... 85
Boltaev A.K., Pardaeva O.F.

Interpolation splines minimizing a semi-norm in a Sobolev Hilbert space . . . . . 98
Berdimuradova U.A.

Explicit coefficients and error estimate for an optimal quadrature formula . . . . 116
Polvonov S.Z.

Optimal quadrature formula with multiple nodes in a Hilbert space . . . . . .. 127
Barraeva S.Sh.

Optimal quadrature formulas with trigonometric weights in a Sobolev space . . . 141

Nuraliev F.A., Abdullaeva G.Sh.
A comparative analysis of sixth-order algebraic-hyperbolic natural splines and
integral quasi-interpolating splines . . . . . . . . ... ... 153

Akhmedov D.M., Shomalikova M.Sh.
Optimal Hermite-type quadrature with weakly singular weight via PHI-functions 167

Hayotov A.R., Pirnapasov S.0.

Approximate calculation of the Caputo fractional-order derivative . . . . . . .. 180
Buvasherov D.S., Aliev Sh.FE.
Optimal quadrature formulas for highly oscillatory Cauchy-type integrals . . . . 190

Nasrullayev P.A., Juraboyeva O.S., Samanova G.B.
A mass-conserving model of pollutant transport in the atmosphere over complex
terrain . . . . . L 201



	Обложка_А3_2

