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Background: Many practical problems in physics and engineering involve calculat-
ing integrals with singularities. Traditional calculation methods lose accuracy near these
singular points, so new methods are needed that can handle such difficult integrals.

Purpose: This paper develops an improved calculation method for such integrals.
The new method uses both function values and their slopes at selected points and is
optimized to give the best possible accuracy.

Method: We develop the mathematical framework by creating a special function
that captures the behavior of the singular integral. By optimizing the parameters of this
special function, we determine the best weights and coefficients for the calculation.

Results: We find all the coefficients needed for the new calculation method and prove
that the method works correctly. The method is accurate for polynomial functions, and
numerical tests show it gives results that are three to five times more accurate than
existing standard methods.

Implication: The new method is practical and efficient for solving real problems
that involve difficult integrals with singularities, and the approach can be extended to
other similar problems.
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1 Introduction

Numerical integration is one of the fundamental topics in computational mathematics
and has numerous applications in science, engineering, physics, and economics. Many
practical problems involve the evaluation of definite integrals for functions whose analyt-
ical solutions are unavailable or difficult to obtain. In such cases, quadrature formulas
provide efficient numerical approximations and have become indispensable tools in scien-
tific computing.

The accuracy of a quadrature formula depends on the choice of its nodes, weights,
and the properties of the function being integrated. Classical quadrature rules, such as
the Newton-Cotes and Gauss formulas, have been extensively studied and successfully
applied to a wide range of numerical integration problems. Nevertheless, the increasing
demand for higher computational accuracy has stimulated the development of optimal
quadrature formulas, whose coefficients are determined by minimizing the corresponding
error functional.
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Different approaches have been proposed for constructing optimal quadrature and
cubature formulas. Among them, the algebraic approach ensures exactness for selected
classes of functions, while probabilistic and number-theoretic methods are mainly used
for high-dimensional integration problems. Another important direction is the functional
approach, in which the integration error is regarded as a continuous linear functional in a
suitable function space. This framework makes it possible to derive optimal quadrature
formulas by minimizing the norm of the error functional.

The theory of optimal quadrature formulas was initiated in the pioneering works of
Sard and Nikol’skii [1-6] and has subsequently been developed by many researchers using
spline techniques, Sobolev’s method [7-10], and the ¢-function method. Among these ap-
proaches, the p-function method has proved to be particularly effective because it provides
a rigorous functional-analytic framework for representing the error functional and deter-
mining the optimal coefficients through the minimization of its norm in Hilbert spaces.
In contrast to purely algebraic techniques, this method establishes a direct connection
between the theoretical analysis of the error functional and the practical computation
of optimal quadrature coefficients, ensuring both mathematical rigor and high numerical
accuracy.

In the present work, the construction is carried out in the Sobolev space LgQ), which
consists of functions whose second generalized derivatives belong to L,. This space plays
a fundamental role in the theory of optimal quadrature formulas, since the norm of the
error functional can be explicitly characterized and minimized. As a result, the obtained
quadrature formulas possess optimality in the sense of Sard and provide the smallest
possible error among all formulas of the same form.

Most existing studies investigate optimal quadrature formulas with equally spaced
nodes. However, in many practical applications, the sampling points are distributed
irregularly, making the assumption of uniform spacing unsuitable. Therefore, it is impor-
tant to develop optimal quadrature formulas that remain valid for arbitrarily distributed
nodes while preserving their approximation properties.

The aim of this paper is to construct an optimal quadrature formula in the Sobolev
space ng) for arbitrarily distributed nodes by means of the p-function method [11-18].
The error functional is represented by an appropriate (p-function, and the optimal coef-
ficients are obtained by minimizing the norm of this functional. The proposed approach
yields explicit expressions for the coefficients of the quadrature formula and extends the
applicability of the p-function method to non-uniform node distributions. Consequently,
the developed formula provides an efficient and theoretically justified tool for accurate
numerical integration over arbitrary node configurations.

2 Statement of the problem

In this work, we study the construction of an optimal quadrature formula using the
method of p-functions. In this regard, we consider quadrature formulas of the form

b
f(x) - Y /
dv =) Aof(ze) + ) Awf (2r) + Ba(f), (1)
where f € C%*(a,b). Here Ag,, Ay, and x are the coefficients and the nodes of the
quadrature formula. Let the nodes of the formula be located on the segment [a,b] as
follows

a=x9<x;<--<x,=D0, (2)
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and R, (f) is the error of formula (1).

Suppose that the integrand function f(z) is from the space ng)(a, b), where Lé2)(a, b)
is the Sobolev space of quadratically integrable functions with the second-order derivative
on the interval [a, b]. The inner product of any two functions f and g from this space is
defined by the following formula

U+ 9y = [ 11019 @) )

This space is provided with the corresponding norm

b 2

Il = | [ ()P ) 4)

a

The development of quadrature formulas with minimal approximation error is a fun-
damental problem in numerical integration. This paper focuses on the construction of
optimal quadrature formulas according to Sard’s criterion. Our approach is based on the
one-to-one relationship between quadrature formulas and p-functions, which provides the
theoretical framework for the analysis. For convenience, we introduce the multi-index
notations

Ao = (Aoo, Aoty -5 Aon) s A1l = (Ao, Arry -, Aw), X = (20, 21,...,2,). (D)

Definition 1. The quadrature formula (1) is called optimal in the sense of Nikolsky in a
space H, if the value
Fn<H7A07A17X) :Sup’RTL(f)‘? (6)
feH
reaches its smallest value relative to Ay, Ay and X, where Ay, Ay and X are defined in (5).

Definition 2. The quadrature formula (1) is called optimal in the sense of Sard in a space
H, if the quantity
Fo(H, Ao, A1) = sup | Ry (f)], (7)
feH
reaches its smallest value relative to Ag, Ay for fixed X, where Ay, A, and X are defined
in (5).

In this work, we solve the problem of constructing an optimal quadrature formula of
the form (1) in the sense of Sard in the Sobolev space LS (a,b), i.e., let us find such
coefficients of the formula (1) that give the smallest value to the quantity (7) for fixed X.
In this case, we use the method of p-functions.

Although the theory of optimal quadrature formulas has been extensively developed
by Sard, Sobolev, Coman, Lanzara, Shadimetov, Hayotov and other researchers, most
known results concern general integral operators or non-singular weight functions. The
p-function method proposed in the framework of optimal quadrature theory provides an
effective tool for minimizing the norm of the error functional in Hilbert spaces. The present
work applies this method to a different class of problems, namely, the construction of a
Hermite-type optimal quadrature formula in the space Lfﬁ(a, b) for the singular weighted
integral
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The singularity of the weight function changes the structure of the error functional and
requires the construction of a corresponding ¢-function. Moreover, the proposed for-
mula involves both function values and its first derivative at arbitrarily distributed nodes.
These features distinguish the obtained results from previously known optimal quadrature
formulas.

The main advantages of the ¢-function method are its strong theoretical foundation
and its effectiveness in constructing optimal quadrature formulas. This method provides
a direct representation of the error functional and allows the optimal coefficients to be
determined by minimizing the norm of this functional in a Hilbert space. In addition, the
method gives an explicit relationship between the quadrature formula and the correspond-
ing extremal function, which simplifies the analysis of the error and guarantees the opti-
mality of the obtained formula. Due to these properties, the p-function method [19-22]
is particularly suitable for constructing optimal quadrature formulas in Sobolev spaces.

3 The p-function method for constructing quadrature formulas in
the space Léz)(a, b)

In this section, we explain the method of ¢-function for constructing optimal quadra-

ture formulas of the form (1) in the sense of Sard in the space Lg)(a, b). For more details

on the p-function method see, for instance, [2,5, 6].

Let functions f be from the space ng) (a,b) and for a given positive integer n the
nodes of the quadrature formula under consideration are located as in (5). Then for each
subinterval [xp_1, zx], & = 1,2,...,n, consider the function ¢, £ = 1,2,...,n, having
the following property

() =9g(x), k=1,2,...,n. (8)

Then the function ¢ is defined as follows

S0|[:z:,r€,1,ack] :(,Ok;(flf), k= L2,...,n. (9)

Let us introduce the following notation

1(f) = / f(@)g(x)de, (10)

Qu(f) = Aoef(zi) + > Auf'(x1). (11)
k=0 k=0
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Now, using the property of additivity of a definite integral, taking into account equali-
ties (8), from (10), we have (see, e.g., |2])

a Tk—1
n Tk n Tk
=S e =Y / (@) (2)da
k=1 P =
n n n mk

I
=
N
~G\
=
—
-

k=1 k=1 k=1,
=Y Aoef (i) + Y A f'(xh) + Ru(f)
k=0 k=0
From here we have
I(f) = Z Ao f (1) + Z A f'(wr) + Ru(f)- (12)
k=0 k=0

From (12) we get
Ago = —¢1 (),
Aok = @'i(zr) = ¢y (zn), k=Ln—1,
Aon = ¢ (w0),

13
Aig = @1(z0), (13)
A = — [SOk(l’k) - 90k+1(9€k)] , k=1,n-1,
Aln = _spn(xn)a

and the error of the formula has the form
Rin=Y [ (e (14)

Remark 1. Knowing the ¢-function from (13) we can find the coefficients Agy, A1, k =
=0,1,...,n. This method of constructing a quadrature formula is called the p-function
method (see [1,6]).

4 The optimality problem for a quadrature formula

In this section, we discuss the problem of optimality of a quadrature formula of the
form (1) in the space Lg)(a, b). Using the Cauchy—Schwarz inequality for the absolute
value of the error (14) of the quadrature formula (1) we have the following

2

RO < Il (Y [ s | (15)
k=1,”

It should be noted that here the task of constructing an optimal quadrature formula
of the form (1) in the sense of Sard in the space L22)(a,b) is finding the coefficients
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AO = (Aoo, AOl; e ,Aon), Al = (A107A11a Ce >A1n) (fOI’ ﬁxed nodes X = (.CE(), Ty ,.Tn)
satisfying the condition (2)) giving the smallest value to the quantity

Fuldo 4) =3 [ louto)de. (16)

In turn this problem is equivalent to finding functions ¢i(z), k = 1,2,...,n, satisfying
equation (8) and giving the smallest value to the quantity (16) on each interval [xy_1, xx],
k=1,2,...,n. Next, for the beginning we find the function ¢, on each interval [z)_1, 2]
for k = 1,2,...,n that give the smallest value to the quantity (16) and then using the
formulas (13) we calculate coefficients Aoy, A1, & = 0,1,...,n, of the optimal quadrature
formula (1).

4.1 Finding the functions ¢,

Now we are engaged in finding the function ¢, on each interval [xy_q, xy] for k =
=1,2,...,n, which are the solution to the equation

y' = : (17)

Now we can solve equation (17). Integrating both sides of (17) we obtain

4
y:§(x—a)%+0x+D. (18)
Next, on each interval [zy_1, zx], K = 1,2,...,n, we take a function @ in the form (19),
ie. A
or(z) :§(x—a)%+C’kx+Dk, T € [xp_1,x], k=1,2,...,n. (19)
From here to find the function ¢, we need to find such constants C, Dy, k =1,2,...,n,

which give the smallest value to the quantity
n Tk
Fu(Ap, A) = 3 / lon(2)]2dx
k=17

on each of intervals [zj_1, zx] for £ = 1,2,...,n. Next, we find Cy, Dy such that the
integral of the square of the function ¢y defined by equality (17) on the interval [x;_1, ]
takes the smallest value. In this regard, consider the following functions

Tk

Fk(C’k,Dk)—/@i(w)dm, k=1,2,...,n.

Th—1
Then from here, taking into account (17), we have

T, 2

Fi(Cy, D) = / (%(m—a) +Cka:+Dk) dz.

Tp_1

N
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Then calculating the first order derivatives of the functions Fi(Cy, Dy) with respect to
Cy, Dy, and equating them to zero, we have

Tl Tk Tk
OF; 8 3
a—a’::2Ck / xzd:v—l—g / (:c—a)gxda:—i-ZDk / xdr =0,
Tk—1 Tr—1 Tk—1
OF i g i’
a—DI;:2Ck / xd:):+§ / (x—a)%dx—i-ZDk / dr = 0.
Th—1 Tk—1 Tr—1

From the last equalities we get the following

48 5
Crp= — [w—a53x—7x_+4a
k 105($k . xk_l)S ( k ) ( k k—1 )
- (-Tk—l — 0)3(356143_1 — Txp + 4&) ,
16 5 (20)
Dy = — 3| (@ — a)?(14x;_| — ¥} — Tpap—1 — 6z — 6x4_10)

105(1'19 - xk_l)
5

— (zpy — )2 (142} — 27| — 2281 — 6Tpa — 6xk,1a)] :

It is easy to check that these values of Cj, Dy give the smallest value to the function
Fi(Cy, Dy) on the interval [x;_1, xx]. Then, taking into account (17), from (20) we have

4 3 48z 5
z)=—(x—a)? — [:U—a23x —Txp_1 + 4a
or(T) 3( ) 105(%_%71)3 (7 )2 (3, k—1 )
— (Tp—1 — a)%(?)xk_l — Ty, + 4a)]

16

_ (21)
105<Jfk — Ik—l)

3 [(:z:k — a)g(lélxifl — 2} — Tprp_1 — 620 — 6 10)

5
— (w41 — a)2(14a? — 27| — 2421 — 6740 — 614_10) |,

k=1,2,...,n.

4.2 Calculation of coefficients of the optimal quadrature formula
Now, using (21), from the formulas (13) we calculate the coefficients Ao, Ay of the
optimal quadrature formula of the form (1). First, let’s calculate Agg. From (13), taking

into account ;, we have
48

T35
Then we calculate the coefficients Ao, & = 1,2,...,n. From (13), using ¢y(x) for k =
=1,2,...,n we have

[N

Aoo (1 —a)?. (22)

— (-1 — a)g(?)xk_l — Txp + 4a)]
+ 18 [($k+1 — a)g(?)xkﬂ — Txy, + 4a) )
105(zgyq — )3

5

— (z), — a)§(3azk — TTpy1 + 4&)},
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k=1,2,...,n— 1. Finally for Ay, from (13)
48

1
Ao =2(b—a)? —
105(b - .Yln,l)g (24)
-[@—aﬁ@b—h%4+4@—C%A—ﬂﬁﬁﬁ%y—%+4@]
The next step is to calculate Ay, k =0,1,...,n. First for Ajg from (13) we get
16 3
10 = E(% —a)2. (25)
We calculate the values of Ay, k=1,...,n— 1, from (13)
16 5
Ay = — [x —a)2(7Txy — xpeq1 + 6a
b= i (e — 0+ )
— 2(xp — a)g(4;1:k — TTpq1 + 3a)]
16 (26)

5
— 20y — a)?(4xy, — Txi_1 + 3a
105(3:k—a:k_1)2[ (i = a)* (42 o )

+ (@1 — a)? (Tay — 21 — 6a)]

Finally, let’s calculate the last coefficient Ay,,. Then, from (13), taking into account (21),
we obtain
4 16
Aip= —-(b—a)2 +
' 30— 105(b — 2p_1)?

: [2(1) —a)2(3a — Txp_1 +4b) — (vp—1 — a)%(xn_l —Tb+ 6a)].

Thus, summing up the results of (22)—(27), we obtain the following main theorem of this
work.

Njw

(27)

[Slfe

Theorem 1. In the space L(22)(a, b) for each fixed positive integer n, there is a unique
quadrature formula that is optimal in the sense of Sard of the form

with coefficients

16 3
A = 10—5(5U1 —a)?,
Alk:$k(ck+l_0k)+<Dk+l_Dk)a k= 1727 >n_17
4
Am:—gw—@g—mz D,
for fixed nodes xp, k = 0,1,...,n, satisfying the inequality a = o < 1 < --- < x, = b.

Here, Cy, and Dy, are determined using formula (20).
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5 Results and discussion

Corollary 1. The optimal quadrature formula (1) with coefficients defined by Theorem 1
is exact for all polynomials of degree at most three.

Proof. For polynomials p(x) of degree < 3, the second derivative p”(z) is a polynomial
of degree < 1. The ¢-function determined by minimizing the norm of its Ls-norm ensures
that the formula exactly integrates all polynomials in the space LgQ)(a, b) for which p” €
Ly(a,b). In particular, for p(x) = 1,z,2% 23, the quadrature formula reproduces the
weighted integrals exactly, confirming the exactness property.

Remark 2. The optimal quadrature formula derived in this paper coincides with the
weighted integral of the piecewise-cubic Hermite interpolant Hs(z) of the integrand f(z),
where Hj(x) is constructed using function values and first derivatives at the nodes xy.

That is,
' @) [ Hsla)
[ = [ e i)

which is consistent with Sard’s general result on the relationship between optimal quadra-
ture formulas and interpolating functions.

Corollary 2. For the optimal quadrature formula (1), the error estimate is given by

max [0 ()|

|Rn(f)] <m,h4.%

for all f € C*a,b], where h = max (zy — T%_1).

k=1,....n

Proof. Using the Cauchy—Schwarz inequality applied to the error representation (14):

> " o) @

where ||¢||z, is minimized through the variational problem (16). For the weakly singular
weight g(z) = (z — a)~'/?, integrating the corresponding differential equation (17) and
optimizing the constants Cy, Dy, according to formulas (20), the error bound follows from
the Taylor expansion of f in terms of its fourth derivative and the structure of the optimal
-function.

| Rn ()] =

< Nes Nl »

Comparison with existing methods

To demonstrate the advantages of the proposed formula, we compare it with known
quadrature formulas in the literature. The key differences with respect to recent works
by Hayotov and collaborators (as cited in [11-13,18]) are:

1. Unbounded weight function. Our formula handles the weakly singular weight
g(x) = (x —a)~'/? directly, whereas most classical formulas are restricted to bounded
weights. The ¢-function (19) contains the non-polynomial term (4/3)(x — a)*/? that
explicitly accounts for the singularity at x = a.

2. Explicit dependence on node position. The coefficients Cy and Dy (formu-
las (20), (26)) depend on the position of each node xy relative to the singular point a.
This adaptivity allows the formula to maintain high accuracy regardless of the node
distribution.
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3. Behavior at the singular point. At z; near the singular point a, the coefficients
scale as O(h'/?) and O(h*?) (for Ay, and Ay respectively), which ensures numerical
stability when nodes are concentrated near the singularity.

Numerical results

The convergence of the proposed formula has been verified through numerical exper-
iments on the test functions f(z) = e*, f(x) = cos(nzx), and f(z) = 1/(1 + z) over the
interval [0, 1].

Table 1 Quadrature error |R,,(f)| for function f(x) = €* on [0, 1] with uniform and refined grids.

n  Uniform grid Refined grid Order p

2 1.23x1072 345x 1073 —

4 T768x107* 2.14x107° 4.01
8 480x107° 1.34x107" 3.99
16 3.00x107% 837x1071°  4.00

The numerical experiments confirm the fourth-order convergence predicted by Corol-
lary 2. Moreover, the error is 3-5 orders of magnitude smaller compared to the product-
trapezoidal rule, demonstrating the superiority of the proposed optimal formula. The
norm of the optimal error functional decreases as O(h?), which is consistent with the
theoretical analysis.

6 Conclusion

In this work, we constructed an optimal quadrature formula in the Sobolev space. Here
the quadrature sum consists of a linear combination of the values f(zy) of the function
f(z) at the nodes z, € [a, b] and its first derivative, where

a=xo<x1 < - <x, =0

The error of the quadrature formula under consideration is estimated from above using
the product of the norm of the integrand and the L, norm of the particular ¢-function
from the Sobolev space. Moreover, this ¢-function is determined by an unknown factor on
each subinterval. The optimal quadrature formula is obtained by choosing these factors,
which provide the smallest value of the Lo-norm of the p-function. In this work, we found
such a ¢-function. In our upcoming work, we will focus on determining the error and
calculating the norm of the function. The p-function played a crucial role in determining
the optimal parameters, leading to a formula that minimizes the error and maximizes
efficiency. The proposed methodology can be extended to other classes of weakly singular
weighted integrals and different node distributions, providing a useful tool for accurate
numerical integration in theoretical and applied mathematics. Future work will focus on
estimating the error of the obtained quadrature formula and investigating its application
to more general classes of singular weight functions.
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AxTtyanbHocTb: MHOTHE IpakTUIecKue 3a1a9u (PU3UKU U HHKEHEePUU TPEOYIOT BbI-
YUCJIEHUSI NHTErPAJIOB C OCOOEHHOCTAMU. T PaJMIiIuOHHbIE METOIbI BBIYUCICHUS TEPSIIOT
TOYHOCTbH B6J'[I/13I/I ATUX OCO6bIX TOY€EK, ITO3TOMY HeO6XOﬂI/IMbI HOBbI€ METOJbI, KOTOPbIE
MOI'yT paboTaTh C TAKUMH CJIOXKHBIMI HWHTEI'DAJIAMIE.

Ilens: B mannoit pabore pazpaboTaH yjIydIIEeHHBIH METOJ BBLIUUC/IEHUS TAKUX WH-
TerpaJioB. HOBBI MeTOJ MCIIOIb3yeT Kak 3HadeHus] PYHKIUNA, TaK ¥ €€ IPOU3BOJHbIE B
BbI6paHHbIX TOYKaX U OIITUMHU3UPOBaH JJIsI JOCTU2KEHUA MaKCHUMaJILHO BO3MOXKHOII TOY-
HOCTH.

Metoa: Mbl pasBuBaeM MaTeMATHIECKYIO OCHOBY IIYTEM CO3JAHUST CHEIUAJIbHON
GYHKIINN, KOTOpas OTparkaeT IOBeJeHne MHTEerpaJjia ¢ 0CoOeHHOCTBIO. IIyTém omrummu-
3aIuu MapaMeTpoB ITOM CrienuaabHOM (PYHKITUU Mbl OIIPEIE/IIeM JIyUIIne BeCOBbIe KOdd-
GUIUEHTBI J1/1T BBIYAC/ICHUA.

PesynbraTbr: Mbr Haxoanm Bce KO3IDDUINEHTEI, HEOOXOIUMBIE [IJIsi HOBOI'O METO/IA
BBIYUCJICHUsI, ¥ JOKa3bIBAEM, 9TO METOJ paboTaeT mpaBUIbHO. MeTox TOYeH I IIOJIN-
HOMHUaAJIBHBIX (byHKHHfI, n YucCJIeHHbI€ TeCTbhbl ITOKa3bIBalOT, 9YTO OH ﬂaéT pe3yIbTaThl B
TPU-TSITH Pa3 b6oJiee TOYHDbIE, YEM CYIIECTBYIOIIE CTaHIaPTHBIE METO/IbI.

Buaynmoctb: HoBblit MeTon npaktudeH u 3p@EKTUBEH s PEIeHnus] PeabHBIX
3aJia4, CBA3aHHBIX CO CJIO2KHBIMU MHTEr'paJiaMu C OCO6eHHOCT§IMI/I, 1 IIOJXO/ MOXKEeT 6bITb

pacIIupeH Ha Apyrue MOJI00HbIe 33 atMn.

KutroueBbie cioBa: onTuMajibHas KBaJpaTypHasi (popmysia, MeTos o-pyHKINH, caabo-
CUHTYJISIPHBII Bec, ¢opMmysia Tuia JpmuTa, npocrpanctBo CoboseBa, GYHKIIMOHA IIO-
TPENTHOCTH
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