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Algebraic-hyperbolic splines are important in numerical analysis because they com-
bine smoothness and approximation accuracy. In a number of applications, pointwise
function values may be noisy or unavailable, while subinterval integral values consti-
tute the available data. Existing integro-spline constructions address this situation, but
comparison with sixth-order algebraic-hyperbolic natural splines constructed from point
values remains relevant.

The purpose of this work is to construct a sixth-order algebraic-hyperbolic natural
interpolation spline and to compare its approximation accuracy with several spline meth-
ods constructed from integral values.

The interpolating natural spline is constructed in a functional space associated with a
third-order differential operator containing a hyperbolic parameter. A discrete analogue
of the corresponding operator is used to derive the computational algorithm and explicit
systems for the spline coefficients. An important reproduction property of the proposed
spline is established: it exactly reproduces constant and hyperbolic functions.

Numerical comparisons are carried out for two test functions and several numbers of
knots. The approximation errors of the proposed algebraic-hyperbolic natural spline are
compared with those of an algebraic-hyperbolic integro quasi-interpolant, local integro-
splines, an integro-quadratic spline, and an algebraic-trigonometric integro-spline. For
the reported tests, the proposed method yields smaller maximum approximation errors.

The results indicate that the constructed algebraic-hyperbolic natural spline is a
useful high-accuracy approximation tool and provides a basis for comparison between
point-interpolation and integral-data spline techniques.
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Introduction

2Tashkent International University, 7, Kichik khalka yoli str., Tashkent, 100084 Uzbekistan;

Initially, the concept of a spline function was introduced as a mathematical apparatus
by 1. J. Schoenberg in 1946 [1|. The theory of splines can be approached from two distinct
perspectives: the first is an algebraic approach, which relies on examining the system
of equations that defines the spline; the second is a variational approach, which utilizes
the fundamental integral relation between functions belonging to the spaces K™ (a,b) and
K?™(a,b) and the approximating splines. Here,

K™(a,b) = {¢: [a,b] = R, o™=V () is absolutely continuous, ™ € Ly(a, b},

(1)
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and this class of functions K™(a,b) forms a Hilbert space factorized with respect to the
following inner product:

b
(f,9) Km(ap) =/ Lf(x)Lg(x) dx.

In this space, the norm of a function is defined via the above inner product as follows:

b
[ |z .y = \// (Lf(2))* dx. (2)

Here, L is a differential operator of the form

dm dm— 1

d
-— 4+ am—l(I)W + -+ a/l(«r>_ + aO(J;)?

dx
where a,,(z) # 0 and a;(z) € C?[a,b] for j =0,1,...,m.

The extensive development of splines constructed via the variational method is linked
to the scientific work of J.C. Holladay published in 1957 [2]. In that paper, it was
shown that a piecewise cubic spline belonging to the class C*[a,b] = {f : [a,b] — R |
f" is continuous} minimizes the following functional:

[

Later, J.C. Holladay’s work was generalized by J.H. Ahlberg, E.N. Nilson, and
J. L. Walsh, resulting in the first systematic monograph on spline theory [3].

According to [3], let a grid A : a = 2y < 21 < --- < xy = b and a set of values
Y ={y;|i=0,1,...,N} be given. Among all functions f(z) € K™ (a,b) satisfying the
interpolation conditions f(z;) = y; for i = 0,1,..., N, the generalized spline SA(Y; ),
when it exists, minimizes the quantity:

/ (Lf(x))* dz. (3)

In solving these variational problems in practice, particularly when high-order deriva-
tives are involved, systems of linear equations arise. To solve such systems, the method
proposed by S. L. Sobolev is widely used. Using Sobolev’s method, interpolation splines
minimizing semi-norms have been constructed in various Sobolev-type functional spaces,
including L™ (0,1), Ky(Py), and K7(a, b) [4-6].

In recent years, Sobolev’s method has been further developed and applied to a broad
class of approximation and numerical integration problems. In particular, optimal quadra-
ture formulas for oscillatory integrals in Sobolev spaces have been constructed, with ex-
plicit expressions obtained for their optimal coefficients |7]. Optimal interpolation formu-
las have also been derived by using discrete analogues of differential operators, demon-
strating the effectiveness of this approach for determining optimal interpolation coeffi-
cients in Sobolev spaces [8]. Related developments include optimal quadrature formulas
for the numerical integration of fractional integrals in Hilbert spaces [9] and algorithms
based on discrete analogues of higher-order differential operators for constructing optimal
integration formulas [10].
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The scope of the Sobolev approach has also been extended to the numerical solution
of integral equations. Optimal quadrature formulas with derivatives have been applied
to singular integral equations of the first kind with Cauchy kernels [11,12]. For gen-
eralized Abel integral equations, optimal formulas in Sobolev spaces have been used to
develop accurate approximate-analytical solution algorithms [13]. More recently, optimal
quadrature methods have been applied to Fredholm integral equations of the second kind,
illustrating the effectiveness of Sobolev-based optimization techniques in the numerical
treatment of integral equations [14].

Further progress has been made in the construction of optimal integration formulas
in Hilbert and Sobolev spaces. An algorithm based on discrete analogues of differential
operators has been developed for constructing optimal quadrature formulas that are exact
for hyperbolic functions and polynomials [15]. Optimal quadrature formulas with equally
spaced nodes have also been obtained by Sobolev’s method [16]. In addition, Sard’s
problem for optimal quadrature formulas in a Sobolev-type space has been investigated
using the extremal function, Lagrange multipliers, and a discrete analogue of a high-order
differential operator [17]. Weighted optimal quadrature formulas with derivatives have
subsequently been constructed in Sobolev spaces and applied to the approximate evalu-
ation of regular, singular, fractional, and oscillatory integrals [18]. Recent results have
further extended these ideas to spaces of differentiable functions with mixed derivative
data [19].

Of particular relevance to the present study are recent applications of Sobolev’s method
to spline approximation. Natural spline interpolation has been investigated in a Hilbert
space, where Sobolev’s method is used to obtain an algorithm for solving the system of
linear algebraic equations that determines the coefficients of the natural spline [20]. These
developments show that Sobolev’s method provides a unified computational framework
for optimal interpolation, quadrature formulas, numerical solution of integral equations,
and the construction of natural splines, and therefore provides a natural methodological
basis for the high-order algebraic-hyperbolic spline construction considered in the present
work.

While the aforementioned variational approaches and Sobolev space formulations effec-
tively address interpolation based on discrete point values f(z;), many real-world problems
present a different constraint structure. In various physical and mathematical models, in-
dividual node values are inaccessible, and the available data consists solely of subinterval
integrals. This limitation necessitates the transition from point-wise spline interpolation
to integro-spline reconstruction techniques. In many practical applications across me-
chanics, climatology, oceanography, and numerical analysis, node values of an unknown
function f(z) are unavailable, and only its subinterval integrals

Tit1
Ii:/ f@)dz, i=01,.. n—1, (@)

i

on a partition a = 2o < 7 < ... < xy = b are known. The goal of integro-interpolation
is to reconstruct an approximating function S(x) satisfying I; = ff_i“ S(z)dz.

Spline functions offer a natural framework for this task. H. Behforooz [21,22] first in-
troduced integro-cubic and integro-quintic splines based on Hermite and Hermite—Birkhoff
interpolation, although these constructions required additional boundary conditions and
did not directly address the approximation of derivatives. To simplify the construction,
T. Zhanlav and R. Mijiddorj [23]| proposed local integro-cubic splines and investigated

their approximation properties. Subsequently, higher-order schemes were developed to
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improve the approximation accuracy. In particular, J. M. Wu and X. L. Zhang [24] con-
structed an integro-sextic spline interpolation scheme and established its superconvergence
properties.

Now we construct the interpolating natural spline that minimizes the integral (3) for
Ly = W — 2 d , where v € R\ {0}. Then we compare the proposed spline with several
existing splines constructed from integral values.

2 An interpolating natural spline minimizing the norm in the
space Ké‘g)
According to the general theory presented in [3]|, the natural spline minimizing inte-
gral (3) when Lz = j—z —v? di is a sixth-order algebraic-hyperbolic natural interpolation
spline defined as follows, where the corresponding Hilbert space is denoted by K. 533

Definition 1. A sixth-order algebraic-hyperbolic natural spline is a uniquely determined
function satisfying the following conditions:

1. Sas(x) is a linear combination of the functions sinh(vx), cosh(vx), 1, xsinh(vz),
x cosh(vx), and x on each interval (v, x541) for f=0,1,...,N —1;

2. Sas(x) is a linear combination of the functions sinh(vz), cosh(vz), and 1 on the
intervals (—oo, a) and (b, 00);

3. Sas(z) satisfies the following continuity and natural boundary conditions:

Sa(ws—0) = S{3(xs +0), a=0,1,234, F=12.. N1
L3Sas(a) =0, L3Sas(b) =0, (L3Sas(a)) =0, (L3Sas(b)) =0;
4. Sas(z) satisfies the interpolation conditions:

SA73([E5) :f(.l’@), 520,1,...,]\[.

Based on the definition above, we obtain the following theorem regarding the explicit
form and coefficients of the sixth-order algebraic-hyperbolic natural spline.

Theorem 1. The function minimizing the norm in the space Kg is an algebraic-
hyperbolic natural spline, which takes the following form:

Sas( Z C,Gs(z ) + dy sinh(vx) + dy cosh(vz) + ds, (5)

where C,, (y=0,1,...,N), di, da, and ds are the coefficients of spline (5) satisfying the
following system of linear equations:

N
Z C,Gs(xs — xy) + dy sinh(veg) + dy cosh(vaeg) +ds = f(zg), F=0,1,...,N, (6)

Z C, sinh(vz,) =0, (7)
Z C, cosh(vz,) =0, (8)

=0
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i C, =0, 9)

v=0
and G3(z) is the fundamental solution of the operator LiLs, given by [25]:

Gs(z) = &gj;l}é:r) (va cosh(vz) — 3sinh(vz) — 2vz). (10)

In the next section, we give an algorithm to solve (6)—(9) equation system.

3 An algorithm for solving the system of equations

Using the discrete analogue of the differential operator L;Ls, we present an algorithm
for solving the system of equations (6)-(9). We assume that the nodes zz are equally
spaced. Algorithmic Scheme:

Step 1: Initialization and convolution formulation:
Set the node coordinates z3 = hf (h = 1/N) and zero-pad the coefficient
sequence by assuming Cz = 0 for § < 0 and 8 > N. Using the discrete
convolution operation, the original system (6)—(9) is rewritten as follows:

G3(hp)*Cz+d; sinh(vrg)+dy cosh(veg) +ds = f(zg), B=0,1,...,N, (11)

N
Z C, sinh(vz,) =0, (12)
v=0

N
Z C, cosh(ve,) =0, (13)
v=0

N
oo, =0, (14)
~v=0

where G3(hf) is the function with discrete argument corresponding to (10).
Step 2: Introduction of additional notations and discrete operator:
In (11), for arbitrary values of 3, we introduce the following notation.

ps(hB) = G3(hfB) * Cg, (15)

uz(hB) = ps(hB) + dy sinh(vh3) + dg cosh(vhf) + ds, (16)
where us(hf) = f(hp) for 0 < f < N. Convolving both sides of (16) with the

discrete analogue D3(h/f3) of the differential operator AR 21}2% + v4%, we

dab
obtain the inversion formula:

Cs = D3(hf3) * uz(hB). (17)

Step 3: Evaluation of outer regions and parameter definition:
To determine uz(hf) outside [0, 1] (for 5 < 0 and 8 > N), compute the convo-
lution p3(hB) = G3(hB) * Cs. Introducing the coefficients

1 & . IS
by = 1 Z C,(vhy)sinh(vhy), by = 1 Z C, (vhy) cosh(vhy),

y=—00 y=—00

1 [o.¢]
=1 30 Cn)

y==00
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we obtain pg(hf3) = —by sinh(vhf) + by cosh(vhf3) + bz for § < 0, and psz(hf) =
= by sinh(vh3)—by cosh(vh3)—bs for B > N. Defining di = d,Fby, di = da=bs,
di = ds % bs, the complete function us(hf3) is constructed as:

dy sinh(vhfB) 4+ dy cosh(vhp) + d3,

8 <
di sinh(vhf3) + dj cosh(vhfB) +di, B>

?

0
BN,  (18)
N.

Step 4: System solution and spline reconstruction:
Utilize the exterior condition:

Cg = Ds(hp) = us(hfB) =0, h5 &10,1], (19)

to solve for the unknown parameters d; ,d, ,ds,d{,dy,d;. Finally, using the
calculated profile of us(hf), evaluate (17) to obtain the explicit values of the
spline coefficients Cg (8 =0,1,...,N) and dy, do, ds.

Using the above algorithm, in the next section we present a theorem on the coefficients
Cs (8=0,1,...,N), dy, da, d3 of the interpolating spline.

4 The coefﬁcients of an interpolating spline

When Ls = d Lo — ’U2%, we obtained the following theorem for the coefficients of a
sixth-order algebraic-hyperbolic interpolating natural spline that minimizes integral (3).
Theorem 2. The coefficients of the interpolation spline (5) minimizing the semi-norm in

the space Ké?’g with equally spaced knots are given by the following formulas:

92 5
Cy = % {—dl_ sinhvh + d; coshvh + d3 + C5f(0) + f(h)} +

4

2
A
Z—kMkJrZ)\”f (hy) + AV N,
p4 k:l)\ =0
=

Cs = —y - {f(W(B = 1)) + Csf(hB) + f(M(B+ 1))} +

o

20° Ay 8 18- N-B
+_.Z)\k[/\M+Z/\ F(hy) + X Nk,

k=1 v=0

Cy = 2—) {d{ sinh(v(h + 1)) + dy cosh(v(h 4+ 1)) +di + f(1 —h)+ C3f(1)} +
p

2_1)5

@
4

N
My 4+ X F(h) + N,

=0

(df +d7), i=1,2,3,

+

s
o~
,!\

Mw
[\-,“_. :?/|;E>

di =

where
Mg sinh vh A h(vh) — A A
My — —d 2 psinh v L k(CQOS (vh) — X\p) S
1+ A\g™ — 2\ cosh(vh) 1+ A\g™ — 2\ cosh(vh) 1— A
Me(sinh(v(h 4+ 1)) — Agsinhov) | Ag(cosh(v(h + 1)) — Agcoshwv) . Ay
1+ \x® — 2)\; cosh(vh) 2 1+ A\i? — 2), cosh(vh) 1=\

Ny = dt
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and

1— A)2(A2 — 2, cosh ho + 1)) ()
( k) IkCOS vt Ups . k=1,2, C’3:—4coshhv—2—%,
M P4 ( k) Py

pf‘) = hwv cosh hv — 3sinh hv + 2(hv),
p:(,f) = —2(hv cosh hv — 3sinh(hv)) + (—2vh + 3sinh(2vh)) — 8(hv) cosh(vh),

A =

and \j, are the roots of the following polynomial satisfying |\;| < 1:

Py(z)=(1- :E)z[[hv cosh hv — 3 sinh hv]m2 + [3sinh(2hv) — 2hv|x +
+ [hv cosh hv — 3sinh hv]] + 2(hv) (2 — 2z cosh hv + 1)2,
f(1) = df sinh(v) — df
cosh(v) ’

dy = f(0)—d3,  dy =

and dy , ds , df, dj are found by the following equation system

By Bz Biz DB dy T
By By Baz Bos y ds _ 15
Bsi Bz Bsz DBy dy T3 |7
By Bsys By By dy T
where
200 . ) . ) .
B = ﬁ[smh(vh(z — 1)) + Cssinh (vhi) 4 sinh (vh(i + 1)) +
Dy

2 oo
+> A > A sinh(vhy)],

k=1 v=1

PREELUSNE o 1S SN
2= —gmRHC+Y TE) AT -
Py k=1 y=1
— (cosh(vh(i — 1)) + C5 cosh (vhi) + cosh(vh(i + 1)) +
2 o0
A i
+ Z )\—: Z A7 cosh(vhy))],
k=1 v=1
2

2 e .
Bz = OB Z AN Z A7 sinh(vhy),
y=1

py  coshv i

2 o0
2 i
Bu = oy DA™ Y N -
Py k=1 y=1

1
coshv

2 00
Z Ak)\kN+i_1 Z /\k,y COSh(U(h’}/ + 1))]’ 1= ]-7 27
k=1 y=1
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and

2

20° Bl
Biivayn = @ Z AN Z A7 sinh(vhy),

Dy k=1 7—1
21)
Blito)2 4 ZAk)\kNJ”_ Z)\k — cosh ZAk)\ N+i-l Z)\k cosh(vhy)],
2115 , . : : . .
Bliyo)s = ()—[smh(vh(z — 1)) 4+ Cssinh (vhi) + sinh (vh(i + 1)) +
py  coshwv

2 o0
A
+ E =k E A"~ sinh(vhy)],

k=1 k y=1

20°
By :(_03+2+Z Z)\ =il
P4
{cosh(vh(i — 1) + 1) + C3 cosh(v(hi + 1)) + cosh(vh(i + 1) + 1) +
2
DI
k=1

Our next aim is to compare the constructed algebraic-hyperbolic spline with splines
constructed from integral values. Therefore, in the following section, we present some
important types of integro-interpolating splines.

cosh v
00

M cosh(v(hy +1))}], i=1,2.

y=

5 Some important types of integro-interpolation splines

In this section, we give information about integro-quadratic spline, algebraic-
hyperbolic quasi-interpolant, local integro-quadratic and algebraic-trigonometric
quadratic B-splines.

a) In [26], integro-quadratic splines were constructed. Let us assume that S(z) €
C'[a,b] and that S(z) is a quadratic polynomial on each subinterval [z;, z;11], where

a=xg<r1<---<xy=0b

Then S(z) is called a quadratic spline function with respect to the knots zg, 1, ..., xy.
If the integral values I; of the function f(x) are given on each interval [z;, ;] and
the equality

Tit1 Ti41
/ S(:L‘)CL’L‘:L'Z/ f(z)dz, i=0,1,...,N—1,

is satisfied, then S(z) is called an integro-interpolating spline. In this case, the integral
values I; are used to construct such an integro-quadratic spline S(z).
The spline S(x) is defined in the following form:

S(x) = S(z)Hi(x) + LH; j11(x) + S(zig1)Hiva (), T € [T, Tit1],

where
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6 T — Tiy1 T —x;
Hiipa(7) = ,
Ti4+1 — Lj \Ti — Ti4+1 Tiv1 — X4

Hii(x) = (1_3w_$i+1> ( SR )
Ty — Tit+1 Tit1 — T4

b) In [27], an algebraic-hyperbolic quasi-interpolant spline was constructed. Let f be a
real-valued function defined on the interval I = [a, b], and let

Xy ={ti=a+ia, i=0,...,N}

be a uniform partition of the interval I with step size ar. Assume that the following values
are known:

Tit1
Ai::/ f(z)dz, 1=0,1,...,N — 1.
A non-polynomial spline ¢(z) satisfying the following conditions is considered
Tit1
Ai::/ q(x)dx, i=0,1,...,N — 1,

here, the spline ¢ belongs to the algebraic-hyperbolic uniform space defined by the follow-
ing expression:

Qs = {s eCl(l): S

titisa) € SPan{l, sinh, cosh}, 0 <7 < N — 1} .

Initially, we consider the AH quasi-interpolant defined in the following form:

N+2

Qf =Y milf)N;

Here, N;, 1 <i < N + 2, are algebraic-hyperbolic (AH) B-splines, and y;(f) depend on
the values of the function f at the nodal points. The values of the function f at the knots
are approximated using the given integral values A;, 1 =0,1,..., N — 1. Using the Taylor
formula, the following representation is obtained:

[ee)

fl@) = f:) + Galt, i) f'(w:) + Gt ) /(@) + Y Gyt ) Ly f(t:).

Jj=4

Here, G (t, x) is the fundamental solution of the differential operator Ly := D*2(D?—1).

c) In [23], the problem of constructing quasi-interpolation of local integro-quadratic
splines was considered.

d) In |28], algebraic-trigonometric quadratic B-splines were considered.

Let us consider subintervals [z;, z;41], ¢ = 0,1,..., N — 1, on the interval [a, b]. In this
work, the integro-spline interpolation problem is defined as follows. Let S(z) € C'|a, b] be
a function such that on each subinterval [x;, z;11] it is a quadratic algebraic-trigonometric
function. If the integral values I; of the function f(x) on each interval [x;, z;11] are known
and the following relations hold:

Tit1
/ S(x)dx

3

Il
é\&
‘E
=
8
S~—
Q.
53
Il
&~
~
Il
\_O
—
|
—
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then S(z) is called a quadratic algebraic-trigonometric integro-spline interpolant. The
spline S(x) is represented in the following form:

S(x) = STi(x) + LT, i11(x) + Six1Tisa(x)

where
Ti(x) = —hsin(x — z;41) — cos(x — x;) + cos(x — x;11) + cos(h) — 1
= hsin(h) + 2(cos(h) — 1)
hsin(x — x;) + cos(x — x;) + cos(x — x;41) + cos(h) — 1
1y = hsinge =) + cos(a = ) + costa = 11) + cosl)

hsin(h) + 2(cos(h) — 1)

cos(—4 — 2 4 g)sec(d) — 1

L) = s tan(2)
2

where h = x;.1 — z; denotes the step size. In the following, we compare the approxima-
tion accuracy of the constructed algebraic-hyperbolic natural spline with that of splines
constructed using integral values through numerical results.

6 Numerical results

In what follows, using the values at the knots and the boundary conditions, we com-
pare the approximation errors of the interpolating algebraic-hyperbolic natural spline
constructed in the form (5) for the parameter value v = 0.1 with those of the integro-
interpolation splines considered in cases (a)—(d), where the integral values of the function
are assumed to be known.

For the function f(z) = cos(mz), we present a table of the maximum approxima-
tion errors obtained by the sixth-order algebraic-hyperbolic interpolating natural spline
developed in this work, the algebraic-hyperbolic integro quasi-interpolant [27], the local
integro-cubic spline 23], and the integro-quadratic spline interpolation [26] for different
numbers of knots, namely N = 10, N = 20, and N = 40.

Table 1 Maximum approximation errors Ry (f) for f(x) = cos(nz).
N Our method Method in [27] Method in [23] Method in [26]
10 1.18 x 1074 1.83 x 1074 6.21 x 10~* 2.50 x 1074

20 7.37x107° 1.07 x 107° 4.05 x 107° 3.11 x 107
40 459 x 1077 6.59 x 1077 2.55 x 1076 3.86 x 1076

. exp(ﬁ) tanh(ﬁ) .
For the function g(z) = T ., we present a table of the maximum ap-

proximation errors obtained by the constructed algebraic-hyperbolic natural spline in the
space Kéijz)((), 1), as well as by the algebraic-hyperbolic integro quasi-interpolant [27],
integro-quadratic spline [26], and algebraic-trigonometric integro-spline [28] methods for
different numbers of knots N = 8,16, 32, 64, 128.

The comparative analysis of the numerical results presented in Tables 1 and 2 shows
that the proposed algebraic-hyperbolic natural spline demonstrates higher approximation
accuracy compared with the traditional integro-splines based on integral mean values.
The obtained errors in approximating the test functions confirm that the constructed
model provides a more effective tool for the reconstruction of function characteristics.
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eXp( 1+1m2 ) tanh(ﬁ)

Table 2 Maximum approximation errors Ry (g) for the function g(z) =

141623
N Our method Method in [27] Method in [26] Method in [2§]
8§ 164x107*  124x107° 1.64 x 1072 1.69 x 1072
16  9.22x107° 7.81 x 107° 1.00 x 1073 1.01 x 1073
32 7.91x1077 4.88 x 107° 6.26 x 107° 6.28 x 107°
64 7.7 x 1078 3.05 x 1077 3.91 x 107 3.92 x 107
128 8.27 x 107° 1.90 x 1078 2.44 x 1077 2.45 x 1077

7 Conclusion

In this work, the problem of constructing a sixth-order algebraic-hyperbolic natural
spline using a discrete analogue of the differential operator was considered.

To evaluate the approximation accuracy of the proposed algebraic-hyperbolic natural
spline, numerical experiments were performed for two test functions. The obtained results
were compared with various types of integro-splines constructed based on integral values,
including the algebraic-hyperbolic quasi-interpolant, integro quadratic spline, local integro
cubic spline and algebraic-trigonometric integro-spline.

The computational experiments showed that the proposed algebraic-hyperbolic natural
spline produced smaller errors than the considered integro-spline methods in approximat-
ing the test functions. This demonstrates the potential of the constructed spline model
as an effective tool for high-accuracy approximation problems.
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CPABHUTEJIbHBIII AHAJIN3

AJITEBPAUKO-T'IITEPBOJIMYECKNX HATYPAJIBHBIX
CIIJTAVMHOB HIECTOI'O ITIOPAJKA I NTHTEI'PAJIBHBIX

KBA3SMMHTEPIIOJIAIIMOHHEBIX CIIJIAITHOB

L2 Hypaaues @.A., 13 A60yanaesa I'.I11.
gulruxshukurillayevna@gmail.com

"Mucruryr maremaruxu um. B.J. Pomanosckoro AH PY3, 100174, Vs6ekucran, r. Tamkent,

yi1. YHuBepcurerckasi, 9;

2TamkenTcKuii MexkIyHapoaublil yausepcuter, 100084, Ya6exucran, r. Tamxent, yir. Kuunk

XaJKa uyna, 7;
3Tocymapcrsennsiii yausepcurer «Cyber Universitys», Ys6exucran, TamkenTckast 06iI.,
r. Hypadman, yiu. durunobom, 42

IIpeanoceliakm: Arebpanko-runepbo/JInYecKue CljIafiibl BayKHbl B YUCJACHHOM aHa-
Jim3e OJ1arogapsi COYETAHUIO VI IKOCTH M BBICOKOI TOYHOCTH aIlllpOKCUMAIu. Bo MHOTTX
3a/1a9ax TOUeUHble 3HAUYeHNsT (DYHKIIMH MOTYT OBITH 3alllyMJIeHbl UJIH HEJOCTYIIHBI, TOIa
KaK MCXOTHBIMU JAHHBIMU CJIy»KaT HHTerpaJibHble 3HaYeHUsl Ha IoJgoTpe3kax. Ilosromy
a.KTyaﬂbHO CpaBHeHUE MeTOJ0B, I/ICHOJIb3yIOH_H/IX TOYEYHbIC 1 NHTEeIr'PpaJIbHbIC JaHHBbIC.

Ilens: Ienp paboThl COCTOUT B IOCTPOEHUN AJreOparmKOo-THIEPOOJINIECKOIO HaTy-
PaJIbHOT'O MHTEPIIOJIATTNOHHOI'O cIjIaiiHa I1ecToro nopdJKa U CpaBHEHUU €ro TOYHOCTHU C
PSIIOM CILIAAHOBBIX METOIOB, IIOCTPOEHHBIX 110 MHTEIPAJILHBIM 3HAUYEHUSIM.

Metoa: HartypaibHblli HHTEPIIOJSIMOHHBIN CIUIARH CTPOUTCH B (DYHKIIMOHAJIHLHOM
[POCTPAHCTBE, CBSI3aHHOM ¢ JudhepeHnralbHbIM OIEPaTOPOM TPETHErO MOPSIKA, COIEP-
JKaIuM TUIepboIndeckuii napamerp. JMCKpeTHBI aHaJIOI COOTBETCTBYIONMIEro audde-
PEHITHAJIBHOIO OIEPATOPa UCIIOJIb3YEeTCs [IJIsT IOCTPOEHUST BBIYUCIUTEHLHOTO aJIlOPUTMA
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U MOJIyYeHUs SBHBIX CUCTEM JjIsl ompeeseHusi Ko dUImuenToB cruiaifna. YCTaHOBJIEHO
BayKHOE BOCIIPOU3BOJIAIIEE CBOWCTBO MOCTPOEHHOTO CILIAHHA: OH TOYHO BOCIIPOM3BOJUT
[OCTOSTHHBIE U TUIepOomIeckue (PyHKITUH.

Pesynbrarser: /g qByx TecTOBBIX DYHKINI W PA3JIAIHBIX GHCE]T Y3JIOB IIPOBeEIe-
HO YHUCJICHHOE CPaBHEHUE C aJrebpamKO-rurepoonIecKuM HHTEIPAJIbHBIM KBa3UUHTED-
MIOJITHTOM, JIOKAJIbHBIME WHTErPO-CILIAHAMU, MHTEIPO-KBAJIPATUIHLIM U ajredpanko-
TPUTOHOMETPUIECKUM MHTEI'PO-CIUIafHAME. B IpUBEJEHHBIX BBIYUCIUTEBHBIX SKCIIEPU-
MEHTaX IPEJJIOXKEHHBIN MeTOM, JTaéT MEHBIITNE MAKCAMAJbHBIE MOTPEITHOCTU AIIPOKCH-
MaIliH.

3uaunmocTsk: [loydennbie pe3ysibTaThl MOKA3BIBAIOT BO3MOXKHOCTD [IPUMEHEHUSI 110~
CTPOEHHOI'0 HATYPAaJLHOIO CILJIaiHa B 3a/la9aX BHICOKOTOYHON AIITPOKCUMAIIMT U TI03BO-

JIAIOT COIIOCTaBJIATH METOAbI ITO TOYEYHBIM U MHTEIr'DaJIbHBIM JTaHHBIM.

KuaroueBbie cioBa: ajirebpanko-rumnepOoomdIecKuil CIiaiii, HaTypaabHBIH CIIAaiiH, WH-
TErpo-MHTEPTIOATNS, TUMDPEPEHTNATBHBIN OIEPATOP, CKOPOCTH CXOINMOCTH, OTIEHKA, TIO-
TPENTHOCTH

Huruposanue: Hypasues DP.A., Abdyaraesa I.III. CpaBHUTEBHBIN aHaan3 ajred-
PAMKO-TUIIEPOOJIMICCKIX HATYPAJBHBIX CILIAHOB IMIECTOTO TOPSIKA U HUHTErPAJBHBIX

KBa3UMHTEPIIOJISIIIUOHHBIX CIUTAiHOB // IIpo6ieMbl BBIYUCINTEIbHO 1 IPUKJIAIHOM Ma-
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