Optimal quadrature formulas. .. 141

UDC 519.63

OPTIMAL QUADRATURE FORMULAS WITH
TRIGONOMETRIC WEIGHTS IN A SOBOLEV SPACE

Barraeva S.Sh.
sevarashoimovna@gmail.com
Bukhara State University, 11, M. Ikbol str., Bukhara, 200117 Uzbekistan

Background: The accurate and efficient numerical evaluation of highly oscillatory
integrals remains a challenging problem in computational mathematics and applications
such as mathematical physics, wave dynamics, optics, and signal processing. Classical ap-
proaches, including Filon-, Levin-, and asymptotic-type methods, are effective for highly
oscillatory integrals but do not directly address the construction of optimal quadrature
formulas in Sobolev spaces or the minimization of the associated error functional.

Purpose: This study aims to construct an optimal quadrature formula for highly
oscillatory integrals with trigonometric weights in Sobolev spaces, determine its quadra-
ture coefficients, and investigate the behavior of the corresponding error.

Method: The integral is decomposed into sine and cosine components and trans-
formed through piecewise integration to obtain a formulation suitable for the Sobolev-
space framework. The quadrature coeflicients are derived by minimizing the norm of the
associated error functional. A system of conditions characterizing the optimal coefficients
is established, and explicit expressions are obtained for uniformly distributed nodes. This
approach incorporates both the oscillatory structure of the integrand and the functional
properties of the underlying Sobolev space into the quadrature construction.

Results: Explicit analytical expressions for the optimal quadrature coefficients are
obtained. The derived formulas satisfy the required exactness conditions for constant and
linear functions. Numerical experiments demonstrate that the quadrature error exhibits a
non-monotonic dependence on the oscillation parameter, with substantial error reduction
observed for specific parameter values.

Implication: The proposed quadrature formula provides a Sobolev-space-based op-
timal approach for highly oscillatory integrals and extends existing quadrature techniques
by incorporating oscillatory behavior directly into the optimization of the approximation
error.
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1 Introduction

Highly oscillatory integrals arise in many areas of applied mathematics and mathemat-
ical physics, including wave propagation, optics, electrodynamics, quantum mechanics,
and signal processing [1,2]|. Their accurate and efficient numerical evaluation becomes
particularly challenging when the oscillation frequency is high. Such integrals also occur
in Fourier and Bessel transforms, tomographic reconstruction, and other computational
problems involving rapidly varying functions [3,4]. Quadrature formulas provide an im-
portant class of numerical methods for their approximation [5, 6].
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The numerical treatment of highly oscillatory integrals has a long history. Filon intro-
duced one of the first specialized quadrature methods for trigonometric integrals [5]. Levin
proposed a differential-equation-based approach for oscillatory integrals, while Iserles and
Norsett developed methods incorporating derivative information [4, 6]. Olver investigated
asymptotic techniques for the numerical evaluation of highly oscillatory functions [7].
These approaches have provided effective tools for a wide range of oscillatory integration
problems.

The theory of optimal quadrature formulas is closely connected with approximation
theory and functional analysis. Fundamental results by Sard, Sobolev, and Nikolsky
established important foundations for optimal integration and cubature formulas in func-
tional spaces. In this framework, the error of a quadrature formula is represented by an
error functional, and the optimal formula is obtained by minimizing an appropriate norm
of this functional [8,9]. This approach provides a rigorous framework for determining
optimal coefficients and estimating the corresponding approximation error.

Optimal quadrature formulas in Sobolev spaces have been studied extensively, includ-
ing formulas involving derivatives and formulas with positive coefficients [10, 11]. Further
developments have considered optimal formulas in the sense of Sard, Sobolev spaces of
complex-valued functions, and higher-order Sobolev spaces [12-14]. In these studies, ex-
tremal functions of error functionals are used to derive explicit representations of the
optimal coefficients and corresponding error estimates.

Derivative optimal quadrature and interpolation formulas in Sobolev spaces have also
attracted considerable attention [10, 11, 15]. The use of equally spaced nodes is of particu-
lar practical interest because it leads to convenient composite formulas and facilitates their
numerical implementation [16]. Recent studies have further investigated the minimiza-
tion of error-functional norms and the construction of formulas with explicitly determined
coefficients |9, 16].

Fourier integrals represent an important class of highly oscillatory problems for which
Sobolev-space methods are particularly useful. An optimal quadrature formula for the
approximate calculation of Fourier integrals was constructed using the p-function method,
which provides a systematic procedure for determining optimal coefficients through the
minimization of the corresponding error-functional norm [17]. Related results on opti-
mal interpolation formulas with derivatives and auxiliary methods further develop this
functional approach [18-20].

Despite these developments, the construction of optimal quadrature formulas with
derivatives for highly oscillatory integrals with trigonometric weights remains insufficiently
studied. In particular, incorporating derivative information together with oscillatory sine
and cosine weights within a Sobolev-space framework requires further investigation.

In this paper, we construct optimal quadrature formulas with derivatives for highly
oscillatory integrals with trigonometric weights in the Sobolev space Lgl)(a, b). The co-
efficients are determined using the y-function method by minimizing the norms of the
corresponding error functionals. The exactness properties of the constructed formulas are
established, and their approximation errors are examined numerically.

2 Problem statement and method

In this paper, we consider the highly oscillatory integral of the following form in the
space Lg)(a, b)
b

1(f) = / P £ (1) da, 1)

a
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where w is the oscillation parameter, f(z) is an integrable function, and a = 7y < x; <
. <z, =0
According to Euler’s formula,

¥ = cos(2mwr) + i sin(2mw) (2)

holds. Therefore, we separate the integral (1) into its real and imaginary parts:

b

b
I(f) = /cos(27rwx)f(x)dx+i/sin(27rwx)f(x)dac (3)
-

and introduce the notations I.(f) and Is(f) respectively:

b

Lif) = / cos(2rwz) f(z)dz, (@)

a

b

L(f) = / sin(2rewz) f(x)dz. (5)

a

We construct optimal quadrature formulas for integrals (4) and (5):

L) =Y Aif(m), L) =D A f(m). (6)
k=0 k=0

To transform the integrals in (4) and (5) into a form suitable for constructing the
optimal quadrature formula, we introduce the functions ¢f(z) and ¢j(z) satisfying

(¢ (x))" = cos(2mw), (s (z))" = sin(2mwx), k=1,...,n.

Here, ¢§(z) and ¢ (z) denote the corresponding functions on the interval [xy_1, zx].
Hence, their general forms are given by

1
() = P sin(2mwz) + Cf, -

1
or(z) = ~g cos(2rwx) + Cy, k=1,...,n,

where C} and C} are constants of integration to be determined optimally.

Integrating by parts with u = f(z) and dv = (¢ (x)) dx for I.(f) and dv = (}(z)) dz
for I5(f), we obtain du = f'(z)dx and v = ¢{(x) or v = ¢;j(x), respectively. Thus, the
integrals I.(f) and I;(f) are transformed as follows:

n

I.(f) = /a cos(2rwx) f(x) dx = Z/ (z) dv = Z [pr () f(2)]5 =

k=1

B Z/ x) da = Z () (o) = ehlaraa) f(zp1)—
Tk k=1
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Applying this method to expression (6 ) as well, we obtain the following results:

L(f) = @iy (wn) f(20) Z i (xx) — P (2r)) f(an)—

k

() f () — Sy [ ) () de,

Tr—1

L(f) = &5 (wn) f (2 +Z o) — P (zn) flaze)—
—¢i(zo) f (o) — 225= 1ka L f'(z) d.

Introducing the following notations for the coefficients in (9) and (10), respectively:

(10)

AC = — C(SC())

Ac k( ) ka—i-l(xk) k=1n-1, (11>
AL = (),

Ap = —¢i(x0),

AZ = Qpi(wk) - 902—1-1(1‘/6)7 k=1mn—1, (12>

A5 = @) ()

the corresponding error functionals are given by

R =% / o5 () f (),
k:1$k—1
R =-3 / oh(0) ' (2)da

To determine the optimal values of the constants C} and C}, we introduce the corre-
sponding error functionals:

Tk T

FL(C5) = / (h(0)de,  FA(CD) = / (ot () e (13)

Tp—1 Tp—1

By minimizing the error functionals in (13), we determine the optimal values of the
constants C} and C}.
dFy(Cy)

=0
dCs !
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dE(CR) _
acy '
Solving the resulting equations yields the optimal values:
1
Ci=— 5 (cos(2mway) — cos(2mway_1)), (14)
(x — x_1)(27TW)
1
Cp = 5 (sin(2mwwy,) — sin(2rwrg_1)) . (15)

(vp — zp—1)(27W)
Using these coefficients in (7), we obtain the following expressions:
1

¢ = ——sin(2rwr) — cos(2mwzxy) — cos(2mwrr_1)), 16
= g A2mr) = e (cos(2mn) — cos(2rwm) (16

1
P = ———cos(2rwz) +
Pk 2Tw ( ) (l‘k — Ik_l)(Qﬂ'W)z

(sin(2rwzy) — sin(2mwzg_1)) . (17)

Theorem 1. The coefficients of the approximation formula of the form (6) in the space
L8 (a,b), for w € R\ {0}, are determined by (11) and (12). For the equally spaced nodes
b—a

rr = a+ kh, h = , k=0,1,...,n,
n

the optimal coefficients Af and A; take the following simplified forms:

. sin(2mwzy)  cos(2rwry) — cos(2mwxg)
AO _- — + ;

27w h(2mw)?
L2
o AR ) "
e — sin(2rwz,)  cos(2rwr,) — cos(2rw,—1)
" 21w h(27w)? '
cos(2mwxg)  sin(2rwzy) — sin(2mwxg)
A(S) — - )
27w h(2mw)?
. .9
= e S S B (19)
45— _cos(2mwzn) | sin(2rwz,) — sin(2rwr,-1)
" 2w h(27rw)?

Thus, the quadrature formula of the form (6), with the optimal coefficients obtained
by minimizing the error functional defined in (13), is referred to as an optimal quadrature
formula.

2.1 Finding the norms of ¢{ and ¢}

First, we determine the norm of ¢§. From expression (16), we obtain the square of its
norm.

n zp .
9 sm (2rwz)  2sin(2rwz) cos(2rwy)
c — d — .
1| k§:1 /w“(so r = E / (2rw)? 5

(27w)3(z — T_1)

_ 2sin(2mwa) cos(2mwry_1) | (cos(2mwzy) — cos(2mwry_1))?
(2rw)3(zy — Tp—1) (2rw)*(xy — Tp—1)?

|de =
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2 8w

~ [ 1 (:Ek —rpo1 sin(drwayg) — sin(47rka_1)) N

3(cos(2nwxy,) — cos(2mwry_1))?

(2rw)*(x — Tp_1)

. " 1 T — o1 sin(drwzxy) — sin(drwrg_q)
leell> = > 5 ( - )+
(27w) 2 8w

k=1
3(cos(2mwzy) — cos(2mwzy_1))?

].

(2mw)H(z — T_1)

Similarly, for ¢; we obtain

s - 1 Ty — Ty  sin(drwzy) — sin(drwrg_q)
l*))? = Z[( ( + )+

27w)? 2 8w
k=1

(sin(2mwzy) — sin(2rwxg_1))(cos(2mwzy) — cos(2mwrg_1))
(2rw)*(z — T_1)

n Ty n .
s12 s 2 1y — T — Tk—1
Il =3 / et =3

sin(4rwxy) — sin(drwzy_1)  (sin(2rwzy) — sin(2rwrg_1))
8w (2mw)? (2mw)*(zy — Tp—1)

.

2

!

3 Results and discussion

In this section, we apply the proposed optimal quadrature formula to the numerical
evaluation of several integrals.

b n
/ f(z) sin(2rwz) dr ~ Z Aj (), xp — T_1 = h.
@ k=0

Example 1. Let f(z) = 1, it is straightforward to verify that the integral has the
following solution:

cos(2mwa) — cos(2mwb)

b
/ sin(2rwx) dr =

2mw

Then we apply optimal quadrature formula (6) to evaluate the integral.

n n—1 . .
1 sin(2mwzy) — sin(2rwzy)

Aj = Af A+ Ay = —— cos(2 —
Z k ot Z kT Ay 9w cos(2mwo) (21 — 7o) (27w)?
k=0 k=1

sin(2rwz) — sin(2rwxy)  sin(2nwzs) — sin(2rwz)
— J’_ .. J’_
(x1 — 20)(27mw)? (29 — 1) (27Tw)?
sin(2rww,—1) — sin(2rwr,—»)  sin(2rwz,) —sin(2rwz,—1) 1 cos(2mwm, )+
(Tp_1 — Tp_o)(2mw)? (T — p1)(2Tw)? 2mw
in(2rwa,) — sin(2rw,,_ 1 1
sin@mwan) = sin(2rwin1) _ cos(2mwxgy) — —— cos(2mwz,).

(T — xp1)(2Tw)? 27w 27w
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Since ¢y = a and x, = b, we conclude that our optimal quadrature formula is exact

for constant functions.
First, we use the following notations.

b—
th=a+kh, k=0,1,...,n h=-"2 (20)
n
2 2mw,
0 rw, sy = sin@mwny), o= SZTWT) o cos@mem) )
2mw 2mw
cos(2mwxy)  sin(2mwzy) — sin(2rw) So — S1
Ay = - 2,2 = Ho T — 5o
27w 4z — xo) W 4h0
g — sin(2rwwy) — sin(2rwrg—1)  sin(2mwrgq1) — sin(2rwry)
ke A(xp — wp1)m2W2 A(xpyq — xp)m2W02 B
28 — Sg—1 — Sky1
== k=1,2...,n—1.
4h82 ) ) ) Jn
4 - cos(2rwxy) | sin(2rwxy) — sin(2rwr, 1) N Sp — Sp_1
" 2mw A(xy — Tpq) W2 R 4h0?

The sum may be expressed in the following form:

> Apap=) Ap-(ath-k)=) Ay-ath-> Ag-k.
k=0 k=0 k=0 k=0

I. The two sums are evaluated separately.

n n n—1
ZAka:aZAk:a<AO+ZAk+A”):
k=0 k=0 k=1

n—1

B S0 — S1 28K — Sp—1 — Sk41 Sn = Sn—1, _
=a-(uo+ =G T 162 Tt g ) =
B Sog—S1 2851 —Sg— S92 289 — 81 — S3 283 — S9g — Sy
=a- (ot =5 16 16 mee T
23n72 — Sp—3 — Sn—1 237171 — Sp—2 — Sn Sp — Sp—1 o

Taking a as a common factor yields the result for f(z) = 1. Specifically, since
D Ax-a=a-(uo+ ),
k=0
we obtain

S 2 2mW, ’
ZAk = po + pn = cos(2mway) _ cos(2moa) = / sin(2rwx) du.
k=0 a

2mw 2mw

II.

n—1

k=0 k=1
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-1

— 5 28, — s — 5 Sy — Sp—

— (g4 2= S0 1 O+ k k—1 k+1 k+n-un+n-—1:
4h92 4h6?

n—1 n—1 n—
1 Sp — Sn—1 o
= 4h02[k§128k'l€— kEISk_l -k — kgl Sk+1 k]—i—n,un—i—n W =

n—1 n—2
1 5 — Sp—1
1 n—2 n—2
= 281+228k kE+2s, 1(n—1))—(so+2s1+ Y sp-(k+1))—
= k=2
n—2 s — s
;sk k—1)+s,_ 1(n—2)+3n(n—1))]+n‘un+n‘%:
1
= he —— (251 + 28,1(n — 1) — (s0+ 251) — (Sp—1(n — 2) + sp(n — 1))+
n—2
Sp = Sn—1

(251 + 28, 1(n — 1) — (80 +251) — (Sp_1(n — 2)+

1
 4ho?
1
W(Sn S0) + Nfby-

The numerical performance of the proposed quadrature formula was evaluated using
the test function f(z) = 23 on [—1,1]. Fixing the number of nodes at n = 10, the
frequency parameter w was varied from 10 to 20. For each w, we computed the exact and
approximate integrals to determine the absolute error

En(f) = (f) = @n(f)],

where I(f) and Q,(f) represent the exact integral and its quadrature approximation,
respectively. The error analysis is summarized in Table 1.

Table 1 indicates a non-monotonic, oscillatory trend in the absolute error as w in-
creases. Notably, sharper error reductions appear at w = 10, 15, and 20, a phenomenon
driven by the integrand’s frequency and the weight structure of the quadrature nodes. Fig-
ure 1 demonstrates that our quadrature formula maintains high accuracy as w increases.

+sn(n— 1)) +n(sy — Sp_1)] + N, =

4 Conclusion

Optimal quadrature formulas incorporating derivative values have been constructed
for hlghly oscillatory integrals with trigonometric weight functions within the Sobolev
space L (a b). The methodology rests on formulating the quadrature error as a linear
error functlonal and subsequently minimizing its norm over the specified Sobolev space.

By employing the ¢-function method, the quadrature coefficients were explicitly de-
rived from the system of optimality conditions. The resulting formulas leverage both
function and first-derivative values at the nodes, directly absorbing the oscillatory behav-
ior through the trigonometric weights.
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Table 1 Absolute errors for the test function f(z) = 2® with n = 10.

w En(f)

10 4.837730-107°
11 1.954607 - 1073
12 1.005947-1073
13 9.030123-10~*
14 1.246740-1073
15 1.433399-107°
16  9.292260 - 10~*
17 5.053357-10~*
18 4.678252-10~*
19 6.743811-10"*
20 6.047100- 1076

uiIL.luLL,.J (YT ¥ Y

20 30 40 50 60 70 80 90 100

W

Figure 1 Absolute error for f(z) = 22, n = 10.

Explicit expressions for the error functionals and their norms were established. Ex-
actness analysis verified that the constructed formulas reproduce the target test functions
precisely, confirming the theoretical consistency of the scheme.

Numerical experiments illustrated the error behavior across different oscillation
regimes. The results indicate that the approximation error depends jointly on the node
count and the oscillation parameter w; notably, the error does not decrease monotonically
with increasing frequency, which reflects the intrinsic nature of oscillatory integration.

Overall, this Sobolev-space framework provides a rigorous foundation for integrating
derivative data into weighted quadrature rules. The proposed approach can be extended
to higher-order Sobolev spaces Lgm)(a,b), non-uniform node distributions, and broader
classes of highly oscillatory kernels.
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OIITUMAJIBHBIE KBA/IPATYPHBIE ®OPMYVJIBI C
TPUI'OHOMETPNYECKNMU BECAMU B
ITPOCTPAHCTBE COBOJIEBA

Bappaesa C.III.
sevarashoimovna@gmail.com

Byxapckunii rocynapcrsennniit yuusepcuret, 200117, ¥Y3bekucran, r. Byxapa, yia. M. Uk6osa, 11

AxryanbHocTh: TouHbIl 1 3(pdEKTUBHBIN YUCTEHHBI PACIeT CUJIBHO OCIIAJLIHPYO-
[IIUX THTErPAJIOB OCTAETCsI CJIOYKHOM 3a/1a1eil BEIYUCINTEIbHON MATEMATHKI U TAKAX IIPU-
KJIQJTHBIX 00J1acTeil, Kak MaTeMaTuvieckas (pu3nka, JMHAMAKA BOJIH, OITHKA U 00paboTKa
curnajoB. Kiaccndeckue moaxo/ibl, BKIOYasg MeToasl Tuna Pumona, JleBuHa u acuMITo-
TUYECKHE METOJIbI, 3(pPEKTUBHDI M1 BLIYUCICHUSI CUILHO OCIUIIMPYIOIINX HHTEIPAJIOB,
OJTHAKO HEIOCPeJICTBEHHO HE PACCMATPUBAIOT IMOCTPOEHNE ONTUMAJBHBIX KBAIPATypPHBIX
dopmyn B mpocTpancTBax CobosieBa 1 MIHMMHUBAINIO COOTBETCTBYIONMIErO (DYHKITTOHAJIA,
[IOTPEITHOCTH.

Iens: Leynbio HACTOSIIETO UCCIIEIOBAHNS SIBJISETCS TOCTPOEHNE OITUMAJIBLHON KBaI-
paTypPHOI (DOPMYJIBI JJIsl CUJIBHO OCIMJLINPYIONIUX HHTEIPAJIOB C TPUTOHOMETPUIECKAMHU
BecaMu B rpoctpancrBax CoboJieBa, OlpesiesieHre ee KBaIpaTypPHBIX KO3MDPUIMEHTOB U
HCCJIeJOBAHUE TTOBEJIEHUSI COOTBETCTBYIOIIEH OTPEITHOCTH.

Meroa: Varerpas paziaraercst Ha CHHYCOMJIAIbHYIO I KOCUHYCOMIAJIBHYIO COCTaBIISI-
FOIIIE, TIOCJIe Yero ¢ IMOMOIIBIO TI03JIEMEHTHOI'O HHTErPUPOBAHUS [Tpeobpas3yercs K (popme,
MPUTOIHON JjIsi IpUMeHeHusT MeToJ0B Teopun mnpocrpancts CoboseBa. KsagparypHbie
KO3 DUITUEHTHI OIPEIENISIOTCS IyTeM MUHUMU3AINH HOPMbBI COOTBETCTBYIOIIErO (PyHK-
[IMOHAJIA TIOTPENTHOCTH. YCTAHABINBAETCA CHCTEMa YCJIOBUM, XapaKTepPU3YIOMas OITH-
MaJIibHbIE KO(DDUIUEHTHI, W TOJYUIAITCA UX SBHBIE BBIPDAYKEHUsI JIJIT PABHOMEDPHO Pac-
MIPEIEJICHHBIX y3/I0B. 1IpetoXKeHHBIN MOAX0 YINTHIBAET KAaK OCIUJIINPYIONLYI0 CTPYK-
TYPY HOJIBIHTErPATBHOM (DYHKITUH, TAK U (PYHKIIMOHAJIBHBIE CBOMICTBA COOTBETCTBYIOIIETO
npocrpatcTBa CoboJieBa IpH MOCTPOEHUN KBaAPaTypPHOl (POPMYIIBL.

Pesynbrarbr: [losydyensr sBHBbIE aHAJUTHIECKHE BBIPAXKEHUS JIJIsI ONTUMAJIBHBIX
KB IPATYPHBIX KO3 PuImenToB. BoiBeaenubie (hopMysIbl yI0BIETBOPSIOT HEOOXOIMMBIM
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152 Bappaesa C.III.

YCJIOBUSIM TOYHOCTHU JJIsi IIOCTOSHHBIX M JIMHEHHBIX (PyHKINA. YucjaeHHbIe SKCIepUMeH-
ThI IIOKA3bIBAIOT HEMOHOTOHHYIO 3aBUCHMOCTD IIOIPEITHOCTH KBaIpaTypHOI (DOPMYJIBI OT
nmapaMeTpa, OCIUJISIIIAN, IPUYeM JJIsl OlIPedeIeHHbIX 3HAUYEHU JaHHOIO apaMeTpa Ha-
OJIrO/TaeTCST CYIECTBEHHOE YMEHbBIIIEHNEe TTOrPEITHOCTH.

IIpakTuyeckasi 3HaunMocCThb: lIpemioxkernnas KBagpaTypHas (popMysia mIpeacTaB-
JisteT co0oli ONTUMAJIBHBIA HOAX0M K BBIMUCJIEHNIO CUILHO OCHUIIAPYIONUMX UHTErPAJIOB
Ha ocHOBe 1pocTparcTs CobosieBa 1 pacIIupseT CyIIeCTBYIOIIE METOIbl YMCIEHHOIO NH-
TErpupOBaHUS 38 CIET HEIOCPEJICTBEHHOI'O yUeTa OCIUIINPYIOIIEro XapakTepa WHTerpa-
JIa IIPU OIITHUMU3AINN ITOT'PEITHOCTH HpI/I6JII/I)KeHI/IH.

KiroueBble cji0Ba: CHIBHO OCIUJIIHPYIONIINE WHTETPAJIBI, ONTUMAIbHAS KBaIpaTyp-
Has popMyJia, onTuMaJsbHble KoahduimenTsl, npocrpanctso CobosieBa, GpyHKIMOHA T10-
[PEITHOCTH, YUCJICHHOE MHTEIPUPOBaHUE

Hutuposanue: bappaesa C.III. OnTumasbable KBaIpaTypHBIE (POPMYJIBI C TPUTOHOMET-

pudeckumu Becamu B npocrpancTse Cobosesa // ITpobsieMbl BBIMUCINTENBHON W 1IPH-
KyaqHoi Maremaruku. — 2026. — Ne4/1(75). — C. 141-152.
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