Optimal quadrature formula in a Hilbert space. .. 127

UDC 519.644

OPTIMAL QUADRATURE FORMULA WITH MULTIPLE
NODES IN A HILBERT SPACE

L2 Polvonov S.Z.
szpolvonov@gmail.com
v I. Romanovskiy Institute of Mathematics, Uzbekistan Academy of Sciences, 9, University
str., Tashkent, 100174 Uzbekistan;
2Tashkent International University, 7, Kichik khalka yoli str., Tashkent, 100084 Uzbekistan

Background: Quadrature formulas that use derivative values alongside function
values attain a higher order of accuracy for a fixed number of nodes. In the variational
setting of Sard the nodes are fixed in advance and only the weights are chosen, so as
to minimize the norm of the error functional over a normed space of integrands. Con-
structions of this kind have been carried out mainly in Sobolev spaces whose seminorm
is generated by a pure derivative of order m, which yields exactness on polynomials only,
and the derivative weights have usually been retained at the endpoints of the interval
alone.

Purpose: The aim of the work is to construct an optimal quadrature formula in
the sense of Sard in the Hilbert space WQ(:Z’Q)(O, 1) in which the first-derivative weights
are retained at every node, while the function-value weights are fixed to those of the
trapezoidal rule, so that exactness for the constant, the linear function and a decaying
exponential is built into the formula.

Method: The construction follows the method of S. L. Sobolev. The extremal func-
tion of the error functional is determined, and the Riesz representation theorem then
yields a closed-form expression for the square of the norm of that functional as a quadratic
function of the unknown derivative weights. Minimizing this quadratic under the exact-
ness constraints by the method of Lagrange multipliers leads to a linear algebraic system
for the weights and the multipliers.

Results: An explicit representation of the error functional and of the square of its
norm is obtained, which gives a sharp upper bound for the error of the formula on the
whole space. The resulting system has order N +3 and is of Wiener—Hopf type; its unique
solvability guarantees that the optimal weights are determined unambiguously.

Implication: The result extends the known Sard-type constructions to a third-order
Hilbert space that combines exponential exactness with derivative weights retained at
the interior nodes.
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1 Introduction

Numerical integration, or the approximate evaluation of definite integrals by quadra-
ture formulas, is one of the oldest and most frequently encountered problems in compu-
tational mathematics, since for most integrands an exact antiderivative either does not
exist in elementary form or is impractical to use. A quadrature formula is characterized
by its nodes and weights, and the central question of the theory is how to choose them
so that the resulting approximation is as accurate as possible on a prescribed class of
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functions. When accuracy is measured by the norm of the error functional over a normed
space of integrands, two classical settings arise: in the problem of S. M. Nikol’skii one
minimizes the norm of the error functional with respect to both weights and nodes [1, 2],
whereas in the problem of A. Sard the nodes are fixed in advance (most often as equally
spaced points) and only the weights are optimized [3,4]|. Around the same period, Schoen-
berg established the deep connection between best quadrature formulas and monosplines,
which underlies the spline method [5]. Three principal methods for constructing opti-
mal quadrature formulas in the sense of Sard are now standard: the spline method; the
method of p-functions, developed in the works of Babuska, Sobolev and Vasilenko (6, 7;
and the method of S. L. Sobolev [8, 9], which reduces the problem for the optimal weights
to a discrete equation involving the discrete analogue of a linear differential operator.
Sobolev’s approach is particularly effective on interval domains with equally spaced nodes,
since there the discrete equation becomes a convolution equation of Wiener—Hopf type
that can be inverted explicitly once the discrete analogue of the governing operator is
known. The Hilbert-space variant of Sard’s problem has been studied intensively by
Shadimetov, Hayotov and their collaborators. In the spaces Lgm) (0,1), whose seminorm
is generated by d™/dz™, optimal formulas containing only function values, as well as for-
mulas that additionally involve derivative values at the endpoints of the interval, have
been constructed [10]; in low-order cases these constructions recover the optimality of
the classical Euler—-Maclaurin formula, while from a certain order onward genuinely new
optimal formulas appear. Formulas of Hermite type, whose sum involves the values of
the integrand together with its first and second derivatives at all equally spaced nodes,
were constructed in the same spaces in [11], and the corresponding interpolation problem
with derivative was solved in [12]. Whereas the spaces Lgm) yield purely polynomial ex-
actness, many applications call for quadrature formulas that are exact for exponential or
trigonometric functions, which is naturally achieved by working in Hilbert spaces whose
inner products are generated by differential operators with exponential or trigonomet-
ric null spaces. In particular, in the spaces Wém’m_l)(o, 1) associated with the operator
Ugi—mm + j;fn%, Shadimetov and Hayotov [13] constructed optimal quadrature formulas in
the sense of Sard, obtained explicit formulas for the weights, and described in general
form the extremal function that is also used in the present paper. The interpolation
counterpart in the same scale of spaces was treated by Babaev and Hayotov [14], who
obtained the coefficients of the optimal interpolation formulas in closed form by means
of the discrete analogue of the governing operator. Derivative-type optimal quadrature
formulas in the sense of Sard have also been constructed in related settings: for periodic
spaces |15, 16|, for Fourier integrals and Fourier coefficients [17, 18|, for singular integrals
with Cauchy and Hadamard kernels [19, 20|, for Sobolev spaces [21], and, closest in spirit
to the present problem, for rapidly oscillating integrands [22]|, where a weighted optimal
quadrature formula with derivative is obtained by the same Sobolev-method scheme used
below. Outside the variational framework, rules combining function and first-derivative
evaluations at equally spaced points have also been studied from the standpoint of alge-
braic degree of precision and computational cost [23|; such rules are optimal in neither
the Nikol’skii nor the Sard sense, which makes the comparison with the variational con-
struction below meaningful. Against this background, the present paper treats a case not
covered by the constructions above: the interior first-derivative weights are retained at
every node (not only at the endpoints), the function-value weights are fixed to the trape-
zoidal values, and the underlying space is the third-order Hilbert space W2(3’2) generated
by % + a%, so that exactness for e~?% is built in alongside exactness for constants and
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linear functions. Following Sobolev’s method, and using the discrete analogue Dy (hf3)

4 2 . . . .
of the operator ﬁ —0? de obtained by Hayotov and Kuldoshev [24], we derive explicit
expressions in closed form and compute the norm of the corresponding error functional.

2 Statement of the problem

In this work, we consider a quadrature formula with derivatives of the following form:

/ F)dr =3 Coof (h8) + 3" Conf'(hB), 1)
0 B=0 p=0

where h = %, N is a natural number, and Cz and Cs; (8 = 0,N) are the coeffi-
cients of quadrature formula (1). Here, the coefficients Cj g are known (coefficients of the
trapezoidal rule) and are defined as follows:

h

C(0,0_57

Cso=h, B=12...,N—1, (2)
h

Cxo = 3.

The coefficients C's; are currently unknown. We assume that the integrand functions f
belong to the space WQ(?U’Q).
This space is a Hilbert space and is defined as follows:

32) ={f1|f:[0,1] = R, f”is abs. continuous and " € Ly(0,1)}

and fo (f"(z) + o f"(x))*dr < oo, where o € R\ {0}.

The inner product of the elements f and ¢ in this space is defined as follows:

s = [ (7"@)+ o £ @)(a" (@) + 09" (@) da

and its corresponding norm is of the following form:

11l = \/ /0 (f"(x) + o f"(z))2da. (3)

The elements of this space are classes of equivalent functions whose difference has a
zero norm in the sense of (3). The error of quadrature formula (1)

(T, /f dw—ZCﬁofhﬂ Zcﬁlf h) (4)

is the difference, which defines its corresponding linear continuous functional /.
¢ is called the error functional of quadrature formula (1), and from (4) we obtain the
following:

(0, f) = / @) f(x)de =

[e.e]
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/f o dx—Zcﬁo/ 5(z — hB)f dw+2051/ (& — hB) f(x)dx

From the definition of equality of functionals defined on a given space, we obtain the
following expression:

0(x) = Epq)(x Zcﬁom—hﬁ +Zoﬁla (z — hf). (5)
B=0 B=0
The main goal of this work is to find the coefficients C's; that minimize the absolute
value of the error (4) of the quadrature formula (1) in the Hilbert space Wz(?f).
Now, we consider the problem of obtaining an upper bound for the error (4). Then,
we look into the problem of minimizing this bound with respect to the coefficients Cjg;
for the functions in the space Wz(?f).

By the Cauchy—Schwarz inequality, in the Hilbert space Wz(i;’z) we obtain:
A< W fllygoor - 1y ()

Here, Wz(?f)* is the conjugate (dual) space to the space WQ(’SU’Z) .

It is clear from inequality (6) that the quadrature formula (1) is exact for the func-
tions 1,z, and e~ ?*. This, in turn, yields the following orthogonality conditions for the
functional £:

(¢,1) =0, (7)
(67 :L’) =0, (8)
(0, =) = 0. ()

Expanding these last relations (7)-(9), we obtain the first 2 linear equations for the
unknown coefficients Cpg ;.
First, from (7):

(¢, 1) /1@—20501—206 -
0

From this, the following equality follows:

N
D Cho=1.
B=0

It is easy to verify the validity of this equality based on the expressions given for the
coefficients Cz in (2).
Now let us consider equality (8). Then:

1 N N
(0,z) = / wdr =Y Cao(hB) =Y Cpy-1=0.
B=0 B=0

0

From here, we obtain the first relation for the unknown coefficients Cj ;:

N
Z Cs1 = 0. (10)
=0
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That is, the sum of the required coefficients Cg; must equal zero. Finally, from
equality (9), we obtain the following:

1 N N
(0,e7%) = / e "Tdx — Z Csoe " + o Z Cpre " =
0
8=0 8=0

From this, we get the second relation for the unknown coefficients Clg ;:

N N
e ?—1
0 Cone™ =3 Cape ™+ ——. (11)
B=0 B=0

Thus, from relations (10) and (11), we obtain the necessary conditions for constructing
quadrature formulas of the form (1):

N
Z 0571 - O, (12)
B=0

N 1 N e—C 1
—ohf _ * —ohf —
BEZO 05716 = ;:0 05706 + P (13)

For this system of equations to be consistent, i.e., to have at least one solution, we
must have N > 1.

Two cases can be considered separately here:

1) In the case N = 1, a classical quadrature formula of the form (1) that is exact for
the functions 1, x, and e~ 7% is obtained.

2) When N > 1, the linear system of equations (12)—(13) has infinitely many solutions,
and among them, we select the coefficients C; that minimize the norm of the error
functional ¢. Such quadrature formulas (1) are called optimal quadrature formulas in
the space WQ(?(,’Q).

In general, in this work, we assume N > 1 and construct the optimal quadrature
formula of the form (1) in the space WQ(?(;Q) as mentioned above.

Thus, in this work, we deal with solving the following problem.

3 Upper bound for the error of the quadrature formula

3.1 Extremal function

As mentioned above, using inequality (6), we obtain an upper bound for the error of
the quadrature formula (1). For this purpose, in this subsection, we first calculate the
quantity [|¢|[ @2+ To do this, we use the definition of an extremal function given by

2,0

S.L. Sobolev.
Definition 1 (S.L. Sobolev). For a functional ¢ defined on a Banach space B, a function
u € B satisfying the equality

C(u) = €]

B |lullB
is called an extremal function.

In the work of Shadimetov and Hayotov [13], the extremal function corresponding to
a functional defined on the spaces W (™™~ was found in the general case.
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In particular, in the space W2(73U’2), we have the following extremal function for the error
functional /¢:
u(x) = —l(x) * G3(x) + de”°" + po + pr1. (14)

Here, it should be noted that since the space Wz(?f) is a Hilbert space, by the Riesz

representation theorem:

HéHWQ(i;Z)* = ||Ug||W2(i;2) and (15)
H€||I2,V2(3,2)* = (£, ur)

and it should also be mentioned that in expression (14):

) = B (T (). a0

First, let us compute the convolution operation in formula (14). Then, using the
definition of convolution and taking into account (5) and (16), we arrive at the following:

T(e) = (03 Go)e) = [ Uy)Gae — )y -
= /OO [5{0,1} (y) =D Chod(y — 1) + Y Coad'(y — ) | Ga(x — y)dy =
— [ E0a)Gata— )ty =Y Cuo [ by = 1)Gala — )y +

N o
+Y . Con / '(y — hy)Gs(z — y)dy.
7=0 e
From here, applying the following properties of the Dirac delta function:

/_OO d(z —a)g(x)dx = g(a) and /_00 8 (z —a)g(x)dxr = —g'(a)

oo [e.9]

and taking them into account, we obtain:

1 N

T(x) = /0 Gs(z —y)dy — ZO%OGB(-T — hy) —

v=0 vy

Coa (Ga(z — ), (17)

WE

y=hy "

Il
o

Now let us calculate the derivative given in the last term of expression (17). Here, the
generalized derivative is computed, and we use the relation (sgnz)’ = 26(z):

(Gt =, = () (FES T (e + ) )

_ (sgn(QxU; y))’y (ea(:c—y) ;e—a(x—y) - (a(z ot (o(z g y))3)> N

n Sgn(zﬁ(;— Y) <e"(“y) —26‘7("“’) B (U(x )+ M))ly —
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_ W@y (—1) (em—y) _26_0($_y) _ (U(x )+ (<7(x——y))3)) n

20° 6
N sgn(z —y) [ —oe?@Y) — geo(@y) (s 3o(a(z —y))*(—1) '
20° 2 6

From here, using the identity (x — a)é(x — a) = 0 (or more generally (z — a)f(z) =
= (x — a)f(a) for the delta function), we obtain the following:

Gl — ), = —5(x —y) (e"<y—y) —Qe—o(y—” - (U@ o (o(y - y))3>) N

207

. (_sgn(Z;;_ y)) | (eo(:c—y) ze—a(x—y) B (1 GC 2— y))2)) _
__sgn(z—y) (eﬂw) ey (1 L (ol y))Q)) .

204 2
Thus,

(Gale — ), = _sgn(2x04— y) (eﬂ(xy) Zeg(xy) B (1 . M)) | (18)

Now, substituting expression (18) into (17), we get:
1 N
) = / Gz —y)dy — 207,003(1’ — hy) +

i ZCﬂSgn z — hy) ( (=) 4 g=olo=h) (1 N M)) | (19)

2 2

Now, takmg (19) into account, we obtain the following form of the extremal function
from (14):

1 N
ue(x) = —/ Gs(z — y)dy + Z Cy0G3(x — hy) +de™ 7" + po + prov —
0

v=0

B XN: o sgn(z — hy) [e?@h) 4 emol@=hv) (1 (o(x — hy))?
— 20t 2 2 '

3.2 Norm of the error functional

(20)

Now, based on (15) and using (5) and (20), we calculate the square of the norm of the
error functional. Then:

10|12 = (£,uy) = (€, —€(x) * Gs(x) + de " + py + p1z) =
= — (L, (0xG3)(x)) +d(l, e ") + po(l, 1) + pr (L, z).

From here, taking into account (7), (8), and (9), we arrive at:

1617 = — (¢, % Gs) = / ((x)(* Gs)(z)dr =

o0
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00 N N
= —/ (5[071}(1’) - Z 0/370(5(517 - hﬂ) + Z 0/3715/(.% — hﬁ)) X
> B=0 B8=0

1 N
| Gata =)y = Y CaGalar ~ ) +

0 ~=0

N
sgn(z — hy) [e?@h) 4 emol@=h7) (o(x — hv))?
+3 o ( (12 ) ) e =
7=0

2 2

— [/1 /1 Gs(x — y)dzdy — ﬁ:C%O /01 Gs(z — hy)dz +
N ZC“/ sgn(x —4 h7y) (ea(x—hv) +eolemi) (1 . M)) da:] -

20 2 2

_ Z Cs0 [/0 Gs(hf —y)dy — Z Ch0G3(hB — hy) +
s@w ) (erhiin) 4 g=otha-in) (o(h = 1))?
+ Zc'yl ( 2 N (1 * 2 ))] a
—ZCBI [/ (Gs(z —y)), dy—zc«,,o(G?,(x—lW));
whﬁ] .

S e )
(21)

z=hp3

z=hp3

2 2
v=0

From here, we compute the following derivatives:

2 «%w—yms:F@QQW)(ﬂ%wggﬂ%w—(dx—w+4ﬂiiﬂﬁ)ﬂ;:

_ (sgn(;;S— y)>; _ (eo<w—y> _26—a<m—y> - (O(x i+ (o(x g y))3)) N

N sgn(; - y) ((6"(”‘” . e ooy (0@ - (o(x —y))*

2(w—y) [V ol (ol — y))
T 200 ( 2 — oy

+%M$w_(mﬂwm+aeﬂrw(0+&ﬂdxwfg
)
)

20° 2
_ 25(1' — y) eo'(y*y) — efg(yfy)
200

L sen—y) (6"(“”‘” ety (1 G y))z)

204
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Thus,
(Gs(z —y)), = gn(z ) ( e (1 J (ol =y) y))2)> .

204

b (Galo— h)), = B .

— o(z—hv) —o(z—hy) —
0 [Sgn(x hv)'<e +e _(1+( r — hy)) )> _

sgn(as—hw( (e=) 4 gmola=t) (1+< <x—m>>2)>,

204 2
20(x — hy) [e@=h) 4 g=ol@=hy) (o(z — hv))* lw)
_ : — (1
204 ( 2 T )) "
— o(z=hy) _ se—ol@z—hy)
+ Sgn(;;a4 ). (06 206 —o(o(z — fw))) =

Sgn(z — h/y) ea'(xfh')/) — efo(th'}')
- 53 : ( 5 —o(z—hy) ).

Then, taking into account a), b), and ¢), we obtain from (21) the following:

1 pl N 1
14 = — [(/ / Gs(x — y)dedy — ZO%O/ Gs(z — hy)dr +
o Jo o 0
Usen(z — hy) (e?@=h) 4 emol@=h) (o(z — h))?
e [ S (A ()

N
[ Gutns = s - 3 Gl — i) +

_ZCBO
v=0

+ZCﬂSgn(hﬁ h) ( o(hf—hn) ze—om—fw) B <1+ (g(hﬁghyw))] -

- Z o [ / sgn 354 y) (eo<hﬁy> 4—2 emohin) (1 N (a(hBQ— y))2)> ay

sgn(hp — h o(hB—hy) 1 g=o(hB—hy) hB — hA))?
_cho n24 7)( 2@ _(1+(o( . 7)) >>+

N
sgn(hf — h eo(hB=hv) _ o—o(hB—hy)
+Zc'y,1 8 ( /6;_ ’7) ( 5 —J(hﬁ—h’y))] .

Grouping the corresponding similar terms, we arrive at the following.

1 ,l N 1
1) = - {/ / Gs(z — y)dzdy — 2206,0/ Gs(z — hB)dz +
o Jo 3=0 0

+22 ., / sl 1) <eo<w—h6> : e~ola=h) (1 Lot hﬁ))2)) et
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N N
+ Z Z C,0C5,0G3(h53 — hy) +

Bs=0 v=0
sgn(hB — hy) (€707 4 gmo i) (o(hB = hv))?
+2220ﬁ1070 = 5 —(1+ 5 —
B=0 v=0
N N
sgn(hfB — hry) [ e?hd=hn) _ g=o(hB—hy)
=D CsiCa = 5 —o(hB—hy) ) .
B=0 v=0
From this:
S n h h ea(hﬁfh'Y) — 670(h:87h7)
o = 3" cuc, B2 ' ~ohs—1)) -
B= 07 0
sgn(hB — h e?(hB=h) 4 e=o(hB=h7) o(hf — hy))?
—ZCalszog f 7) ( ' _(H((ﬁz 7))))_
B=0 ¥=0

B iv:Cm /1 sgn(:coz hB) (e"(x‘hﬂ) ze‘”(x‘hﬂ) B (1 N (o(x —2hﬁ)>2)) do —
5=0 0

N N
—ZZ Cp0C50G3(h8 — hy) +

8=0 7=0

+2ZCM/ x—hﬁ)dx—/ / Gz — y)dady.

(22)
Thus, we have succeeded in obtaining an upper bound for the quadrature formula of
form (1) for all functions given in the space W, 0_2 according to inequality (6). Now,
looking at the obtained expression (22) for ||¢||?, since this expression is a multivariate
quadratic function of the unknown coefficients Cs; and is non-negative, it attains its
minimum value at certain values of Cz; when conditions (8) and (9) are satisfied. In the
next section, we find the minimum value of this expression under conditions (7)—(9).

4 The minimum value of the norm of the error functional

In this section, we find the minimum value of expression (22) under conditions (8)—(9).
For this purpose, we use the method of Lagrange multipliers.
= ||| + 24 - (¢,x) + 2B - (£,e°") (23)

We take partial derivatives of this function with respect to Cs; (for 5 =0,1,...,N) and
A, B and equate them to zero:

OA al sgn(hB — hy) eo(hB=h7) _ oo (hf—hy)
- —o(hB —hy) ) —
80/3 1 72% CW 1 o3 ( 9 (T( I} ’7))
B Z c sgn(hf — hy) e (hB=h) 4 o= (hB—hn) (i (o(hB — h))? )
7,0 P 5 5

’y_

_/ sgn(z - hB) (ea(x—hﬁ) et (1 . M)) do —

o 2 2
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—2A+42Boe " =0, B=0,1,...,N,
oA L al al
a_A = /0 l‘dl‘ — ZCﬁ7O(h/B) — 20@1 = 0,
B=0 B=0

8A 1 N N
o= / s =3 Cpoe™™ + 03 Cprem™ = 0.
0 8=0 B=0

Simplifying this system, we obtain:

(N
> CaGa(hf —hy) — A+ oBe ™" =
=0
Ysgn(x — hB) (€7@ ) 4 emo@=hB) (o(z — hB))?
— — 1 _—
ot (e (e ) e
N
sgn(hB — hy) (7P~ 4 emo(hi=hm) (o(hB — hy))?
+2_ O 201 2 G 2 ’
v=0
g=0,1,..., N,
N
Z C’y,l =0,
v=0
al 1 — e —1
e
\ 7=0 v=0
where (2)
sgn(z) (e’ —e 9%
Ga(z) = 503 ( 5 — Ux) : (24)

Based on the following notations, the last system can be written in a compact form:

Fi(hB) = /0 1 Sg“;i; ") (ea(mm tet <1 y el hB)) W)) du +

2 2
25
S0 S ) () T (L o(h ) (25)
P g 2 2 ‘
v=0
N
1 —oh e ?—1

Hy =~ 200%06 T — (26)

Y=

Redenoting, for brevity, the product B again by B, the form of the above system is:

( N
> CoaGa(hB—hy) — A+ Be ™" = Fy(h), B=0,1,...,N,
v=0
N
> Cha=0, (27)
v=0
N
Z 07716_0h7 = Hl.
\ 7=0
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Based on works close to the topic of this paper, it can be said that the obtained sys-
tem (27) has a unique solution, and this solution gives the minimum value to ||¢||* under
conditions (8)—(9).

5 Conclusion

In this work, we have set up the problem of constructm% an optlmal quadrature formula
with derivatives of the form (1) in the Hilbert space WQ?; ), where the function-value
weights Cj are the trapezoidal ones and the first- derlvatlve Welghts Cjs,1 are retained at
every node. Exactness for 1, x, and e~ 7% is thereby built into the formula.

Two main results have been obtained. First, by making use of the extremal function of
¢ and the Riesz representation theorem, an explicit form of the error functional and of the
square of its norm ||¢||? w2 Was derived (see (5) and (22)), which yields the sharp upper

bound for the error of the formula on the whole space. Second, applying the method
of Lagrange multipliers to this quadratic functional under the exactness constraints, we
obtained the linear algebraic system (27) of order (/N 4 3) for the unknown coefficients
Cs,1 and the multipliers A, B.
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OIITUMAJIbHAYA KBA/IPATYPHA{4 ®OPMVIJIA C
KPATHBIMU Y3JIAMU B I'MJIBBEPTOBOM
ITPOCTPAHCTBE
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Mucruryr maremarukn nvenn B.J. Pomanosckoro Axajemun nayk Pecry6iuku Y3bekucras,
100174, Y36ekucran, r. Tamkent, ya. YHuBepcurerckas, 9;
2TamkenTcKuii Mexk IyHapoaublil yausepcurer, 100084, Ya6exucran, r. Tamxent, yi. Kuunk
xaJjka irymm, 7

Ilpennoceinku. Keanparyphubie (hOpMYIIbl, UCIOJB3YIONIAE HAPSIAY CO 3HATECHUSIMU
bYHKINY 3HaAYEHUS €€ ITPOU3BO/IHBIX, JIOCTUTAIOT 00JIee BHICOKOIO MTOPSIIKA TOTHOCTH IIPU
bUKCHPOBAHHOM 4uCje y3J0B. B Bapuanuonnoi nocranoske Capia y3Jibl 33JIal0TCs 3a-
paHee, a BLIOUPAIOTCS JIUIIb BECA — TaK, YTOOBI MUHUMHU3UPOBATDH HOPMY (DYHKIIMOHAIA
MOTPEITHOCTH HA HOPMHUPOBAHHOM ITPOCTPAHCTBE HOJUHTErpajbHbIX QyHKImi. [locTpo-
€HHUsI TAKOI'0 POJia MPOBOJWINCH B OCHOBHOM B CODOJIEBCKUX IIPOCTPAHCTBAX, IMOJIYHOD-
Ma KOTOPBIX MOPOXKIAETCS YUCTON MPOU3BOIHON MOPSJIKA M U KOTOPBIE JAI0T TOYHOCTD
TOJBKO Ha MHOT'OYJIEHAX, IIPUYEM Beca MPOU3BOIHON, KaK ITPABUJIO, COXPAHSIUCH JIUIITh
B KOHIIEBBIX TOYKAX OTPE3KA.

Hemnsn. [lenp paboTel — MOCTPOUTH ONTUMAIBHYIO B cMbicjie Capjia KBa paTypHYO
dopMyily B rijibOEPTOBOM ITPOCTPAHCTBE W2(?(7,2) (0,1), B KOTOpPOIT Beca mepBoii MIPOU3BOJI-
HOIl COXPAHSAIOTCS B KarKJIOM y3Jie, & Beca 3HadeHuil MYHKINN (PUKCUPOBAHBI U PABHBI
BecaM IIPaBUJIa TPAIEINi, TAK 9TO TOYHOCTh HA KOHCTAHTE, JIMHEHHON (DYHKINN U yObI-
BaIOIIEN 9KCIIOHEHTE 3aJ0KEHA B caMy (POPMYILY.

Meton. [locrpoenne ciemyer meroxay C.JI. Cobosea. Oupejiensercs 3KCTpeMasib-
Has GyHKIUSA QYyHKIMOHAJA TOTPENTHOCTH, ocjie dero TeopeMa Pucca 06 obiem Bue
JITHERHOTO (DYHKITMOHAJA JA€T sIBHOE BhIPayKeHUe [JIsi KBaJIpaTa HOPMbI 3TOro (pyHKIU-
OHaJIa KaK KBaJPAaTHIHON (DYHKIIMM UCKOMBIX BECOB IIPOU3BOJHON. MuUHUMMU3AIHMS STOM
KBa/I[PATUYIHON (DOPMBI IIPU YCJIOBHUAX TOYHOCTH METO/OM MHOXKHTesel Jlarpamxka mnpu-
BOJIUT K CACTEME JIMHEHHBIX ajredpandecKux ypaBHEHUI OTHOCUTEIBHO BECOB U MHOXKU-
Tesei.

Pesynbrarbi. [losiyuenbr siBHbIE TpejcTaBjieHus (DYHKIMOHAJA ITOI'PEITHOCTH U
KBaJIpaTa €ro HOPMBI, JAIOIINEe TOYHYIO BEPXHIOI OIECHKY IOTPEIIHOCTH (POPMYJIbI HA
BcéM npoctpanctse. [lonydennas cucrema nmeer mopsiiok N + 3 U sIBJISIETCST CUCTEMOIA
tuna Bunepa—Xomnda; e€ onHo3HAYHAS PA3PENIUMOCTh TAPAHTUPYET, UTO ONTUMAJIbLHBIC
BeCca OIPEJIEJIAIOTCS eIMHCTBEHHBIM 00Pa30M.

3uaynmocTb. Pesysibrar pacripocrpansier u3BectHbie mocrpoenusi tuna Capna Ha
FI/I.H]:>6epTOBO IOIPOCTPAHCTBO TPETHLEI'O IOPAAKa, B KOTOPOM 3KCIIOHEHIIMaJ/IbHad TOYHOCTD
COYeTaeTCsI C BeCaMU ITPOMU3BOJIHOM, COXPAHEHHBIMI BO BHYTPEHHUX y3Jax.

Kuarouessbie ciioBa: ontuMa/ibHas KBIpaTypHas hopmyia, PyHKIIMOHA TIOIPEITHOCTH,
SKCTpeMaJibHast PYHKIN, THILOEPTOBO TPOCTPAHCTBO, MUCKPETHBIN aHaJIoT quddepen-
IMaJLHOIO OIEPATOPa, ONTHUMAJIbHBIE KOI(MDPUITHEHTEI

IMuruposauue: [lorsonos C.3. OurnmanbHast KBajpaTypHas (OpMysa ¢ KpaTHBIMHA y3-
JaMu B ruibbepToBoM npocrpascTse // IIpobiiemMbl BEIMUCINTEIBHO 1 IPUKJIAIHON Ma-
remaruku. — 2026. — Ne4 /1(75). — C. 127-140.
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