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Accurate numerical integration is essential in many computational applications, par-
ticularly when the integrands possess higher-order smoothness. Optimal quadrature for-
mulas in Sobolev spaces provide a rigorous framework for controlling approximation er-
rors, while classical formulas such as the Euler–Maclaurin formula may be less flexible
for general distributions of quadrature nodes. This motivates the development of accu-
rate quadrature formulas with explicit error estimates and applicability beyond uniform
partitions.

This paper aims to construct an optimal quadrature formula in the Sobolev space
𝐿
(5)
2 (𝑎, 𝑏) and to establish explicit expressions for its coefficients and error characteristics

using the 𝜙-function method.
The proposed approach represents the error of the quadrature formula through a

𝜙-function and determines the coefficients of the quadrature formula by solving the cor-
responding optimality conditions. This procedure yields explicit analytical expressions
for the quadrature coefficients and an explicit estimate of the approximation error. In
addition, a closed-form expression for the norm of the error of the quadrature formula
is obtained, together with a simplified form for equally spaced quadrature nodes. The
construction is formulated for arbitrary node distributions and therefore does not require
a uniform partition of the integration interval.

The resulting quadrature formula provides a rigorous error estimate and exhibits
high numerical accuracy. Numerical experiments conducted for several test functions
demonstrate that the proposed formula produces smaller absolute approximation errors
than the classical Euler–Maclaurin quadrature formula. The numerical findings are also
consistent with the theoretically established error estimates.

The obtained results extend the range of applicable optimal quadrature formulas
in Sobolev spaces and provide a flexible and accurate alternative to classical numerical
integration methods, particularly when non-uniform quadrature nodes are required.
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1 Introduction
Numerical integration is one of the fundamental topics in computational mathematics

and approximation theory. Since exact evaluation of definite integrals is often impossible
for many practical problems, the development of efficient numerical integration methods
remains an important area of research. The accuracy of such methods depends largely on
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the construction of quadrature formulas that provide reliable approximations while pre-
serving computational efficiency. For smooth functions, the use of derivative information
makes it possible to improve the approximation accuracy and to construct quadrature
formulas with desirable optimality properties.

The theory of optimal quadrature formulas has been extensively developed within ap-
proximation theory and numerical analysis. Early contributions by Sard [1, 2] and Nikol-
skii [3, 4] established important theoretical foundations for the construction of optimal
approximation and quadrature methods. These studies demonstrated that incorporating
the smoothness properties of functions into the construction process makes it possible
to obtain highly accurate numerical integration formulas. Later, the Sobolev method
provided an effective framework for constructing optimal quadrature formulas in Sobolev
spaces and has become one of the principal approaches in this area [5–9]. Optimal quadra-
ture formulas in Sobolev spaces have also been investigated for non-periodic functions and
their applications [10].

Fundamental results on optimal quadrature formulas were established by A. Ghizzetti
and A. Ossicini [11]. These ideas were further developed by F. Lanzara [12], who studied
optimal quadrature formulas exact for solutions of linear differential equations. Subse-
quently, Gh. Coman and T. Cătinaş [13] introduced the 𝜙-function method as an ana-
lytical framework for constructing optimal quadrature formulas. In several subsequent
works [14–21], this method was successfully applied to a variety of optimal quadrature
problems, leading to explicit analytical expressions for the corresponding quadrature co-
efficients.

Although various approaches have been proposed for constructing optimal quadrature
formulas, obtaining explicit analytical expressions for both the quadrature coefficients and
the corresponding error estimate remains a challenging problem, particularly in higher-
order Sobolev spaces. Such explicit formulas are of considerable practical interest since
they eliminate the need for solving additional systems of equations and facilitate the
efficient implementation of optimal quadrature formulas in numerical integration.

Despite the progress achieved in this direction, the construction of an optimal quadra-
ture formula in the Sobolev space 𝐿(5)

2 (𝑎, 𝑏) by the 𝜙-function method has not been suf-
ficiently investigated. In particular, the derivation of explicit analytical expressions for
the coefficients and the error of the quadrature formula remains of considerable interest.
These issues constitute the main objective of the present paper.

In this paper, an optimal quadrature formula is constructed in the Sobolev space
𝐿
(5)
2 (𝑎, 𝑏) using the 𝜙-function method. Explicit analytical expressions for the coefficients

of the quadrature formula are derived, and an upper bound for the approximation error of
the constructed quadrature formula is established. The accuracy of the proposed quadra-
ture formula is illustrated by several numerical examples and compared with the classical
Euler–Maclaurin formula.

The remainder of this paper is organized as follows. Section 2 formulates the problem.
Section 3 presents the construction of the 𝜙-function and the derivation of the coefficients
of the optimal quadrature formula. Section 4 presents an explicit expression of optimal
coefficients and error estimate of the quadrature formula. Section 5 contains numerical
examples and comparisons with the classical Euler–Maclaurin formula. Finally, Section 6
concludes the paper.



118 Berdimuradova U.A.

2 Problem formulation
Let

𝑎 = 𝑥0 < 𝑥1 < · · · < 𝑥𝑛 = 𝑏, (1)

be an arbitrary partition of the interval [𝑎, 𝑏]. The problem considered in this paper is
the approximation of the integral

𝐼(𝑓) =

∫︁ 𝑏

𝑎

𝑓(𝑥) 𝑑𝑥,

by a quadrature formula involving the values of the function and its derivatives at the
partition nodes. More precisely, we consider quadrature formulas of the form∫︁ 𝑏

𝑎

𝑓(𝑥) 𝑑𝑥 =
4∑︁

𝑖=0

𝑛∑︁
𝑘=0

𝐴𝑖𝑘𝑓
(𝑖)(𝑥𝑘), (2)

where 𝐴𝑖𝑘 are unknown coefficients to be determined.
The quadrature formula (2) involves not only the values of the integrand but also its

derivatives up to the fourth order at the quadrature nodes. The inclusion of derivative
information increases the flexibility of the approximation process and provides additional
degrees of freedom for constructing optimal quadrature formulas with improved accuracy.

The corresponding remainder of the quadrature formula is defined by

𝑅(𝑓) =

∫︁ 𝑏

𝑎

𝑓(𝑥) 𝑑𝑥−
4∑︁

𝑖=0

𝑛∑︁
𝑘=0

𝐴𝑖𝑘𝑓
(𝑖)(𝑥𝑘). (3)

The remainder 𝑅(𝑓) characterizes the approximation error of the quadrature formula.
Therefore, the main objective is to determine the coefficients 𝐴𝑖𝑘 so that this error becomes
as small as possible.

We assume that the integrand belongs to the Sobolev space 𝐿(5)
2 (𝑎, 𝑏), equipped with

the inner product

(𝑓, 𝑔) =

∫︁ 𝑏

𝑎

𝑓 (5)(𝑥)𝑔(5)(𝑥) 𝑑𝑥

and the corresponding seminorm

‖𝑓‖
𝐿
(5)
2 (𝑎,𝑏)

=

(︂∫︁ 𝑏

𝑎

(︀
𝑓 (5)(𝑥)

)︀2
𝑑𝑥

)︂1/2

.

For convenience, we introduce the following notation:

A0 = (𝐴00, . . . , 𝐴0𝑛), A1 = (𝐴10, . . . , 𝐴1𝑛), A2 = (𝐴20, . . . , 𝐴2𝑛),

A3 = (𝐴30, . . . , 𝐴3𝑛), A4 = (𝐴40, . . . , 𝐴4𝑛), X = (𝑥0, . . . , 𝑥𝑛).

Definition 1. The quadrature formula (2) is said to be optimal in the sense of Sard in
the space 𝐿(5)

2 (𝑎, 𝑏) if, for fixed X, the following quantity attains its minimum with respect
to A0,A1,A2,A3,A4:

𝐹𝑛

(︁
𝐿
(5)
2 (𝑎, 𝑏),A0,A1,A2,A3,A4

)︁
= sup

𝑓∈𝐿(5)
2 (𝑎,𝑏)

|𝑅(𝑓)|. (4)
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The main purpose of this study is to construct an optimal quadrature formula of the
considered type. Using the 𝜙-function method, we determine the optimal coefficients
A0,A1,A2,A3,A4 that minimize the above error quantity.

3 Representation of the quadrature formula by the 𝜙-function
method
To determine the coefficients of the quadrature formula, we employ the 𝜙-function

method. The basic idea of this approach is to introduce auxiliary functions on each
subinterval of the partition and to represent both the coefficients and the remainder of
the quadrature formula in terms of these functions.

For each subinterval [𝑥𝑘−1, 𝑥𝑘], 𝑘 = 1, 2, . . . , 𝑛, let 𝜙𝑘(𝑥) satisfy the differential equation

𝜙
(5)
𝑘 (𝑥) = 1. (5)

The corresponding piecewise-defined function is introduced by

𝜙(𝑥)
⃒⃒
[𝑥𝑘−1,𝑥𝑘]

= 𝜙𝑘(𝑥), 𝑘 = 1, 2, . . . , 𝑛. (6)

Applying repeated integration by parts together with the above definition, the coefficients
of the quadrature formula and the remainder can be expressed through the values of the
𝜙𝑘 functions and their derivatives at the quadrature nodes. Since this derivation follows
the standard 𝜙-function technique, only the resulting expressions are presented below:

𝐴00 = −𝜙′′′′
1 (𝑥0), 𝐴0𝑘 = 𝜙′′′′

𝑘 (𝑥𝑘)− 𝜙′′′′
𝑘+1(𝑥𝑘), 𝐴0𝑛 = 𝜙′′′′

𝑛 (𝑥𝑛),

𝐴10 = 𝜙′′′
1 (𝑥0), 𝐴1𝑘 = 𝜙′′′

𝑘+1(𝑥𝑘)− 𝜙′′′
𝑘 (𝑥𝑘), 𝐴1𝑛 = −𝜙′′′

𝑛 (𝑥𝑛),

𝐴20 = −𝜙′′
1(𝑥0), 𝐴2𝑘 = 𝜙′′

𝑘(𝑥𝑘)− 𝜙′′
𝑘+1(𝑥𝑘), 𝐴2𝑛 = 𝜙′′

𝑛(𝑥𝑛),

𝐴30 = 𝜙′
1(𝑥0), 𝐴3𝑘 = 𝜙′

𝑘+1(𝑥𝑘)− 𝜙′
𝑘(𝑥𝑘), 𝐴3𝑛 = −𝜙′

𝑛(𝑥𝑛),

𝐴40 = −𝜙1(𝑥0), 𝐴4𝑘 = 𝜙𝑘(𝑥𝑘)− 𝜙𝑘+1(𝑥𝑘), 𝐴4𝑛 = 𝜙𝑛(𝑥𝑛).

(7)

The remainder of the quadrature formula is represented by

𝑅(𝑓) = −
𝑛∑︁

𝑘=1

∫︁ 𝑥𝑘

𝑥𝑘−1

𝑓 (5)(𝑥)𝜙𝑘(𝑥) 𝑑𝑥. (8)

Therefore, the construction of the quadrature formula reduces to determining the explicit
form of the auxiliary functions 𝜙𝑘(𝑥). Since 𝜙(5)

𝑘 (𝑥) = 1, the corresponding differential
equation can be integrated successively five times. Consequently, its general solution is
given by

𝜙𝑘(𝑥) =
𝑥5

5!
+ 𝐶1𝑘

𝑥4

4!
+ 𝐶2𝑘

𝑥3

3!
+ 𝐶3𝑘

𝑥2

2!
+ 𝐶4𝑘𝑥+ 𝐶5𝑘, 𝑘 = 1, 2, . . . , 𝑛. (9)

The general solution contains five arbitrary constants on each subinterval. These con-
stants are determined by minimizing the corresponding quadratic functional. As a result,
explicit analytical expressions for the constants are obtained, which subsequently lead to
explicit formulas for the coefficients of the optimal quadrature formula. The details of
this optimization procedure are presented in the following section.

4 Determination of the optimal coefficients and error estimate
The construction of an optimal quadrature formula is based on minimizing the norm

of the corresponding error of the quadrature formula. According to the representation



120 Berdimuradova U.A.

obtained in the previous section, the remainder of the quadrature formula can be written
as

𝑅(𝑓) = −
𝑛∑︁

𝑘=1

∫︁ 𝑥𝑘

𝑥𝑘−1

𝑓 (5)(𝑥)𝜙𝑘(𝑥) 𝑑𝑥. (10)

Applying the Cauchy–Schwarz inequality to each subinterval yields

|𝑅(𝑓)| ⩽
𝑛∑︁

𝑘=1

(︃∫︁ 𝑥𝑘

𝑥𝑘−1

(𝑓 (5)(𝑥))2𝑑𝑥

)︃1/2(︃∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙2
𝑘(𝑥) 𝑑𝑥

)︃1/2

⩽

⩽

(︂∫︁ 𝑏

𝑎

(𝑓 (5)(𝑥))2𝑑𝑥

)︂1/2(︂∫︁ 𝑏

𝑎

𝜙2(𝑥) 𝑑𝑥

)︂1/2

.

(11)

Hence,

|𝑅(𝑓)| ⩽ ‖𝑓 (5)‖𝐿2(𝑎,𝑏) ‖𝜙‖𝐿2(𝑎,𝑏). (12)

Since the function 𝑓 is fixed, the quantity ‖𝑓 (5)‖𝐿2(𝑎,𝑏) does not depend on the choice
of the 𝜙(𝑥) function. Therefore, minimizing the upper bound of the quadrature error is
equivalent to minimizing the norm of 𝜙(𝑥). Consequently, the construction of an optimal
quadrature formula is reduced to the following optimization problem

‖𝜙‖𝐿2(𝑎,𝑏) =

(︂∫︁ 𝑏

𝑎

𝜙2(𝑥) 𝑑𝑥

)︂1/2

−→ min . (13)

Since the 𝜙𝑘(𝑥) function is defined piecewise on the partition (1), the minimization prob-
lem can be written as

𝑛∑︁
𝑘=1

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙2
𝑘(𝑥) 𝑑𝑥 −→ min . (14)

For each subinterval [𝑥𝑘−1, 𝑥𝑘], the 𝜙𝑘(𝑥) function has the general form

𝜙𝑘(𝑥) =
𝑥5

5!
+ 𝐶1𝑘

𝑥4

4!
+ 𝐶2𝑘

𝑥3

3!
+ 𝐶3𝑘

𝑥2

2!
+ 𝐶4𝑘𝑥+ 𝐶5𝑘, (15)

where 𝐶1𝑘, 𝐶2𝑘, 𝐶3𝑘, 𝐶4𝑘 and 𝐶5𝑘 are unknown constants. To determine these constants,
we minimize the quadratic functional

𝐽𝑘 =

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙2
𝑘(𝑥) 𝑑𝑥, 𝑘 = 1, 2, . . . , 𝑛. (16)

Substituting (15) into (14), the functional becomes a quadratic function of the unknown
coefficients. Differentiating (14) with respect to each unknown coefficient and setting the
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obtained derivatives equal to zero, we arrive at the following system of integral equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫︁ 𝑥𝑘

𝑥𝑘−1

(︂
𝑥5

5!
+ 𝐶1𝑘

𝑥4

4!
+ 𝐶2𝑘

𝑥3

3!
+ 𝐶3𝑘

𝑥2

2!
+ 𝐶4𝑘𝑥+ 𝐶5𝑘

)︂
𝑥4

4!
𝑑𝑥 = 0,

∫︁ 𝑥𝑘

𝑥𝑘−1

(︂
𝑥5

5!
+ 𝐶1𝑘

𝑥4

4!
+ 𝐶2𝑘

𝑥3

3!
+ 𝐶3𝑘

𝑥2

2!
+ 𝐶4𝑘𝑥+ 𝐶5𝑘

)︂
𝑥3

3!
𝑑𝑥 = 0,

∫︁ 𝑥𝑘

𝑥𝑘−1

(︂
𝑥5

5!
+ 𝐶1𝑘

𝑥4

4!
+ 𝐶2𝑘

𝑥3

3!
+ 𝐶3𝑘

𝑥2

2!
+ 𝐶4𝑘𝑥+ 𝐶5𝑘

)︂
𝑥2

2!
𝑑𝑥 = 0,

∫︁ 𝑥𝑘

𝑥𝑘−1

(︂
𝑥5

5!
+ 𝐶1𝑘

𝑥4

4!
+ 𝐶2𝑘

𝑥3

3!
+ 𝐶3𝑘

𝑥2

2!
+ 𝐶4𝑘𝑥+ 𝐶5𝑘

)︂
𝑥 𝑑𝑥 = 0,

∫︁ 𝑥𝑘

𝑥𝑘−1

(︂
𝑥5

5!
+ 𝐶1𝑘

𝑥4

4!
+ 𝐶2𝑘

𝑥3

3!
+ 𝐶3𝑘

𝑥2

2!
+ 𝐶4𝑘𝑥+ 𝐶5𝑘

)︂
𝑑𝑥 = 0.

(17)

Solving system (17), we determine the coefficients 𝐶1𝑘, 𝐶2𝑘, 𝐶3𝑘, 𝐶4𝑘 and 𝐶5𝑘. Substituting
these coefficients into (15), we obtain the explicit expression of the 𝜙𝑘(𝑥) function.
Theorem 1. For the optimal quadrature formula of the form (2) in the Sobolev space
𝐿
(5)
2 (𝑎, 𝑏), the auxiliary function 𝜙𝑘(𝑥) is given by

𝜙𝑘(𝑥) =
𝑥5

120
− (𝑥𝑘 − 𝑥𝑘−1) · 𝑥4

48
+

(𝑥𝑘 + 2𝑥𝑘−1)(2𝑥𝑘 + 𝑥𝑘−1) · 𝑥3

108
−

−
(𝑥𝑘 − 𝑥𝑘−1)(𝑥

2
𝑘 + 4𝑥𝑘𝑥𝑘−1 + 𝑥2𝑘−1) · 𝑥2

144
+

+
1

1008
(𝑥4𝑘 + 10𝑥3𝑘𝑥𝑘−1 + 20𝑥2𝑘𝑥

2
𝑘−1 + 10𝑥𝑘𝑥

3
𝑘−1 + 𝑥4𝑘−1) · 𝑥−

−
(𝑥𝑘 − 𝑥𝑘−1)(𝑥

4
𝑘 + 24𝑥3𝑘𝑥𝑘−1 + 76𝑥2𝑘𝑥

2
𝑘−1 + 24𝑥𝑘𝑥

3
𝑘−1 + 𝑥4𝑘−1)

30240
,

(18)

for every subinterval [𝑥𝑘−1, 𝑥𝑘], 𝑘 = 1, 2, . . . , 𝑛.
Theorem 1 establishes an explicit representation of the function 𝜙𝑘(𝑥) on each subin-

terval of the partition. This representation plays a fundamental role in the subsequent
construction of the optimal quadrature formula, since the coefficients of the quadrature
formula are obtained directly from the values of 𝜙𝑘(𝑥) and its derivatives at the partition
nodes.

Substituting the explicit representation of the 𝜙𝑘(𝑥) function into relations (7), we
obtain the coefficients of the optimal quadrature formula.
Theorem 2. The coefficients of the optimal quadrature formula (2) in the Sobolev space
𝐿
(5)
2 (𝑎, 𝑏) are given by the following formulas, where 𝑘 = 1, 2, . . . , 𝑛− 1:

𝐴00 =
𝑥1 − 𝑥0

2
, 𝐴0𝑘 =

𝑥𝑘+1 − 𝑥𝑘−1

2
, 𝐴0𝑛 =

𝑥𝑛 − 𝑥𝑛−1

2
,

𝐴10 =
(𝑥1 − 𝑥0)2

9
, 𝐴1𝑘 =

(𝑥𝑘+1 − 𝑥𝑘)2 − (𝑥𝑘 − 𝑥𝑘−1)
2

9
, 𝐴1𝑛 = −(𝑥𝑛 − 𝑥𝑛−1)

2

9
,

𝐴20 =
(𝑥1 − 𝑥0)3

72
, 𝐴2𝑘 =

(𝑥𝑘+1 − 𝑥𝑘)3 + (𝑥𝑘 − 𝑥𝑘−1)
3

72
, 𝐴2𝑛 =

(𝑥𝑛 − 𝑥𝑛−1)
3

72
,

𝐴30 =
(𝑥1 − 𝑥0)4

1008
, 𝐴3𝑘 =

(𝑥𝑘+1 − 𝑥𝑘)4 − (𝑥𝑘 − 𝑥𝑘−1)
4

1008
, 𝐴3𝑛 = −(𝑥𝑛 − 𝑥𝑛−1)

4

1008
,

𝐴40 =
(𝑥1 − 𝑥0)5

30240
, 𝐴4𝑘 =

(𝑥𝑘+1 − 𝑥𝑘)5 + (𝑥𝑘 − 𝑥𝑘−1)
5

30240
, 𝐴4𝑛 =

(𝑥𝑛 − 𝑥𝑛−1)
5

30240
.

(19)
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An important feature of the obtained coefficients is that they are expressed in closed
form for an arbitrary partition of the integration interval. Consequently, once the par-
tition is specified, all coefficients of the proposed quadrature formula can be evaluated
directly. This result completes the construction of the optimal quadrature formula for ar-
bitrary distributions of quadrature nodes. According to inequality (12), the error bound
of the optimal quadrature formula depends on the 𝐿2-norm of the 𝜙𝑘(𝑥) function. There-
fore, it remains to evaluate this norm explicitly. The following theorem provides the
corresponding result.
Theorem 3. The error of the optimal quadrature formula satisfies the estimate

|𝑅(𝑓)| ⩽ ‖𝑓 (5)‖𝐿2(𝑎,𝑏) ‖𝜙‖𝐿2(𝑎,𝑏), (20)

where

‖𝜙‖𝐿2(𝑎,𝑏) =

√︀∑︀𝑛
𝑘=1(𝑥𝑘 − 𝑥𝑘−1)11

30240
√
11

. (21)

In the case of equally spaced nodes, where 𝑥𝑘 − 𝑥𝑘−1 = ℎ for all 𝑘 = 1, 2, . . . , 𝑛, the
above estimate takes a simpler form.
Corollary 1. For equally spaced nodes, where

ℎ =
𝑏− 𝑎
𝑛

, (22)

the estimate in Theorem 3 reduces to

‖𝜙‖𝐿2(𝑎,𝑏) =

√
𝑏− 𝑎 ℎ5

30240
√
11
, (23)

and consequently,

|𝑅(𝑓)| ⩽
√
𝑏− 𝑎 ℎ5

30240
√
11
‖𝑓 (5)‖𝐿2(𝑎,𝑏). (24)

Corollary 1 shows that, for a uniform partition of the integration interval, the general
error estimate is reduced to a particularly simple form depending only on the step size
ℎ. This representation is convenient for practical applications, since the error can be
estimated directly once the step size is specified. Moreover, it demonstrates that the
general estimate obtained for arbitrary partitions naturally includes the case of uniformly
distributed quadrature nodes as a special case. Consequently, the obtained estimate
provides a convenient theoretical tool for assessing the approximation error in the case
of equally spaced quadrature nodes. It also establishes a direct connection between the
theoretical analysis and the numerical experiments presented in the next section.

5 Numerical results
To illustrate the accuracy of the constructed quadrature formula, five sufficiently

smooth test functions are considered. The absolute approximation errors obtained by the
constructed quadrature formula are compared with those of the classical Euler–Maclaurin
quadrature formula. The corresponding results are presented in Table 1.

Since the classical Euler–Maclaurin quadrature formula is formulated for equally
spaced nodes, the comparison is carried out using the proposed quadrature formula spe-
cialized to the case of a uniform partition of the integration interval. This ensures that
both quadrature formulas are evaluated under identical conditions, providing a fair and
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Table 1 Comparison of the absolute approximation errors obtained by the classical Euler–
Maclaurin formula and the constructed quadrature formula.

Test function 𝑛 Euler–Maclaurin Constructed formula

𝑥8 − 2𝑥5 + 𝑥2 − 1
10 2.21888 · 10−7 0
50 1.42213 · 10−11 1.00000 · 10−30

100 2.22218 · 10−13 3.00000 · 10−30

𝑒15𝑥
10 77.72090 0.11643 · 10−2

50 0.52419 · 10−2 1.27564 · 10−10

100 0.82044 · 10−4 1.24844 · 10−13

1
1+25𝑥2

10 2.19052 · 10−6 1.41321 · 10−8

50 4.18075 · 10−14 5.57993 · 10−23

100 6.53456 · 10−16 5.4533 · 10−26

ln(1 + 𝑥)
10 7.63025 · 10−10 3.88883 · 10−16

50 4.91912 · 10−14 4.09179 · 10−23

100 7.68790 · 10−16 3.99950 · 10−26

sin(𝑥)
10 1.52054 · 10−11 4.57146 · 10−21

50 9.72914 · 10−16 4.670000 · 10−28

100 1.52016 · 10−17 2.000000 · 10−30

meaningful comparison of their approximation accuracy. Therefore, the observed differ-
ences in the numerical results are attributed to the properties of the quadrature formulas
themselves rather than to the distribution of the quadrature nodes.

It is observed from Table 1 that the constructed quadrature formula yields more ac-
curate approximations than the classical Euler–Maclaurin formula for all considered test
functions. The improvement is particularly noticeable for the exponential and rational
test functions, where the obtained absolute errors are several orders of magnitude smaller
than those produced by the Euler–Maclaurin formula. Similar results are also observed
for the logarithmic and trigonometric functions, indicating that the proposed quadrature
formula consistently provides high accuracy for all test functions considered.

Furthermore, increasing the number of subintervals from 𝑛 = 10 to 𝑛 = 100 leads to a
substantial reduction in the approximation error for both quadrature formulas. However,
throughout all numerical experiments, the constructed quadrature formula preserves its
advantage over the classical Euler–Maclaurin formula. These observations are in good
agreement with the theoretical error estimate established in Section 4 and further confirm
the effectiveness of the proposed quadrature formula.

6 Conclusion
In this paper, a new optimal quadrature formula in the Sobolev space 𝐿(5)

2 (𝑎, 𝑏) was
constructed by means of the 𝜙-function method. Explicit formulas for all coefficients of
the quadrature formula were derived in terms of the subinterval lengths, and an explicit
estimate for the remainder was obtained. In the case of equally spaced nodes, the error
bound was simplified to a compact form.

The numerical examples demonstrated that the constructed quadrature formula pro-
vides more accurate approximations than the classical Euler–Maclaurin quadrature for-
mula for the considered test functions. The obtained results confirm the theoretical error
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estimate and indicate that the proposed approach is effective for the numerical approxima-
tion of definite integrals. The developed analytical approach provides a basis for further
investigation of optimal quadrature formulas in Sobolev spaces. The proposed methodol-
ogy can be extended to the construction of optimal quadrature formulas in higher-order
Sobolev spaces and to related problems of numerical integration.
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УДК 519.644

ЯВНЫЕ КОЭФФИЦИЕНТЫ И ОЦЕНКА ПОГРЕШНОСТИ
ОПТИМАЛЬНОЙ КВАДРАТУРНОЙ ФОРМУЛЫ

1,2Бердимурадова У.А.
umidapulatova27@gmail.com

1Институт математики имени В.И. Романовского Академии наук Республики Узбекистан,
100174, Узбекистан, г. Ташкент, ул. Университетская, 9;

2Ташкентский филиал Университета Бизнеса и Науки, 100096, Узбекистан, г. Ташкент,
ул. Гавхар, 1

Точное численное интегрирование имеет важное значение во многих вычисли-
тельных приложениях, особенно в случаях, когда подынтегральные функции обла-
дают высокой степенью гладкости. Оптимальные квадратурные формулы в про-
странствах Соболева обеспечивают строгую основу для контроля погрешностей
аппроксимации, тогда как классические формулы, такие как формула Эйлера–
Маклорена, могут быть менее гибкими для общего распределения квадратурных
узлов. Это обосновывает необходимость разработки точных квадратурных формул
с явными оценками погрешности, применимых за пределами равномерного разбие-
ния.

Целью данной работы является построение оптимальной квадратурной формулы
в пространстве Соболева 𝐿

(5)
2 (𝑎, 𝑏) и получение явных выражений для её коэффици-

ентов и характеристик погрешности с использованием 𝜙-функционального метода.
Предлагаемый подход представляет погрешность квадратурной формулы с по-

мощью 𝜙-функции и определяет коэффициенты квадратурной формулы путём ре-
шения соответствующих условий оптимальности. Данная процедура позволяет полу-
чить явные аналитические выражения для квадратурных коэффициентов и явную
оценку погрешности аппроксимации. Кроме того, получено замкнутое выражение
для нормы погрешности квадратурной формулы, а для равноотстоящих квадратур-
ных узлов выведена её упрощённая форма. Построение сформулировано для произ-
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вольного распределения узлов и, следовательно, не требует равномерного разбиения
интервала интегрирования.

Полученная квадратурная формула обеспечивает строгую оценку погрешности
и демонстрирует высокую численную точность. Численные эксперименты, прове-
дённые для нескольких тестовых функций, показывают, что предложенная форму-
ла обеспечивает меньшие абсолютные погрешности аппроксимации по сравнению с
классической квадратурной формулой Эйлера–Маклорена. Численные результаты
также согласуются с теоретически установленными оценками погрешности.

Полученные результаты расширяют область применения оптимальных квадра-
турных формул в пространствах Соболева и предлагают гибкую и точную альтерна-
тиву классическим методам численного интегрирования, особенно в случаях, когда
требуется использование неравномерно распределённых квадратурных узлов.

Ключевые слова: оптимальная квадратурная формула, метод 𝜙-функций, про-
странство Соболева, оценка погрешности, численное интегрирование, формула
Эйлера–Маклорена
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