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In this paper, we conduct a comprehensive investigation into the computation of co-
efficients for derivative-based quadrature formulas by employing the so-called yp-function
technique. This approach offers a structured and efficient methodology for the con-
struction of optimal quadrature formulas within the framework of numerical integration.
Notably, the p-function method not only streamlines the derivation of the associated
coefficients but also guarantees a high level of precision in the resulting formulas.

Moreover, a detailed analysis of the error functional associated with the proposed
quadrature formula is presented. The error estimates are substantiated by rigorous an-
alytical expressions, thereby confirming the accuracy and robustness of the obtained
results. By examining quadrature formulas with arbitrarily prescribed nodes, the op-
timality criteria are systematically established, and the procedures for computing the
relevant coefficients and structural components are presented in detail.

As a principal result of this study, closed-form analytical representations of the co-
efficients of the optimal quadrature formula are derived. A special case of particular
interest is that of uniformly distributed nodes, where the resulting quadrature formula
coincides with the classical Euler—-Maclaurin type formula. This outcome highlights both
the general applicability and the practical relevance of the ¢-function methodology.
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1 Introduction

The definite integral is one of the fundamental concepts of mathematical analysis and,
in particular, it can be used to get the area or volume of a solid under the graph of
a function. However, in many cases, finding an antiderivative function of an integrand
is difficult or even impossible. Therefore, several approximate calculation methods for
numerical integration have been developed. It is known from the course of mathematical
analysis that if the antiderivative function of the function under the integral is known,
the integral can be calculated using the Newton-Leibniz formula. For cases where it
is difficult to find the antiderivative of the functions under the integral, the problem of
approximating the value of the definite integral arises. To solve this problem, various
formulas have been found in mathematics, which are generally called quadrature and

cubature formulas [1-8].

)

In this work, we construct optimal quadrature formulas in the space K§4’2 using the

p-function method. The space K§4’2) that we are looking at is a Hilbert space. This



Optimal numerical integration rules. . . 73

space is a special case of the spaces considered in the works [4,9, 10]. If the nodal points
of the quadrature formula are arbitrarily fixed, then the Spline method, the p-function
method, and the Sobolev method are available to construct quadrature formulas obtained
by minimizing the norm of the error functional depending on the coefficients.

Using the ¢-function method in several spaces, A. Ghizzetti and A. Ossicini [11],
F. Lanzara [5|, T. Catinag and G. Coman [12] constructed optimal quadrature formulas.

In [10], the authors studied the problem of constructing optimal quadrature formulas
in the sense of Sard. The coefficients of the optimal quadrature formula were calculated
using the resulting p-function. The optimal quadrature formula in that work is exact for
the functions e?® and e~ %, where ¢ is a nonzero real parameter. Quadrature formulas
involving the first and second order derivatives were developed in the following works [13—
15].

Based on them, in this work we consider the following types of quadrature formulas

b
/f(x)dx = ZAOkf($k)+ZA1kf/($k)+ZA2kf”(=’Ek)+ZA3kfm(90k)+Rn(f); (1)
) k=0 k=0 k=0 k=0

where Agi, Air, Aok, Az, and xy, are the coefficients and nodes of the quadrature formula
(1), respectively. Let the nodal points be partitioned on the interval [a, b] as follows

a=r9g<1T1<...<xp =0, (2)

where R,,(f) is the error of the quadrature formula (1). Let us assume that the function

)

f under the integral we are looking at is taken from the space K2(4’2 , where

K .= {f :[a, b] = R | " - absolutely continuous and f'¥ € Ls(a, b)}.

In this space, the inner product for arbitrary functions f(z) and g(z) is defined as

b

{£29) g =/(fIV(I)Jrf”(ft))(gIV(x)+g”($))d$-

a

The corresponding norm in this space is determined as follows

b 3
g = | [ @)+ £@)Pds

a

We consider the construction of the quadrature formula of the form (1) with the

smallest error for functions of the space K§4’2) considered in a certain form in the space

of quadrature formulas. For convenience, we introduce the following designations

AO = (A007 AOl? cee 7A0n)7 Al = (A107 A117 R Aln)7 AQ = (A207 A217 . 7A2n)7
A3 = (A307 ASla .. '7A3n)

and
X = (zg, T1y - -, Tp). (3)

Below we give the definitions of optimality, of the quadrature formulas [5,12, 13].
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Definition 1. A quadrature formula of the form (1) is called optimal in the sense of
Nikolskii in the space K2(4’2) if the quantity
Fo(IG", Ao, Ay, Ag, Ay, X) = sup [Ry ()]

feK§4,2)

reaches its smallest value with respect to Ag, A1, As, A3 and X, and Agy, A1, Ay, A3 and
X are determined by equality (3).
Definition 2. A quadrature formula of the form (1) is called optimal in the sense of Sard

in the space K§4’2) if the quantity

Fu(K§™D, Ay, Av, Ay, Ag) = sup [Ru(f)],
FEK®?
reaches its smallest value relative to Ay, A1, As, As for fixed X, where Agy, A1, As, As
and X are defined in (3).

In this paper we construct an optimal quadrature formula of the form (1) in the sense
of Sard in the Hilbert space K{*® which is exact for trigonometric functions sin(x), cos(x)
and any linear function.

Next, we discuss the p-function method for construction of quadrature formulas of the
form (1) in the space K2(4’2). In Section 3, we consider the optimization of the quadrature
formulas in the form (1). We obtain explicit expressions for the coefficients of the optimal
quadratl(lg) formula. In particular, we derive a new optimal quadrature formula in the
space Ky ™.

2 A method for constructing quadrature formulas

Let a function f be taken from the space K2(4’2) and the nodes for the given natural
numbers n be distributed as in the form (2). Then, for each interval [zy_1, x| (k =
=1, 2, ...,n), we consider the functions ¢, k=1, 2, ..., n with the following property

o () +o(x) =1, k=12 ... n (4)
Then the p-function is defined as follows
w’[xk,l,mk] = Pk, k= 1, 2, o, N

Therefore, the reduction of the ¢-function on the interval [z}, ] is equal to ¢.
We introduce the following notations:

b
1(f) = / f(x)d,

Qua(f) = Awcf(xe) + > Awf' (@) + > Asef" () + > Agif” (z1).
k=0 k=0 k=0 k=0
Now, using the property of addition of definite integrals and taking into account equality
(4), we get

b

10 = [f@ar=3 [ 1 s@dr=3" [ ('@ + @)ria)do

a
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Then from here integrating by parts we have

I(f) = [on (2n) + @5, (20)]f (20) +
Y ok () = or (@n) + i (@r) = @ryr ()] f (21) —
— (Y (w0) + 1 (z0)] f (0) — [0 (2n) + pn(@n)]f (20)—

— D len(zn) — i (@) + en(ee) — rea (@) f (1) + [ (o) + (5)

From equality (5) we get

Ao = —¢'(w0) — ¥ (20),
Aoe = @i (z1) — i (@k) + oh(zk) — P (@), k=12, ..., n—1,
Aon = &5 (@) + ¢, (wn),
Aig = ¢ (z0) + p1(20),
A = —(zr) + (@) — oe(ar) + g (zr), k=1,2,...,n—1,
Ain = =y (Tn) — pn(Tn), (6)
Ay = —80/1(130)7
Ay = O (wr) — @pq (),  k=1,2,...,n—1,
Agn = ¢ (T0),

Asy = 901(5130),
Ak = —r(@e) + o), k=1,2,...,n—1,
ASn = _(pn(xn)

and the error formula is as follows

Ri(D=Y [ (@) + @) pnla) da

=/me+ﬂmwmm.

Now we solve this nonhomogeneous fourth-order differential equation:
y'V Y =1 (8)

and obtain a general solution in the following form

2

y = Cycos(x) + Cysin(z) + C5 + Cyx + % (9)
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Remark 1. Knowing the ¢-function, one can find the coefficients Ao, A1x, Aox and Asg,
k=0,1, ..., nfrom equality (6). This is called the ¢-function method of constructing a
quadrature formula.

Remark 2. As can be seen from expression (7) above, the quadrature formula (1) is exact
to the functions that are solutions of the equation

() + f'(z) = 0.

In the following sections, we deal with finding the coefficients of the optimal quadrature
formula (1) in the space K§4’2).

3 An optimal quadrature formula based on the p-function method

In this section, we examine the optimality of the quadrature formula (1) within the

space K2(4’2). By applying the Cauchy—Schwarz inequality, the absolute value of the error
corresponding to expression (7) for the quadrature formula (1) can be estimated as

b 2
R ()] < IIFY + f”||L2(a,b) ) /902(95)0[95 = ”f(I)HK;“’Q) : ||90(5E)||L2(a,b)~
Now we consider the function @g(x) in the interval [xy_1, 2] (K = 1,2,...,n) as a

solution of equation (8). Then based on (9) for ¢, we have

2
or(z) = ka) cosx + C’ék) sinx + C?()k) + Cik):c + x—, (10)

2
where C’Yc), C’ék), C’ék), Cik), (k=1, 2, ...,n) are arbitrary constants.

In conclusion, to find the ¢ () functions, it is necessary to find all unknowns C’{k),
c® e and ¢P, Kk =1,2, ..., n. We find c?, P, ¥ and ¢{P such that when
the integral of the square of the ¢ (x) function takes the smallest value. Let’s look at this
function that is related to these,

T
Fo(C® e e c®y = / (or(z)’de,  k=1,2,...,n

Tk—1

Then, taking into account (10), we have the following.

T 2\ 2
fk(C{k), C’Z(k), Cék), C’ik)) = / (C’fk) cos(z) + Cék) sin(z) + Cék) + C’ik)x + %) dz.

Tr—1

We calculate the first partial derivatives of this function with respect to C’fk), Cék), C’?Ek)
and Cik) and equating them to zero we have the following system of linear equations, and

for convenience we also introduce this notation P, = C’l(k) cos T+ C’ék) sin x + C'g(,k) + C’ik)x +
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2

+ 5

Ty
Fo® o, e, e w =2 [ Prcosud,
1

Tp—1

Tk
}L(Cgmacgmacémacém)c®)::2 f f%shlxdx,
2

Tr—1

Ty,

Tp—1

Tk
FeP, e o) =2 | Pada.

Trk—1

We can write the system in the following form by introducing notations, and we present
these notations below:

)
a1; a2 Q13 Aaiq Cl by
Q21 Q22 G23 A24 C. (k) by
A = , Cy = Q(k) , B, = , k=1,234.
asz; Gzz a3z 34 s bs
aq1 Qa2 Q43 Qaq CLE’“) by

Ak’Ck - Bka (k = 1727374>

where

Tk
ann = [ 2cos*(x)dz,

Th—1
Tk

a2 =ag = [ 2sin(z) cos(x)dz,

Tp—1
Tk

a3 — azy = f 2COS([E)dlE,

Tk—1
Tk

aly =an = [ 2xcos(z)dz,

Tk—1
Tk

azp = [ 2sin’(z)dr,

Tp—1
Tk

azs = azge = [ 2sin(z)dz,

Tk—1
Tk

apy = age = [ 2xsin(x)dz,

Th—1

Tk
assy = jj 2(11@
Tk—1
Ty
a34 = Ay3 = f 2x dl’,
Tr—1

T,
an = [ 2zx*dz,

Tp_1
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T—1
We provide the computations of these terms below

apn = o — Tp_1 +sin(xy — 1) cos(zy + 1),
a2 = a9 = sin(rg — xp_1) sin(zg + Tx_1),
a13 — azy = 2(sin:1:'k — sin Hj'k,l),
a1y = agy = 2(xpsinxy — g1 sinxg_q + COS TR — COST_1),
ago = T}, — Tp_1 — sin(xy, — xp_1) cos(xy + Tp_1),
ag3 = agy = —2(cosxp — COSTp_1),
A4 = A42 = 2(—Tf COS T + T COSTp_q1 + Sinxy — sinxg_1),
ass = 2(Tp — Tp—1),
34 = Q43 = ﬁ - x%fl’
Qyq = %(xi — ),
by = —xising, + i sinxy,_y — 27 cos Ty, + 271 cos Ty + 2(sinxy, — sinzy_q),
by = X2 COST) — T 1 COSTp_1 — 2Tk SIN Ty, + 2041 Sinxp_1 — 2(COS T — COS Tp_1),
bz = —%(wi — 1),
by = _71;(55% - xi—1)-

Based on the solution of the obtained system, we derive the following expression. For
convenience, we also introduce the notation hy = x, — xr_1, Mr = Ty + Tp_1:

ka):hk-cos(”;’“) [12 - sin(%) — 6 - hy - cos(%) — h - sin(%)]

2

3[h3 + hy - sin(hg) — 4 - (1 — cos(hy,))] ’
b _ hi - sin(Z) - [12 - sin(2) — 6 - by - cos(%) — R - sin(2)]

2

3[h3 + hy - sin(hg) — 4 - (1 — cos(hy,))] ’

o) _ (my,)? B (hy)? 2sm(hz’“) [12- sin(h;) 6 - hk cos( k) — hi sm(;’“)}
s 8 24 3[h2 + hy, - sin(hy) — 4 - (1 — cos(hy))] ’
cP = —%mk. (11)

Then using (11) from (10) we come

op(z) = hk -cos(z — )
[1251n(h )—6-hy-cos(~ Uy )—hy? sin(th)] TR
3[h2+hy- sm(hk) 4(1—cos(hk))] 8 (12)
_ﬁ . 2S1n(h )(1251n( 3 )76-hk-cos(h7k)fhk25in(h7k))_
24 3[h2+hy-sin(hg)—4(1—cos(hy))]

—Lmp)z + %
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For the first, second and third derivatives of ¢, we have

[12sln( E)—6-hy-cos( k) thSin(th)]

QDZ(SL’) - _hk ’ Sil’l(&? B %) [h2+hk -sin(hy)—4(1—cos(hg))] o %<mk) +z, (13)
o [12s1n( k) —6-hy-cos( k) h 2sin(h—’“)]
@p(x) = —hy - cos(z — ) - [h2+h,c SInlzhk) 11— Coks(hk))]z + 1, (14)
o . m [12sin( k) 6-hy-cos( k) hy,? sin(h—k)]
i (@) = hy - sin(z — %) - 32 +hg-sin(hy)—A(1— s (15)
e are now in a position to determine the coefficients Agx, A1x, Aok, Ase, K =1,2,...,n,
W i iti d i h fh Aok, Ak, Aog, Aspey B =1,2

by means of equation (6) for the optimal quadrature formula of the form (1) in the space
K, (4.2), Consequently, we arrive at the following principal result of the present study.

Theorem 1. For fixed nodes a = xo < x1 < ... < x, = b there exists a unique optimal
quadrature formula of the form

b
/ f@)de 2> Agef (zr) + > Awf'(xr) + > Aoef" (@) + Y Asef”(xx),  (16)
a k=0 k=0 k=0 k=0

in the sense of Sard in the space K§4’2) with coefficients Agy, A1k, Aok, Asi that have the
form

1
AOO = §h17
1
1
AOn: ihm

hi+ h3 -sin(hy) + 12h% + 12 - hy sin(hy)
12[h2 + hy - sin(hy) — 4(1 — cos(hq))]
A, — hipr —hE | 12(1 = cos(hy)) = 6 - by - cos(hy) — hE(1 — cos(hy))
12 3[h2 + hy, - sin(hy,) — 4(1 — cos(h))]
12(1 — cos(hg+1)) — 6 - Ay - cos(hyp1) — By (1 — cos(hgs1))
3[h2, 1 + hyerr - sin(hygr) — 4(1 — cos(hyi1))] ’
E=1.2. ..n—1,
Bt 4 13 - sin(hn) + 1202 + 12 - by sin(hy)
12[h2 + hy, - sin(hy,) — 4(1 — cos(hy,))]
h3(4 — cos(hy)) + 9h? - sin(hy) — 24hy (1 — cos(hy))
3[h3 + hy - sin(hy) — 4(1 — cos(hy))] ’
hi(4 — cos(hy)) + 9R3 - sin(hg) — 24hy(1 — cos(hy,))
3[h2 + hy, - sin(hy,) — 4(1 — cos(hy,))]
i (4 = cos(hyq1)) + 9hi oy - sin(hyr) — 24011 (1 — cos(hyt1))
[h7 sy + ey - sin(hyrr) — 4(1 — cos(hys1))] ’
k=12, . .n—1,
h3 (4 — cos(hy,)) + 9h2 sm(hn) 24h,,(1 — cos(h,))
3[h2 + hy, - sin(hy,) — 4(1 — cos(hy,))] ’

10 —

n — —

Az =

Aoy =

A2n:_
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h? hy hy, 12sin(%) — 6 - cos(s) — h}sin(4)
Azg = —+ (h —2 :
0 = 35+ (hacos(5) = 2sin(; D302 5 1y ~sin(in) — 4(1 = cos(in))|’
h? h? h i 12sin(%) — 6 - cos(:) — hZ sin(%)
Aoy, — kL Tk PRy ogin(Zk 2 k B
T (o cos(57) = 2sin(5 >>3[h2 + g - sin(g) — 4(1 — cos(g))]
h h 12si hiy1 G- hig1y B2 hg41
+(hk+1 COS( k-‘rl) . 2 Sln( k+1 )) 2Sln< 2 ) COS( ) k+1 Sln( )
2 3[hj A Py sm(th) 4(1 — cos(hk+1))]
E=1.2. ..n—1,
h? h B 12sin(2) — 6 - cos(fe) — h2 sin(ke)
Agp = =28 _ (1, cos("2) — 2sin(~2 2 2 :
3 1o~ (meos(5) = 28I ) ) g ) — 4(1 = cos(hn)]

The formula is exact for trigonometric functions sin(z), cos(x) and any linear function.

The proof of Theorem 1 is obtained by putting (11), (12), (13), (14) to (6) and doing
some calculations.

From Theorem 1 when the nodes are equally spaced we get a more simple optimal
quadrature formula in the space K . That is the following holds.

Corollary 1. For equally spaced nodes x, = a+ kh, k =0,1,...,n, h = b_Ta, there

exists a unique optimal quadrature formula

b

/f(x) dr =S Agfla+kh) + 3 Awf/(a+ kh)
k=0 k=0

a

+§:A%fﬂr+wz+§:A%f”a+km

k=0 —
with coeflicients
h
Ao = bR
A =h, k=1,2, ..., n—1,
h
ADn - 57

A h*4+h3-sin(h)+12h2+12-hsin(h)

10 — )
12 [h2+h -sin(h)—4(1— COS(h))i|

Ap=0, k=1,2, ..., n—1,

A, — h*++h3-sin(h)+12h%+12-hsin(h)
in — —
12 [h2 +h-sin(h)—4(1—cos(h))
Ao — h3(4—cos(h))+9h2-sin(h)—24h(1—cos(h))
20 — 3[h2+h-sin(h)—4(1—cos(h))] ’
_ 2h3(4—cos(h))+18h2-sin(h)—48h(1—cos(h))
Aop = 3[h2+h-sin(h)—4(1—cos(h))] k=12,
Ao — h3(4—cos(h))+9h?-sin(h)—24h(1—cos(h))
2n — 3[h2+h-sin(h)—4(1—cos(h))] )

o,n—1,

B2 12s1n( )— 6c0s( )— h2sm( )
Azy = 3 + (heos(5) — 2sin(5)) STt hsin(R)—A(1—cos(h))] *

Ay =0, k=1,2,....,n—1,

2 h 1251n( )— 6cos( Y—h2sin(2)
Agn = =15 — (hcos( ) — 2sin(3)) STt hsin(R)—A(1—cos(h)] -
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4 A precise upper bound for the error of the quadrature formula

By substituting the obtained expressions for C’f C , C’ and Cik), we obtain the
general representation of the ¢y (x) function, where k: 1,2, ..., n,

or(x) = hk - cos(x — 7’“)
[1281n(h )—6-h-cos( k)—thSin(Tk)] 4+ Mk
3lh +hk sm(hk)h (l—cos(hk))}]L 8 . (17)
h? 2sin(Tk)(12sin(Tk)—G-hkcos(Tk)—hkzsin(Tk))
24 3[hZ+hy-sin(hy)—4(1—cos(hy))]

—Lmp)z + 2

el V]

Subsequently, we evaluate p2(z) and compute its integral over the interval [z;_1, z}]. For
convenience, we first introduce the following notations

12sin(%) — 6 - hy, - cos(%) — hy” sin(%)

2

Mk = P) : )
3[hi + hy - sin(hy) — 4(1 — cos(hg))]
N = T
8 24

Accordingly, the ¢ (x) function takes the following form:
My
() = hy cos(x — 7) My, + Ni—

2
—QSIH(}; ) My — %( k)T + %
f;:_l oi(x)dr = hg]\;[,f f%k_l cos? (z 1— %)xdx + N f;;k—l dx+
1+4i]k\4,§ sin (5) [} wdx j;;lmi [ @?det
+3 ka_l z* dx + 2h, My Ny, ka_l cos (:r — ) dx—
—4hy M} sin(%) fik_l coS (93 — 7) dr—
—hymy My, f;:ﬂ xcos(x — %) do + hyp My, f;;il x? cos(r — k) dr—
—4M,, Ny, sin(}”“) fi’il dx — Nymy, f;il x dx + N, ffk’il 2% dz+
+2Mymy sin(%) fx:, dz — 2Mj sin(%) f;:ﬁl z? dx — Smy, f;;:l 23 du.

After evaluating these integrals separately and substituting the resulting expressions into
the corresponding integrals above, we obtain the following equality.

7 2( ) — hy  hy [12 sin(2) — 6 - hy, - cos(%) — b sin(2)]
PR =790 T8 T R + hysin(hy) — 4(1 — cos(hy))
Tp_1

Subsequently, we estimate the norm of the ¢(x) function:

) "Ry [12sin(™:) — 6 - hy - cos(X) — h2 sin(2)]
Il = 2 [77% 18 K2 +2 hi sin(hy) — 4(12— cos(hy)) :
We have
b Y2
<[ ), (@) =1l el =
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Il Z": B b [12sin(%) — 6 by - cos() — R2sin()] T\ 2
= Ké‘lﬂ) P 720 18 hi + hy sm(hk) — 4(1 _ COS(hk)) .

For uniformly spaced nodes, the following formula can be derived.

720 18 A2+ hsin(h) — 4(1 — cos(h))

- 5 sin(2) — 6 - h - cos(2) — h?sin(2
\Isolli2<a,b>=Z[h ho H2sinly) =6 hocosty) — I (2”]. (18

k=1

To compare the optimal quadrature formula with the Euler-Maclaurin quadrature for-
mula, we consider several test functions. The obtained numerical results and correspond-
ing errors are presented in Table 1.

Table 1 Comparison of the optimal quadrature formula and the Euler-Maclaurin quadrature
formula.

. Definite Euler-Maclaurin EM
Function integral I(f) OQF Q.(f) Error E, QEM(f) Error EY
Fy =cosz +sinz+1+z 2.8011686789 2.8011686789 1.0 x 10749 2.301168679 1.0 x 10710
Fy=e™ cos(30x) —1.2215039270 x 101 —1.2211406431 x 1071 3.63 x 10°® —0.1187154094 x 107! 3.43 x 10~*
F3 = cos(x?) + sin(z?) 1.1655496861 1.1655496861 5.03 x 10711 1.165549763 7.7%x 1078

Fy = sin(40z) In(1 + z) 1.180810107 x 1072 1.176004160 x 1072 4.80 x 1075 9.446848469 x 1073 2.36 x 1073
1

Iy = Bl 2.7468015338 x 107! 2.7468028487 x 1071 1.31 x 1077 2.746823439 x 1071 2.19 x 107¢
ST

5 Conclusion

In this work, an optimal quadrature formula is constructed in the Hilbert space K§4’2),
consisting of absolutely continuous functions whose first derivatives belong to the space
of square-integrable functions on the interval [a,b]. This functional framework provides
a rigorous mathematical foundation for the development of highly accurate numerical
integration methods.

A central aspect of the proposed approach is the application of the ¢-function method,
which plays a significant role in the optimization of the quadrature formula. The use of
this technique improves both the accuracy and the analytical properties of the resulting
formula, thereby enhancing its efficiency and practical applicability.

The obtained quadrature formula is suitable for both theoretical investigations and
practical applications in numerical analysis and computational mathematics. Moreover,
the proposed methodology can be extended to the construction of more general classes of
optimal quadrature formulas in future research.

In conclusion, the results presented in this study contribute to the development of
efficient numerical integration techniques and demonstrate considerable potential for ap-
plications in a wide range of scientific and engineering computations.
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OIITUMAJIBHBIE METOAbI YNCJIEHHOI'O
NMHTEI'PUIPOBAHUNY, OCHOBAHHBIE HA
AJITEBPANYECKUX N1 TPUTOHOMETPUYECKUX
OYHKIINAX~
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Mucruryr maremarukn uvenn B.J. Pomanosckoro Axajsemun nHayk Pecrybinku Y3bekncras,
100174, Y3bekucran, r. Tamkent, yji. YHuBepcuTeTckasi, 9;
2TalIkeHTCKHIl roCyJapCTBeHHBI TeXHmuecKuil yausepcuter nuMenn Vcinama Kapumosa,

V3bekucran, . Tamkent, ya. YHUBEPCUTETCKAs, 2

B macrogeit paboTe mpOBOIUTCI BCECTOPOHHEE WCCJICIOBAHUE BBIUUCJIEHUS KO-
bunIenToB KBaJApaTypHBIX (DOPMYJI, COJEPKAIINX 3HAYEHUS ITPOU3BOIHBIX, C HUCIOJIb-
30BAHMEM TaK HA3bIBAEMOro MeTona p-dyHkiuit. JIaHHBI 1M01X0/1 IpeicTaBisier coboit
CUCTEMATUYECKYIO U 3(PDEKTUBHYIO METOOJIOTUI0 TOCTPOEHUS ONTHMAJBHBIX KBaJIpa-
TYPHBIX (DOPMYJI B PAMKAX YHCJIEHHOTO nHTerpupoBanus. Cjeayer OTMETUTh, YTO METO/
p-PYHKIHUI HE TOJBKO CYIIECTBEHHO YIIPOIIAET BBIBOJ COOTBETCTBYIOMNX KO3hduiimen-
TOB, HO U 0DECIIEUYNBAET BBICOKYIO TOYHOCTH IOJYIAEMbBIX KBaJIPATYPHBIX (DOPMYIL.

Kpowme Toro, npoBoautcs neTasbHbIN aHAIN3 (DYHKIIMOHAILHONW MOCPEITHOCTH TIPE/I-
JlaraeMoil  KBaJipaTypHoit ¢opmyibl. [losiyueHHbIE OIEHKM MOrPEINTHOCTA ODOCHOBAHBI
CTPOTUMHU aHAJUTUYECKUMU BBIPAYKEHUSIMU, YTO MOJITBEPKJIAET TOYHOCTh U HAJIE2KHOCTh
[OJIYYEHHBIX pe3yJsibTaToB. Ha ocHOBe mccienoBanus KBaJpaTypHbIX (DOPMYJ C IIPOU3-
BOJIbHO 3a/IaHHBIMU Y3JIAMU CACTEMATUYECKN yCTAHABJIMBAIOTCI KPUTEPUU ONTUMAJIBHO-
CTHU, & TAK2XKe MOJIPOOHO M3JIaraloTCs METO/Ibl BEIYUC/IEHNS] COOTBETCTBYIOMUX Ko3bduiu-
€HTOB U CTPYKTYPHBIX KOMIIOHEHTOB (DOPMYJIBL.

B kadecTBe 0CHOBHOIO pe3y/braTa HACTOSIIErO UCCIETOBAHUS MOy I€Hbl aHATUTHIC-
CKUe TPEJICTABJIEHUS B 3aMKHYTOW (popme i KOIMDPUITHEHTOB ONTUMAJILHON KBaIpa-
TypHOI popmynbl. OcobBIit MHTEPEC TPEICTABIAET CIydail pABHOMEPHO PAaCTIPEICIEHHBIX
Y3JI0B, IIpU KOTOPOM II0JIy9eHHAsT KBaIpaTypHasi (hopMyia eCTeCTBEHHBIM 00pa30M COBIIA~
JlaeT ¢ KJjiaccuaeckoit popmysioit tuta Jitiepa—Makiiopera. DTOT pe3y/IbTraT IeMOHCTPHU-
pyeT Kak OOIIHOCTh NPUMEHEHHUsI, TaK U MPAKTHICCKYIO 3HATUMOCTDL METO/Ia (o-(PYHKITUIA.

KuaroueBbie ciioBa: meroj ¢-dyHKIN, ONTUMAJIbHAS KBaJIpaTypHas (opMysia, ornpe-
JIEJIEHHBIN MHTErpaJl, Y3JIbl KBaJIPaTypPHOH (DOPMYIIbI, OITUMAIBHOCTD
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HOBAHHbIE HA ajredbpandecKux U TpuroHomerpudeckux dyuknusx // IIpobsembl Bbranc-
JIUTEJILHON U NpuK/IaaHoii Maremaruku. — 2026. — Ne4/1(75). — C. 72-84.
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