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1 Introduction
The definite integral is one of the fundamental concepts of mathematical analysis and,

in particular, it can be used to get the area or volume of a solid under the graph of
a function. However, in many cases, finding an antiderivative function of an integrand
is difficult or even impossible. Therefore, several approximate calculation methods for
numerical integration have been developed. It is known from the course of mathematical
analysis that if the antiderivative function of the function under the integral is known,
the integral can be calculated using the Newton–Leibniz formula. For cases where it
is difficult to find the antiderivative of the functions under the integral, the problem of
approximating the value of the definite integral arises. To solve this problem, various
formulas have been found in mathematics, which are generally called quadrature and
cubature formulas [1–8].

In this work, we construct optimal quadrature formulas in the space 𝐾(4,2)
2 using the

𝜙-function method. The space 𝐾(4,2)
2 that we are looking at is a Hilbert space. This
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space is a special case of the spaces considered in the works [4, 9, 10]. If the nodal points
of the quadrature formula are arbitrarily fixed, then the Spline method, the 𝜙-function
method, and the Sobolev method are available to construct quadrature formulas obtained
by minimizing the norm of the error functional depending on the coefficients.

Using the 𝜙-function method in several spaces, A. Ghizzetti and A. Ossicini [11],
F. Lanzara [5], T. Catinaş and G. Coman [12] constructed optimal quadrature formulas.

In [10], the authors studied the problem of constructing optimal quadrature formulas
in the sense of Sard. The coefficients of the optimal quadrature formula were calculated
using the resulting 𝜙-function. The optimal quadrature formula in that work is exact for
the functions 𝑒𝜎𝑥 and 𝑒−𝜎𝑥, where 𝜎 is a nonzero real parameter. Quadrature formulas
involving the first and second order derivatives were developed in the following works [13–
15].

Based on them, in this work we consider the following types of quadrature formulas

𝑏∫︁
𝑎

𝑓(𝑥)𝑑𝑥 =
𝑛∑︁

𝑘=0

𝐴0𝑘𝑓(𝑥𝑘)+
𝑛∑︁

𝑘=0

𝐴1𝑘𝑓
′(𝑥𝑘)+

𝑛∑︁
𝑘=0

𝐴2𝑘𝑓
′′(𝑥𝑘)+

𝑛∑︁
𝑘=0

𝐴3𝑘𝑓
′′′(𝑥𝑘)+𝑅𝑛(𝑓), (1)

where 𝐴0𝑘, 𝐴1𝑘, 𝐴2𝑘, 𝐴3𝑘 and 𝑥𝑘 are the coefficients and nodes of the quadrature formula
(1), respectively. Let the nodal points be partitioned on the interval [𝑎, 𝑏] as follows

𝑎 = 𝑥0 < 𝑥1 < . . . < 𝑥𝑛 = 𝑏, (2)

where 𝑅𝑛(𝑓) is the error of the quadrature formula (1). Let us assume that the function
𝑓 under the integral we are looking at is taken from the space 𝐾(4,2)

2 , where

𝐾
(4,2)
2 := {𝑓 : [𝑎, 𝑏]→ R | 𝑓 ′′′ – absolutely continuous and 𝑓 𝐼𝑉 ∈ 𝐿2(𝑎, 𝑏)}.

In this space, the inner product for arbitrary functions 𝑓(𝑥) and 𝑔(𝑥) is defined as

⟨𝑓, 𝑔⟩
𝐾

(4,2)
2

=

𝑏∫︁
𝑎

(𝑓 𝐼𝑉 (𝑥) + 𝑓 ′′(𝑥))(𝑔𝐼𝑉 (𝑥) + 𝑔′′(𝑥))𝑑𝑥.

The corresponding norm in this space is determined as follows

‖𝑓‖
𝐾

(4,2)
2

=

⎛⎝ 𝑏∫︁
𝑎

(𝑓 𝐼𝑉 (𝑥) + 𝑓 ′′(𝑥))
2
𝑑𝑥

⎞⎠
1
2

.

We consider the construction of the quadrature formula of the form (1) with the
smallest error for functions of the space 𝐾(4,2)

2 considered in a certain form in the space
of quadrature formulas. For convenience, we introduce the following designations

𝐴0 = (𝐴00, 𝐴01, . . . , 𝐴0𝑛), 𝐴1 = (𝐴10, 𝐴11, . . . , 𝐴1𝑛), 𝐴2 = (𝐴20, 𝐴21, . . . , 𝐴2𝑛),

𝐴3 = (𝐴30, 𝐴31, . . . , 𝐴3𝑛)

and
𝑋 = (𝑥0, 𝑥1, . . . , 𝑥𝑛). (3)

Below we give the definitions of optimality, of the quadrature formulas [5, 12, 13].
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Definition 1. A quadrature formula of the form (1) is called optimal in the sense of
Nikolskii in the space 𝐾(4,2)

2 if the quantity

𝐹𝑛(𝐾
(4,2)
2 , 𝐴0, 𝐴1, 𝐴2, 𝐴3, 𝑋) = sup

𝑓∈𝐾(4,2)
2

|𝑅𝑛(𝑓)|,

reaches its smallest value with respect to 𝐴0, 𝐴1, 𝐴2, 𝐴3 and 𝑋, and 𝐴0, 𝐴1, 𝐴2, 𝐴3 and
𝑋 are determined by equality (3).
Definition 2. A quadrature formula of the form (1) is called optimal in the sense of Sard
in the space 𝐾(4,2)

2 if the quantity

𝐹𝑛(𝐾
(4,2)
2 , 𝐴0, 𝐴1, 𝐴2, 𝐴3) = sup

𝑓∈𝐾(4,2)
2

|𝑅𝑛(𝑓)|,

reaches its smallest value relative to 𝐴0, 𝐴1, 𝐴2, 𝐴3 for fixed 𝑋, where 𝐴0, 𝐴1, 𝐴2, 𝐴3

and 𝑋 are defined in (3).
In this paper we construct an optimal quadrature formula of the form (1) in the sense

of Sard in the Hilbert space 𝐾(4,2)
2 which is exact for trigonometric functions sin(𝑥), cos(𝑥)

and any linear function.
Next, we discuss the 𝜙-function method for construction of quadrature formulas of the

form (1) in the space 𝐾(4,2)
2 . In Section 3, we consider the optimization of the quadrature

formulas in the form (1). We obtain explicit expressions for the coefficients of the optimal
quadrature formula. In particular, we derive a new optimal quadrature formula in the
space 𝐾(4,2)

2 .

2 A method for constructing quadrature formulas
Let a function 𝑓 be taken from the space 𝐾(4,2)

2 and the nodes for the given natural
numbers 𝑛 be distributed as in the form (2). Then, for each interval [𝑥𝑘−1, 𝑥𝑘] (𝑘 =
= 1, 2, . . . , 𝑛), we consider the functions 𝜙𝑘, 𝑘 = 1, 2, . . . , 𝑛 with the following property

𝜙𝐼𝑉
𝑘 (𝑥) + 𝜙′′

𝑘(𝑥) = 1, 𝑘 = 1, 2, . . . , 𝑛. (4)

Then the 𝜙-function is defined as follows

𝜙|[𝑥𝑘−1, 𝑥𝑘]
= 𝜙𝑘, 𝑘 = 1, 2, . . . , 𝑛.

Therefore, the reduction of the 𝜙-function on the interval [𝑥𝑘−1, 𝑥𝑘] is equal to 𝜙𝑘.
We introduce the following notations:

𝐼(𝑓) : =

𝑏∫︁
𝑎

𝑓(𝑥)𝑑𝑥,

𝑄𝑛,3(𝑓) =
𝑛∑︁

𝑘=0

𝐴0𝑘𝑓(𝑥𝑘) +
𝑛∑︁

𝑘=0

𝐴1𝑘𝑓
′(𝑥𝑘) +

𝑛∑︁
𝑘=0

𝐴2𝑘𝑓
′′(𝑥𝑘) +

𝑛∑︁
𝑘=0

𝐴3𝑘𝑓
′′′(𝑥𝑘).

Now, using the property of addition of definite integrals and taking into account equality
(4), we get

𝐼 (𝑓) =

𝑏∫︁
𝑎

𝑓(𝑥) 𝑑𝑥 =
𝑛∑︁

𝑘=1

𝑥𝑘∫︁
𝑥𝑘−1

1 · 𝑓(𝑥) 𝑑𝑥 =
𝑛∑︁

𝑘=1

𝑥𝑘∫︁
𝑥𝑘−1

(𝜙𝐼𝑉
𝑘 (𝑥) + 𝜙′′

𝑘(𝑥))𝑓(𝑥) 𝑑𝑥.
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Then from here integrating by parts we have

𝐼(𝑓) = [𝜙′′′
𝑛 (𝑥𝑛) + 𝜙′

𝑛(𝑥𝑛)]𝑓(𝑥𝑛)+

+
𝑛−1∑︁
𝑘=1

[𝜙′′′
𝑘 (𝑥𝑘)− 𝜙′′′

𝑘+1(𝑥𝑘) + 𝜙′
𝑘(𝑥𝑘)− 𝜙′

𝑘+1(𝑥𝑘)]𝑓(𝑥𝑘)−

−[𝜙′′′
1 (𝑥0) + 𝜙′

1(𝑥0)]𝑓(𝑥0)− [𝜙′′
𝑛(𝑥𝑛) + 𝜙𝑛(𝑥𝑛)]𝑓

′(𝑥𝑛)−

−
𝑛−1∑︁
𝑘=1

[𝜙′′
𝑘(𝑥𝑘)− 𝜙′′

𝑘+1(𝑥𝑘) + 𝜙𝑘(𝑥𝑘)− 𝜙𝑘+1(𝑥𝑘)]𝑓
′(𝑥𝑘) + [𝜙′′

1(𝑥0)+ (5)

+𝜙1(𝑥0)]𝑓
′(𝑥0) + 𝜙′

𝑛(𝑥𝑛)𝑓
′′(𝑥𝑛) +

𝑛−1∑︁
𝑘=1

[𝜙′
𝑘(𝑥𝑘)− 𝜙′

𝑘+1(𝑥𝑘)]𝑓
′′(𝑥𝑘)− 𝜙′

1(𝑥0)𝑓
′′(𝑥0)−

−𝜙𝑛(𝑥𝑛)𝑓
′′′(𝑥𝑛)−

𝑛−1∑︁
𝑘=1

[𝜙𝑘(𝑥𝑘)− 𝜙𝑘+1(𝑥𝑘)]𝑓
′′′(𝑥𝑘) + 𝜙1(𝑥0)𝑓

′′′(𝑥0)+

+
𝑛∑︁

𝑘=1

𝑥𝑘∫︁
𝑥𝑘−1

(𝑓 (𝐼𝑉 )(𝑥) + 𝑓 (𝐼𝐼)(𝑥))𝜙𝑘(𝑥)𝑑𝑥.

From equality (5) we get

𝐴00 = −𝜙′′′
1 (𝑥0)− 𝜙′

1(𝑥0),

𝐴0𝑘 = 𝜙′′′
𝑘 (𝑥𝑘)− 𝜙′′′

𝑘+1(𝑥𝑘) + 𝜙′
𝑘(𝑥𝑘)− 𝜙′

𝑘+1(𝑥𝑘), 𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴0𝑛 = 𝜙′′′
𝑛 (𝑥𝑛) + 𝜙′

𝑛(𝑥𝑛),

𝐴10 = 𝜙′′
1(𝑥0) + 𝜙1(𝑥0),

𝐴1𝑘 = −𝜙′′
𝑘(𝑥𝑘) + 𝜙′′

𝑘+1(𝑥𝑘)− 𝜙𝑘(𝑥𝑘) + 𝜙𝑘+1(𝑥𝑘), 𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴1𝑛 = −𝜙′′
𝑛(𝑥𝑛)− 𝜙𝑛(𝑥𝑛),

𝐴20 = −𝜙′
1(𝑥0),

𝐴2𝑘 = 𝜙′
𝑘(𝑥𝑘)− 𝜙′

𝑘+1(𝑥𝑘), 𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴2𝑛 = 𝜙′
𝑛(𝑥𝑛),

𝐴30 = 𝜙1(𝑥0),

𝐴3𝑘 = −𝜙𝑘(𝑥𝑘) + 𝜙𝑘+1(𝑥𝑘), 𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴3𝑛 = −𝜙𝑛(𝑥𝑛).

(6)

and the error formula is as follows

𝑅𝑛 (𝑓) =
𝑛∑︁

𝑘=1

𝑥𝑘∫︁
𝑥𝑘−1

(︀
𝑓 𝐼𝑉 (𝑥) + 𝑓 ′′ (𝑥)

)︀
𝜙𝑘 (𝑥) 𝑑𝑥

=

𝑏∫︁
𝑎

(𝑓 𝐼𝑉 (𝑥) + 𝑓 ′′(𝑥))𝜙(𝑥)𝑑𝑥.

(7)

Now we solve this nonhomogeneous fourth-order differential equation:

𝑦𝐼𝑉 + 𝑦′′ = 1 (8)

and obtain a general solution in the following form

𝑦 = 𝐶1 cos(𝑥) + 𝐶2 sin(𝑥) + 𝐶3 + 𝐶4𝑥+
𝑥2

2
. (9)
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Remark 1. Knowing the 𝜙-function, one can find the coefficients 𝐴0𝑘, 𝐴1𝑘, 𝐴2𝑘 and 𝐴3𝑘,
𝑘 = 0, 1, . . . , 𝑛 from equality (6). This is called the 𝜙-function method of constructing a
quadrature formula.

Remark 2. As can be seen from expression (7) above, the quadrature formula (1) is exact
to the functions that are solutions of the equation

𝑓 𝐼𝑉 (𝑥) + 𝑓 ′′(𝑥) = 0.

In the following sections, we deal with finding the coefficients of the optimal quadrature
formula (1) in the space 𝐾(4,2)

2 .

3 An optimal quadrature formula based on the 𝜙-function method
In this section, we examine the optimality of the quadrature formula (1) within the

space 𝐾(4,2)
2 . By applying the Cauchy–Schwarz inequality, the absolute value of the error

corresponding to expression (7) for the quadrature formula (1) can be estimated as

|𝑅𝑛(𝑓)| ⩽ ‖𝑓 𝐼𝑉 + 𝑓 ′′‖𝐿2(𝑎,𝑏)
·

⎛⎝ 𝑏∫︁
𝑎

𝜙2(𝑥)𝑑𝑥

⎞⎠
1
2

= ‖𝑓(𝑥)‖
𝐾

(4,2)
2
· ‖𝜙(𝑥)‖𝐿2(𝑎, 𝑏)

.

Now we consider the function 𝜙𝑘(𝑥) in the interval [𝑥𝑘−1, 𝑥𝑘] (𝑘 = 1, 2, . . . , 𝑛) as a
solution of equation (8). Then based on (9) for 𝜙𝑘, we have

𝜙𝑘(𝑥) = 𝐶
(𝑘)
1 cos𝑥+ 𝐶

(𝑘)
2 sin𝑥+ 𝐶

(𝑘)
3 + 𝐶

(𝑘)
4 𝑥+

𝑥2

2
, (10)

where 𝐶(𝑘)
1 , 𝐶

(𝑘)
2 , 𝐶

(𝑘)
3 , 𝐶

(𝑘)
4 , (𝑘 = 1, 2, . . . , 𝑛) are arbitrary constants.

In conclusion, to find the 𝜙𝑘(𝑥) functions, it is necessary to find all unknowns 𝐶(𝑘)
1 ,

𝐶
(𝑘)
2 , 𝐶(𝑘)

3 and 𝐶
(𝑘)
4 , 𝑘 = 1, 2, . . . , 𝑛. We find 𝐶

(𝑘)
1 , 𝐶(𝑘)

2 , 𝐶(𝑘)
3 and 𝐶

(𝑘)
4 such that when

the integral of the square of the 𝜙𝑘(𝑥) function takes the smallest value. Let’s look at this
function that is related to these,

ℱ𝑘(𝐶
(𝑘)
1 , 𝐶

(𝑘)
2 , 𝐶

(𝑘)
3 , 𝐶

(𝑘)
4 ) =

𝑥𝑘∫︁
𝑥𝑘−1

(𝜙𝑘(𝑥))
2𝑑𝑥, 𝑘 = 1, 2, . . . , 𝑛.

Then, taking into account (10), we have the following.

ℱ𝑘(𝐶
(𝑘)
1 , 𝐶

(𝑘)
2 , 𝐶

(𝑘)
3 , 𝐶

(𝑘)
4 ) =

𝑥𝑘∫︁
𝑥𝑘−1

(︂
𝐶

(𝑘)
1 cos(𝑥) + 𝐶

(𝑘)
2 sin(𝑥) + 𝐶

(𝑘)
3 + 𝐶

(𝑘)
4 𝑥+

𝑥2

2

)︂2

𝑑𝑥.

We calculate the first partial derivatives of this function with respect to 𝐶(𝑘)
1 , 𝐶(𝑘)

2 , 𝐶(𝑘)
3

and 𝐶(𝑘)
4 and equating them to zero we have the following system of linear equations, and

for convenience we also introduce this notation 𝑃𝑘 = 𝐶
(𝑘)
1 cos𝑥+𝐶

(𝑘)
2 sin𝑥+𝐶

(𝑘)
3 +𝐶

(𝑘)
4 𝑥+
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+ 𝑥2

2
:

ℱ ′
𝑘(𝐶

(𝑘)
1 , 𝐶

(𝑘)
2 , 𝐶

(𝑘)
3 , 𝐶

(𝑘)
4 )

𝐶
(𝑘)
1

= 2
𝑥𝑘∫︀

𝑥𝑘−1

𝑃𝑘 cos𝑥𝑑𝑥,

ℱ ′
𝑘(𝐶

(𝑘)
1 , 𝐶

(𝑘)
2 , 𝐶

(𝑘)
3 , 𝐶

(𝑘)
4 )

𝐶
(𝑘)
2

= 2
𝑥𝑘∫︀

𝑥𝑘−1

𝑃𝑘 sin𝑥𝑑𝑥,

ℱ ′
𝑘(𝐶

(𝑘)
1 , 𝐶

(𝑘)
2 , 𝐶

(𝑘)
3 , 𝐶

(𝑘)
4 )

𝐶
(𝑘)
3

= 2
𝑥𝑘∫︀

𝑥𝑘−1

𝑃𝑘𝑑𝑥,

ℱ ′
𝑘(𝐶

(𝑘)
1 , 𝐶

(𝑘)
2 , 𝐶

(𝑘)
3 , 𝐶

(𝑘)
4 )

𝐶
(𝑘)
4

= 2
𝑥𝑘∫︀

𝑥𝑘−1

𝑃𝑘𝑥𝑑𝑥.

We can write the system in the following form by introducing notations, and we present
these notations below:

𝐴𝑘 =

⎛⎜⎜⎝
𝑎11 𝑎12 𝑎13 𝑎14
𝑎21 𝑎22 𝑎23 𝑎24
𝑎31 𝑎32 𝑎33 𝑎34
𝑎41 𝑎42 𝑎43 𝑎44

⎞⎟⎟⎠ , 𝐶𝑘 =

⎛⎜⎜⎜⎝
𝐶

(𝑘)
1

𝐶
(𝑘)
2

𝐶
(𝑘)
3

𝐶
(𝑘)
4

⎞⎟⎟⎟⎠ , 𝐵𝑘 =

⎛⎜⎜⎝
𝑏1
𝑏2
𝑏3
𝑏4

⎞⎟⎟⎠ , 𝑘 = 1, 2, 3, 4.

𝐴𝑘𝐶𝑘 = 𝐵𝑘, (𝑘 = 1, 2, 3, 4)

where

𝑎11 =
𝑥𝑘∫︀

𝑥𝑘−1

2cos2(𝑥)𝑑𝑥,

𝑎12 = 𝑎21 =
𝑥𝑘∫︀

𝑥𝑘−1

2 sin(𝑥) cos(𝑥)𝑑𝑥,

𝑎13 = 𝑎31 =
𝑥𝑘∫︀

𝑥𝑘−1

2 cos(𝑥)𝑑𝑥,

𝑎14 = 𝑎41 =
𝑥𝑘∫︀

𝑥𝑘−1

2𝑥 cos(𝑥)𝑑𝑥,

𝑎22 =
𝑥𝑘∫︀

𝑥𝑘−1

2 sin2(𝑥)𝑑𝑥,

𝑎23 = 𝑎32 =
𝑥𝑘∫︀

𝑥𝑘−1

2 sin(𝑥)𝑑𝑥,

𝑎24 = 𝑎42 =
𝑥𝑘∫︀

𝑥𝑘−1

2𝑥 sin(𝑥)𝑑𝑥,

𝑎33 =
𝑥𝑘∫︀

𝑥𝑘−1

2 𝑑𝑥,

𝑎34 = 𝑎43 =
𝑥𝑘∫︀

𝑥𝑘−1

2𝑥 𝑑𝑥,

𝑎44 =
𝑥𝑘∫︀

𝑥𝑘−1

2𝑥2𝑑𝑥,
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𝑏1 = −
𝑥𝑘∫︀

𝑥𝑘−1

𝑥2 cos(𝑥)𝑑𝑥,

𝑏2 = −
𝑥𝑘∫︀

𝑥𝑘−1

𝑥2 sin(𝑥)𝑑𝑥,

𝑏3 = −
𝑥𝑘∫︀

𝑥𝑘−1

𝑥2𝑑𝑥,

𝑏4 = −
𝑥𝑘∫︀

𝑥𝑘−1

𝑥3𝑑𝑥.

We provide the computations of these terms below

𝑎11 = 𝑥𝑘 − 𝑥𝑘−1 + sin(𝑥𝑘 − 𝑥𝑘−1) cos(𝑥𝑘 + 𝑥𝑘−1),

𝑎12 = 𝑎21 = sin(𝑥𝑘 − 𝑥𝑘−1) sin(𝑥𝑘 + 𝑥𝑘−1),

𝑎13 = 𝑎31 = 2(sin𝑥𝑘 − sin𝑥𝑘−1),

𝑎14 = 𝑎41 = 2(𝑥𝑘 sin𝑥𝑘 − 𝑥𝑘−1 sin𝑥𝑘−1 + cos𝑥𝑘 − cos𝑥𝑘−1),

𝑎22 = 𝑥𝑘 − 𝑥𝑘−1 − sin(𝑥𝑘 − 𝑥𝑘−1) cos(𝑥𝑘 + 𝑥𝑘−1),

𝑎23 = 𝑎32 = −2(cos𝑥𝑘 − cos𝑥𝑘−1),

𝑎24 = 𝑎42 = 2(−𝑥𝑘 cos𝑥𝑘 + 𝑥𝑘−1 cos𝑥𝑘−1 + sin𝑥𝑘 − sin𝑥𝑘−1),

𝑎33 = 2(𝑥𝑘 − 𝑥𝑘−1),

𝑎34 = 𝑎43 = 𝑥2𝑘 − 𝑥2𝑘−1,

𝑎44 =
2
3
(𝑥3𝑘 − 𝑥3𝑘−1),

𝑏1 = −𝑥2𝑘 sin𝑥𝑘 + 𝑥2𝑘−1 sin𝑥𝑘−1 − 2𝑥𝑘 cos𝑥𝑘 + 2𝑥𝑘−1 cos𝑥𝑘−1 + 2(sin𝑥𝑘 − sin𝑥𝑘−1),

𝑏2 = 𝑥2𝑘 cos𝑥𝑘 − 𝑥2𝑘−1 cos𝑥𝑘−1 − 2𝑥𝑘 sin𝑥𝑘 + 2𝑥𝑘−1 sin𝑥𝑘−1 − 2(cos𝑥𝑘 − cos𝑥𝑘−1),

𝑏3 = −1
3
(𝑥3𝑘 − 𝑥3𝑘−1),

𝑏4 = −1
4
(𝑥4𝑘 − 𝑥4𝑘−1).

Based on the solution of the obtained system, we derive the following expression. For
convenience, we also introduce the notation ℎ𝑘 = 𝑥𝑘 − 𝑥𝑘−1, 𝑚𝑘 = 𝑥𝑘 + 𝑥𝑘−1:

𝐶
(𝑘)
1 =

ℎ𝑘 · cos(𝑚𝑘

2
) ·
[︀
12 · sin(ℎ𝑘

2
)− 6 · ℎ𝑘 · cos(ℎ𝑘

2
)− ℎ2𝑘 · sin(

ℎ𝑘

2
)
]︀

3 [ℎ2𝑘 + ℎ𝑘 · sin(ℎ𝑘)− 4 · (1− cos(ℎ𝑘))]
,

𝐶
(𝑘)
2 =

ℎ𝑘 · sin(𝑚𝑘

2
) ·
[︀
12 · sin(ℎ𝑘

2
)− 6 · ℎ𝑘 · cos(ℎ𝑘

2
)− ℎ2𝑘 · sin(

ℎ𝑘

2
)
]︀

3 [ℎ2𝑘 + ℎ𝑘 · sin(ℎ𝑘)− 4 · (1− cos(ℎ𝑘))]
,

𝐶
(𝑘)
3 =

(𝑚𝑘)
2

8
− (ℎ𝑘)

2

24
−

2 sin(ℎ𝑘

2
) ·
[︀
12 · sin(ℎ𝑘

2
)− 6 · ℎ𝑘 · cos(ℎ𝑘

2
)− ℎ2𝑘 · sin(

ℎ𝑘

2
)
]︀

3 [ℎ2𝑘 + ℎ𝑘 · sin(ℎ𝑘)− 4 · (1− cos(ℎ𝑘))]
,

𝐶
(𝑘)
4 = −1

2
𝑚𝑘. (11)

Then using (11) from (10) we come

𝜙𝑘(𝑥) = ℎ𝑘 · cos(𝑥− 𝑚𝑘

2
)

· [12 sin(
ℎ𝑘
2
)−6·ℎ𝑘·cos(

ℎ𝑘
2
)−ℎ𝑘

2 sin(
ℎ𝑘
2
)]

3[ℎ2
𝑘+ℎ𝑘·sin(ℎ𝑘)−4(1−cos(ℎ𝑘))]

+
𝑚2

𝑘

8
−

−ℎ2
𝑘

24
− 2 sin(

ℎ𝑘
2
)(12 sin(

ℎ𝑘
2
)−6·ℎ𝑘·cos(

ℎ𝑘
2
)−ℎ𝑘

2 sin(
ℎ𝑘
2
))

3[ℎ2
𝑘+ℎ𝑘·sin(ℎ𝑘)−4(1−cos(ℎ𝑘))]

−
−1

2
(𝑚𝑘)𝑥+

𝑥2

2
.

(12)
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For the first, second and third derivatives of 𝜙𝑘 we have

𝜙′
𝑘(𝑥) = −ℎ𝑘 · sin(𝑥−

𝑚𝑘

2
) · [12 sin(

ℎ𝑘
2
)−6·ℎ𝑘·cos(

ℎ𝑘
2
)−ℎ𝑘

2 sin(
ℎ𝑘
2
)]

3[ℎ2
𝑘+ℎ𝑘·sin(ℎ𝑘)−4(1−cos(ℎ𝑘))]

− 1
2
(𝑚𝑘) + 𝑥, (13)

𝜙′′
𝑘(𝑥) = −ℎ𝑘 · cos(𝑥−

𝑚𝑘

2
) · [12 sin(

ℎ𝑘
2
)−6·ℎ𝑘·cos(

ℎ𝑘
2
)−ℎ𝑘

2 sin(
ℎ𝑘
2
)]

3[ℎ2
𝑘+ℎ𝑘·sin(ℎ𝑘)−4(1−cos(ℎ𝑘))]

+ 1, (14)

𝜙′′′
𝑘 (𝑥) = ℎ𝑘 · sin(𝑥− 𝑚𝑘

2
) · [12 sin(

ℎ𝑘
2
)−6·ℎ𝑘·cos(

ℎ𝑘
2
)−ℎ𝑘

2 sin(
ℎ𝑘
2
)]

3[ℎ2
𝑘+ℎ𝑘·sin(ℎ𝑘)−4(1−cos(ℎ𝑘))]

. (15)

We are now in a position to determine the coefficients 𝐴0𝑘, 𝐴1𝑘, 𝐴2𝑘, 𝐴3𝑘, 𝑘 = 1, 2, . . . , 𝑛,
by means of equation (6) for the optimal quadrature formula of the form (1) in the space
𝐾

(4,2)
2 . Consequently, we arrive at the following principal result of the present study.

Theorem 1. For fixed nodes 𝑎 = 𝑥0 < 𝑥1 < . . . < 𝑥𝑛 = 𝑏 there exists a unique optimal
quadrature formula of the form

𝑏∫︁
𝑎

𝑓(𝑥)𝑑𝑥 ∼=
𝑛∑︁

𝑘=0

𝐴0𝑘𝑓(𝑥𝑘) +
𝑛∑︁

𝑘=0

𝐴1𝑘𝑓
′(𝑥𝑘) +

𝑛∑︁
𝑘=0

𝐴2𝑘𝑓
′′(𝑥𝑘) +

𝑛∑︁
𝑘=0

𝐴3𝑘𝑓
′′′(𝑥𝑘), (16)

in the sense of Sard in the space 𝐾(4,2)
2 with coefficients 𝐴0𝑘, 𝐴1𝑘, 𝐴2𝑘, 𝐴3𝑘 that have the

form

𝐴00 =
1

2
ℎ1,

𝐴0𝑘 =
1

2
(ℎ𝑘+1 + ℎ𝑘), 𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴0𝑛 =
1

2
ℎ𝑛,

𝐴10 =
ℎ41 + ℎ31 · sin(ℎ1) + 12ℎ21 + 12 · ℎ1 sin(ℎ1)
12
[︀
ℎ21 + ℎ1 · sin(ℎ1)− 4(1− cos(ℎ1))

]︀ ,

𝐴1𝑘 =
ℎ2𝑘+1 − ℎ2𝑘

12
+

12(1− cos(ℎ𝑘))− 6 · ℎ𝑘 · cos(ℎ𝑘)− ℎ2𝑘(1− cos(ℎ𝑘))

3
[︀
ℎ2𝑘 + ℎ𝑘 · sin(ℎ𝑘)− 4(1− cos(ℎ𝑘))

]︀ −

−
12(1− cos(ℎ𝑘+1))− 6 · ℎ𝑘+1 · cos(ℎ𝑘+1)− ℎ2𝑘+1(1− cos(ℎ𝑘+1))

3
[︀
ℎ2𝑘+1 + ℎ𝑘+1 · sin(ℎ𝑘+1)− 4(1− cos(ℎ𝑘+1))

]︀ ,

𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴1𝑛 = −ℎ
4
𝑛 + ℎ3𝑛 · sin(ℎ𝑛) + 12ℎ2𝑛 + 12 · ℎ𝑛 sin(ℎ𝑛)
12
[︀
ℎ2𝑛 + ℎ𝑛 · sin(ℎ𝑛)− 4(1− cos(ℎ𝑛))

]︀ ,

𝐴20 =
ℎ31(4− cos(ℎ1)) + 9ℎ21 · sin(ℎ1)− 24ℎ1(1− cos(ℎ1))

3[ℎ21 + ℎ1 · sin(ℎ1)− 4(1− cos(ℎ1))]
,

𝐴2𝑘 =
ℎ3𝑘(4− cos(ℎ𝑘)) + 9ℎ2𝑘 · sin(ℎ𝑘)− 24ℎ𝑘(1− cos(ℎ𝑘))

3[ℎ2𝑘 + ℎ𝑘 · sin(ℎ𝑘)− 4(1− cos(ℎ𝑘))]
+

+
ℎ3𝑘+1(4− cos(ℎ𝑘+1)) + 9ℎ2𝑘+1 · sin(ℎ𝑘+1)− 24ℎ𝑘+1(1− cos(ℎ𝑘+1))

3[ℎ2𝑘+1 + ℎ𝑘+1 · sin(ℎ𝑘+1)− 4(1− cos(ℎ𝑘+1))]
,

𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴2𝑛 = −ℎ
3
𝑛(4− cos(ℎ𝑛)) + 9ℎ2𝑛 · sin(ℎ𝑛)− 24ℎ𝑛(1− cos(ℎ𝑛))

3[ℎ2𝑛 + ℎ𝑛 · sin(ℎ𝑛)− 4(1− cos(ℎ𝑛))]
,
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𝐴30 =
ℎ21
12

+ (ℎ1 cos(
ℎ1
2
)− 2 sin(

ℎ1
2
))
12 sin(ℎ1

2
)− 6 · cos(ℎ1

2
)− ℎ21 sin(ℎ1

2
)

3[ℎ21 + ℎ1 · sin(ℎ1)− 4(1− cos(ℎ1))]
,

𝐴3𝑘 =
ℎ2𝑘+1 − ℎ2𝑘

12
− (ℎ𝑘 cos(

ℎ𝑘
2
)− 2 sin(

ℎ𝑘
2
))
12 sin(ℎ𝑘

2
)− 6 · cos(ℎ𝑘

2
)− ℎ2𝑘 sin(

ℎ𝑘

2
)

3[ℎ2𝑘 + ℎ𝑘 · sin(ℎ𝑘)− 4(1− cos(ℎ𝑘))]
+

+(ℎ𝑘+1 cos(
ℎ𝑘+1

2
)− 2 sin(

ℎ𝑘+1

2
))

12 sin(ℎ𝑘+1

2
)− 6 · cos(ℎ𝑘+1

2
)− ℎ2𝑘+1 sin(

ℎ𝑘+1

2
)

3[ℎ2𝑘+1 + ℎ𝑘+1 · sin(ℎ𝑘+1)− 4(1− cos(ℎ𝑘+1))]
,

𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴3𝑛 = −ℎ
2
𝑛

12
− (ℎ𝑛 cos(

ℎ𝑛
2
)− 2 sin(

ℎ𝑛
2
))
12 sin(ℎ𝑛

2
)− 6 · cos(ℎ𝑛

2
)− ℎ2𝑛 sin(ℎ𝑛

2
)

3[ℎ2𝑛 + ℎ𝑛 · sin(ℎ𝑛)− 4(1− cos(ℎ𝑛))]
.

The formula is exact for trigonometric functions sin(𝑥), cos(𝑥) and any linear function.

The proof of Theorem 1 is obtained by putting (11), (12), (13), (14) to (6) and doing
some calculations.

From Theorem 1 when the nodes are equally spaced we get a more simple optimal
quadrature formula in the space 𝐾(4,2)

2 . That is the following holds.

Corollary 1. For equally spaced nodes 𝑥𝑘 = 𝑎 + 𝑘ℎ, 𝑘 = 0, 1, . . . , 𝑛, ℎ = 𝑏−𝑎
𝑛

, there
exists a unique optimal quadrature formula

𝑏∫︁
𝑎

𝑓(𝑥) 𝑑𝑥 ∼=
𝑛∑︁

𝑘=0

𝐴0𝑘𝑓(𝑎+ 𝑘ℎ) +
𝑛∑︁

𝑘=0

𝐴1𝑘𝑓
′(𝑎+ 𝑘ℎ)

+
𝑛∑︁

𝑘=0

𝐴2𝑘𝑓
′′(𝑎+ 𝑘ℎ) +

𝑛∑︁
𝑘=0

𝐴3𝑘𝑓
′′′(𝑎+ 𝑘ℎ)

with coefficients

𝐴00 =
ℎ

2
,

𝐴0𝑘 = ℎ, 𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴0𝑛 =
ℎ

2
,

𝐴10 =
ℎ4+ℎ3·sin(ℎ)+12ℎ2+12·ℎ sin(ℎ)

12
[︀
ℎ2+ℎ·sin(ℎ)−4(1−cos(ℎ))

]︀ ,
𝐴1𝑘 = 0, 𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴1𝑛 = −ℎ4+ℎ3·sin(ℎ)+12ℎ2+12·ℎ sin(ℎ)

12
[︀
ℎ2+ℎ·sin(ℎ)−4(1−cos(ℎ))

]︀ ,
𝐴20 =

ℎ3(4−cos(ℎ))+9ℎ2·sin(ℎ)−24ℎ(1−cos(ℎ))
3[ℎ2+ℎ·sin(ℎ)−4(1−cos(ℎ))]

,

𝐴2𝑘 =
2ℎ3(4−cos(ℎ))+18ℎ2·sin(ℎ)−48ℎ(1−cos(ℎ))

3[ℎ2+ℎ·sin(ℎ)−4(1−cos(ℎ))]
, 𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴2𝑛 = −ℎ3(4−cos(ℎ))+9ℎ2·sin(ℎ)−24ℎ(1−cos(ℎ))
3[ℎ2+ℎ·sin(ℎ)−4(1−cos(ℎ))]

,

𝐴30 =
ℎ2

12
+ (ℎ cos(ℎ

2
)− 2 sin(ℎ

2
))

12 sin(ℎ
2
)−6·cos(ℎ

2
)−ℎ2 sin(ℎ

2
)

3[ℎ2+ℎ·sin(ℎ)−4(1−cos(ℎ))]
,

𝐴3𝑘 = 0, 𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴3𝑛 = −ℎ2

12
− (ℎ cos(ℎ

2
)− 2 sin(ℎ

2
))

12 sin(ℎ
2
)−6·cos(ℎ

2
)−ℎ2 sin(ℎ

2
)

3[ℎ2+ℎ·sin(ℎ)−4(1−cos(ℎ))]
.
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4 A precise upper bound for the error of the quadrature formula
By substituting the obtained expressions for 𝐶(𝑘)

1 , 𝐶(𝑘)
2 , 𝐶(𝑘)

3 and 𝐶
(𝑘)
4 , we obtain the

general representation of the 𝜙𝑘(𝑥) function, where 𝑘 = 1, 2, . . . , 𝑛,

𝜙𝑘(𝑥) = ℎ𝑘 · cos(𝑥− 𝑚𝑘

2
)

· [12 sin(
ℎ𝑘
2
)−6·ℎ𝑘·cos(

ℎ𝑘
2
)−ℎ𝑘

2 sin(
ℎ𝑘
2
)]

3[ℎ2
𝑘+ℎ𝑘·sin(ℎ𝑘)−4(1−cos(ℎ𝑘))]

+
𝑚2

𝑘

8
−

−ℎ2
𝑘

24
− 2 sin(

ℎ𝑘
2
)(12 sin(

ℎ𝑘
2
)−6·ℎ𝑘·cos(

ℎ𝑘
2
)−ℎ𝑘

2 sin(
ℎ𝑘
2
))

3[ℎ2
𝑘+ℎ𝑘·sin(ℎ𝑘)−4(1−cos(ℎ𝑘))]

−
−1

2
(𝑚𝑘)𝑥+

𝑥2

2
.

(17)

Subsequently, we evaluate 𝜙2
𝑘(𝑥) and compute its integral over the interval [𝑥𝑘−1, 𝑥𝑘]. For

convenience, we first introduce the following notations

𝑀𝑘 =
12 sin(ℎ𝑘

2
)− 6 · ℎ𝑘 · cos(ℎ𝑘

2
)− ℎ𝑘2 sin(ℎ𝑘

2
)

3[ℎ2𝑘 + ℎ𝑘 · sin(ℎ𝑘)− 4(1− cos(ℎ𝑘))]
,

𝑁𝑘 =
𝑚2

𝑘

8
− ℎ𝑘

2

24
.

Accordingly, the 𝜙𝑘(𝑥) function takes the following form:

𝜙𝑘(𝑥) = ℎ𝑘 cos(𝑥−
𝑚𝑘

2
) ·𝑀𝑘 +𝑁𝑘−

−2 sin(ℎ𝑘
2
) ·𝑀𝑘 −

1

2
(𝑚𝑘)𝑥+

𝑥2

2
.∫︀ 𝑥𝑘

𝑥𝑘−1
𝜙2
𝑘(𝑥) 𝑑𝑥 = ℎ2𝑘𝑀

2
𝑘

∫︀ 𝑥𝑘

𝑥𝑘−1
cos2

(︀
𝑥− 𝑚𝑘

2

)︀
𝑑𝑥+𝑁2

𝑘

∫︀ 𝑥𝑘

𝑥𝑘−1
𝑑𝑥+

+4𝑀2
𝑘 sin

2(ℎ𝑘

2
)
∫︀ 𝑥𝑘

𝑥𝑘−1
𝑥 𝑑𝑥+ 1

4
𝑚2

𝑘

∫︀ 𝑥𝑘

𝑥𝑘−1
𝑥2 𝑑𝑥+

+1
4

∫︀ 𝑥𝑘

𝑥𝑘−1
𝑥4 𝑑𝑥+ 2ℎ𝑘𝑀𝑘𝑁𝑘

∫︀ 𝑥𝑘

𝑥𝑘−1
cos
(︀
𝑥− 𝑚𝑘

2

)︀
𝑑𝑥−

−4ℎ𝑘𝑀2
𝑘 sin(

ℎ𝑘

2
)
∫︀ 𝑥𝑘

𝑥𝑘−1
cos
(︀
𝑥− 𝑚𝑘

2

)︀
𝑑𝑥−

−ℎ𝑘𝑚𝑘𝑀𝑘

∫︀ 𝑥𝑘

𝑥𝑘−1
𝑥 cos(𝑥− 𝑚𝑘

2
) 𝑑𝑥+ ℎ𝑘𝑀𝑘

∫︀ 𝑥𝑘

𝑥𝑘−1
𝑥2 cos(𝑥− 𝑚𝑘

2
) 𝑑𝑥−

−4𝑀𝑘𝑁𝑘 sin(
ℎ𝑘

2
)
∫︀ 𝑥𝑘

𝑥𝑘−1
𝑑𝑥−𝑁𝑘𝑚𝑘

∫︀ 𝑥𝑘

𝑥𝑘−1
𝑥 𝑑𝑥+𝑁𝑘

∫︀ 𝑥𝑘

𝑥𝑘−1
𝑥2 𝑑𝑥+

+2𝑀𝑘𝑚𝑘 sin(
ℎ𝑘

2
)
∫︀ 𝑥𝑘

𝑥𝑘−1
𝑑𝑥− 2𝑀𝑘 sin(

ℎ𝑘

2
)
∫︀ 𝑥𝑘

𝑥𝑘−1
𝑥2 𝑑𝑥− 1

2
𝑚𝑘

∫︀ 𝑥𝑘

𝑥𝑘−1
𝑥3 𝑑𝑥.

After evaluating these integrals separately and substituting the resulting expressions into
the corresponding integrals above, we obtain the following equality.

𝑥𝑘∫︁
𝑥𝑘−1

𝜙2
𝑘(𝑥)𝑑𝑥 =

ℎ5𝑘
720
− ℎ𝑘

18
·
[12 sin(ℎ𝑘

2
)− 6 · ℎ𝑘 · cos(ℎ𝑘

2
)− ℎ2𝑘 sin(

ℎ𝑘

2
)]

ℎ2𝑘 + ℎ𝑘 sin(ℎ𝑘)− 4(1− cos(ℎ𝑘))
.

Subsequently, we estimate the norm of the 𝜙(𝑥) function:

‖𝜙‖2𝐿2(𝑎,𝑏)
=

𝑛∑︁
𝑘=1

[︃
ℎ5𝑘
720
− ℎ𝑘

18
·
[12 sin(ℎ𝑘

2
)− 6 · ℎ𝑘 · cos(ℎ𝑘

2
)− ℎ2𝑘 sin(

ℎ𝑘

2
)]

ℎ2𝑘 + ℎ𝑘 sin(ℎ𝑘)− 4(1− cos(ℎ𝑘))

]︃
.

We have

|𝑅𝑛(𝑓)| ⩽
⃦⃦⃦
𝑓 𝐼𝑉 + 𝑓

′′
⃦⃦⃦
𝐿2(𝑎,𝑏)

·
(︁ 𝑏∫︁

𝑎

𝜙2(𝑥)𝑑𝑥
)︁1/2

= ‖𝑓‖
𝐾

(4,2)
2
· ‖𝜙‖𝐿2(𝑎, 𝑏) =
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= ‖𝑓‖
𝐾

(4,2)
2
·

(︃
𝑛∑︁

𝑘=1

[︃
ℎ5𝑘
720
− ℎ𝑘

18
·
[12 sin(ℎ𝑘

2
)− 6 · ℎ𝑘 · cos(ℎ𝑘

2
)− ℎ2𝑘 sin(

ℎ𝑘

2
)]

ℎ2𝑘 + ℎ𝑘 sin(ℎ𝑘)− 4(1− cos(ℎ𝑘))

]︃)︃1/2

.

For uniformly spaced nodes, the following formula can be derived.

‖𝜙‖2𝐿2(𝑎,𝑏)
=

𝑛∑︁
𝑘=1

[︃
ℎ5

720
− ℎ

18
·
[12 sin(ℎ

2
)− 6 · ℎ · cos(ℎ

2
)− ℎ2 sin(ℎ

2
)]

ℎ2 + ℎ sin(ℎ)− 4(1− cos(ℎ))

]︃
. (18)

To compare the optimal quadrature formula with the Euler–Maclaurin quadrature for-
mula, we consider several test functions. The obtained numerical results and correspond-
ing errors are presented in Table 1.

Table 1 Comparison of the optimal quadrature formula and the Euler–Maclaurin quadrature
formula.

Function Definite
integral 𝐼(𝑓) OQF 𝑄𝑛(𝑓) Error 𝐸𝑛

Euler–Maclaurin
𝑄𝐸𝑀

𝑁 (𝑓)
Error 𝐸𝐸𝑀

𝑁

𝐹1 = cos𝑥+ sin𝑥+ 1 + 𝑥 2.8011686789 2.8011686789 1.0× 10−49 2.301168679 1.0× 10−10

𝐹2 = 𝑒−𝑥2
cos(30𝑥) −1.2215039270× 10−1 −1.2211406431× 10−1 3.63× 10−6 −0.1187154094× 10−1 3.43× 10−4

𝐹3 = cos(𝑥3) + sin(𝑥3) 1.1655496861 1.1655496861 5.03× 10−11 1.165549763 7.7× 10−8

𝐹4 = sin(40𝑥) ln(1 + 𝑥) 1.180810107× 10−2 1.176004160× 10−2 4.80× 10−5 9.446848469× 10−3 2.36× 10−3

𝐹5 =
1

25𝑥2 + 1
2.7468015338× 10−1 2.7468028487× 10−1 1.31× 10−7 2.746823439× 10−1 2.19× 10−6

5 Conclusion
In this work, an optimal quadrature formula is constructed in the Hilbert space 𝐾(4,2)

2 ,
consisting of absolutely continuous functions whose first derivatives belong to the space
of square-integrable functions on the interval [𝑎, 𝑏]. This functional framework provides
a rigorous mathematical foundation for the development of highly accurate numerical
integration methods.

A central aspect of the proposed approach is the application of the 𝜙-function method,
which plays a significant role in the optimization of the quadrature formula. The use of
this technique improves both the accuracy and the analytical properties of the resulting
formula, thereby enhancing its efficiency and practical applicability.

The obtained quadrature formula is suitable for both theoretical investigations and
practical applications in numerical analysis and computational mathematics. Moreover,
the proposed methodology can be extended to the construction of more general classes of
optimal quadrature formulas in future research.

In conclusion, the results presented in this study contribute to the development of
efficient numerical integration techniques and demonstrate considerable potential for ap-
plications in a wide range of scientific and engineering computations.
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УДК 519.644

ОПТИМАЛЬНЫЕ МЕТОДЫ ЧИСЛЕННОГО
ИНТЕГРИРОВАНИЯ, ОСНОВАННЫЕ НА

АЛГЕБРАИЧЕСКИХ И ТРИГОНОМЕТРИЧЕСКИХ
ФУНКЦИЯХ∗

1,2Хаитов Т.О.
tojiboy.xaitov.77@mail.ru

1Институт математики имени В.И. Романовского Академии наук Республики Узбекистан,
100174, Узбекистан, г. Ташкент, ул. Университетская, 9;

2Ташкентский государственный технический университет имени Ислама Каримова,
Узбекистан, г. Ташкент, ул. Университетская, 2

В настоящей работе проводится всестороннее исследование вычисления коэф-
фициентов квадратурных формул, содержащих значения производных, с исполь-
зованием так называемого метода 𝜙-функций. Данный подход представляет собой
систематическую и эффективную методологию построения оптимальных квадра-
турных формул в рамках численного интегрирования. Следует отметить, что метод
𝜙-функций не только существенно упрощает вывод соответствующих коэффициен-
тов, но и обеспечивает высокую точность получаемых квадратурных формул.

Кроме того, проводится детальный анализ функциональной погрешности пред-
лагаемой квадратурной формулы. Полученные оценки погрешности обоснованы
строгими аналитическими выражениями, что подтверждает точность и надежность
полученных результатов. На основе исследования квадратурных формул с произ-
вольно заданными узлами систематически устанавливаются критерии оптимально-
сти, а также подробно излагаются методы вычисления соответствующих коэффици-
ентов и структурных компонентов формулы.

В качестве основного результата настоящего исследования получены аналитиче-
ские представления в замкнутой форме для коэффициентов оптимальной квадра-
турной формулы. Особый интерес представляет случай равномерно распределённых
узлов, при котором полученная квадратурная формула естественным образом совпа-
дает с классической формулой типа Эйлера–Маклорена. Этот результат демонстри-
рует как общность применения, так и практическую значимость метода 𝜙-функций.

Ключевые слова: метод 𝜙-функций, оптимальная квадратурная формула, опре-
делённый интеграл, узлы квадратурной формулы, оптимальность
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