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Background: Riemann–Liouville fractional integrals are non-local operators that
model memory effects in applied sciences, and they can rarely be evaluated analytically.
Classical quadrature rules of Gregory, Newton–Cotes, Euler, Gauss and Markov type
were designed for integer-order integration and cannot, in general, be applied directly to
fractional-order operators with singular kernels.

Purpose: The aim is to construct a quadrature formula for the left Riemann–
Liouville fractional integral that is optimal in the sense of Sard in a Hilbert space of
absolutely continuous functions with square-integrable derivative, for an arbitrary fixed
set of nodes, and to find its coefficients explicitly.

Method: The formula is built by the phi-function method: the error is expressed
through a piecewise phi-function, and the integration error is bounded from above through
the integral of its square. On each subinterval between neighboring nodes this function
solves a first-order linear differential equation with a weakly singular right-hand side. The
equation is solved by variation of parameters with a series expansion of the exponential,
and the free constants are chosen to minimize the integral of the squared function. The
coefficients then follow directly from the values of the function at the nodes.

Results: For any fixed set of nodes the optimal formula exists and is unique, and
its coefficients are given explicitly by series that depend on the nodes, the upper limit of
integration and the order of the fractional integral. The formula is exact for the increasing
and the decreasing exponential functions of unit rate, which distinguishes it from classical
rules that are exact for polynomials. For equally spaced nodes it reduces to a previously
known result.

Implication: The paper extends the phi-function method to fractional integrals with
arbitrarily placed nodes. The results are analytical and provide a basis for theoretical
error bounds and for numerical comparison with existing approximation methods.
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1 Introduction
Fractional calculus occupies a central place among the modern branches of mathe-

matics, since it provides an effective tool for describing a wide range of applied problems
*The authors express sincere gratitude to Professor Abdullo Rahmonovich Hayotov for his invaluable
advice and contribution to the qualitative improvement of this paper.
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arising in physics, mechanics, biology, and engineering. Because Riemann–Liouville frac-
tional integrals possess a non-local character, computing them analytically is frequently
impossible or requires excessive computational effort [1–3]. Traditional quadrature rules
— including those attributed to Gregory, Newton–Cotes, Euler, Gauss, and Markov —
work well for classical integer-order integration, but they cannot, in general, be applied
directly to fractional-order operators, since fractional derivatives and integrals exhibit
singular behavior and memory effects that these classical rules do not account for. For
this reason, building numerical methods designed specifically for high-precision fractional
calculus remains an important research direction.

In recent years, a number of numerical schemes have been developed specifically for
Riemann–Liouville fractional integrals. Dimitrov [4] derived an asymptotic expansion of
the trapezoidal approximation of the fractional integral; when the derivatives of the in-
tegrand at the end points are available, this expansion yields formulas of fourth order of
accuracy, which were further applied to the numerical solution of fractional integral equa-
tions. Budak et al. [5] obtained bounds for the error of approximating a fractional integral
by Simpson’s rule, thereby extending classical error estimates of Newton–Cotes type to the
fractional setting. Ciesielski and Grodzki [6] constructed algorithms for the left- and right-
sided Riemann–Liouville integrals and the Riesz integral based on linear, quadratic and cu-
bic spline interpolation of the integrand, derived analytical error estimates, and confirmed
experimentally convergence orders of up to four. Elgindy [7] proposed a Gegenbauer-
based fractional approximation method with precomputable fractional-order integration
matrices, which attains super-exponential convergence for smooth integrands. Within the
theory of optimal quadrature formulas, Shadimetov and Toshboev [8] studied the right-
sided Riemann–Liouville integral in the Sobolev space 𝐿(𝑚)

2 by means of the Peano kernel
of the error functional and obtained the Sard-optimal coefficients in closed form for every
𝑚 on a uniform grid, together with sharp asymptotics of the error norm. Most of the
above approaches, however, either rely on polynomial exactness and sufficient smoothness
of the integrand, or are formulated on equally spaced nodes. This motivates the construc-
tion of optimal formulas whose exactness is governed by a differential operator other than
𝑑𝑚/𝑑𝑥𝑚 and which remain valid for an arbitrary distribution of nodes.

In the present paper, the problem of constructing quadrature formulas that are optimal
in the sense of Sard is considered for the approximate computation of Riemann–Liouville
fractional integrals within the Hilbert space 𝑊 (1,0)

2 (0, 𝑡). The approach adopted here is
grounded in the functional framework developed by A. Sard [9, 10] and S. M. Nikolsky [11,
12], while the broader theory of optimal cubature formulas is rooted in the foundational
contributions of S. L. Sobolev [13, 14]. Substantial progress in the practical realization of
such algorithms within Sobolev-type spaces has further been achieved through the work
of Kh.M. Shadimetov, A.R. Hayotov, S. S. Babaev and other researchers [15–20]. On
the basis of these results, the 𝜙-functions method is employed to extend the existing
framework to the setting of Riemann–Liouville fractional integrals.

The remainder of the paper is organized as follows. Section 2 states the problem,
presents the 𝜙-functions method for constructing formulas of the type (2) in 𝑊 (1,0)

2 (0, 𝑡),
establishes the analytical link between the coefficients and the 𝜙-functions, and reduces the
optimality problem to the minimization of the integral (9). Section 3 derives the explicit
𝜙-functions that minimize the error of the quadrature formula (2) and utilizes them to
compute the exact coefficients of the resulting optimal formula. Section 4 concludes the
paper.
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2 Problem statement and method

2.1 Statement of the problem

In this work, we consider the numerical evaluation of the left Riemann–Liouville frac-
tional integral, defined as follows (see [1–3]):

𝐷−𝛼
0,𝑡 𝑓(𝑡) = 𝑅𝐿𝐼

𝛼
0,𝑡𝑓(𝑡) =

1

Γ(𝛼)

∫︁ 𝑡

0

(𝑡− 𝑥)𝛼−1𝑓(𝑥) 𝑑𝑥. (1)

To approximate the integral term in Eq. (1), we construct the following quadrature formula∫︁ 𝑡

0

(𝑡− 𝑥)𝛼−1𝑓(𝑥) 𝑑𝑥 =
𝑛∑︁

𝑘=0

𝐴𝑘𝑓(𝑥𝑘) +𝑅𝑛(𝑓). (2)

Once the quadrature formula (2) is established, it can be directly applied to evaluate the
fractional integral (1). Throughout this paper, Γ(·) denotes Euler’s gamma function, 𝑡 > 0
and 0 < 𝛼 < 1. Here, 𝐴𝑘 and 𝑥𝑘 represent the weights (coefficients) and the nodes of the
quadrature formula, respectively, while 𝑅𝑛(𝑓) denotes the error term. We assume that
the function 𝑓(𝑥) belongs to the space 𝑊 (1,0)

2 (0, 𝑡), which is defined as the Hilbert space of
absolutely continuous functions whose first derivatives are square-integrable. The nodes
of the quadrature formula are distributed over the closed interval [0, 𝑡] in the following
order:

0 = 𝑥0 < 𝑥1 < · · · < 𝑥𝑛 = 𝑡.

For any two functions 𝑓(𝑥) and 𝑔(𝑥) belonging to this space, the inner product is given
by

⟨𝑓(𝑥), 𝑔(𝑥)⟩
𝑊

(1,0)
2

=

∫︁ 𝑡

0

(𝑓 ′(𝑥) + 𝑓(𝑥))(𝑔′(𝑥) + 𝑔(𝑥)) 𝑑𝑥,

and the associated norm is defined as

‖𝑓(𝑥)‖
𝑊

(1,0)
2

=

(︂∫︁ 𝑡

0

(𝑓 ′(𝑥) + 𝑓(𝑥))2 𝑑𝑥

)︂ 1
2

.

A central question in the theory of quadrature formulas concerns their optimality
with respect to the error term [21, 22]. In this study, this question is addressed in the
sense introduced by Sard, relying on the one-to-one correspondence that exists between
quadrature formulas and 𝜙-functions.

To simplify the notation, we introduce the following multi-indices:

𝐴 = (𝐴0, 𝐴1, . . . , 𝐴𝑛) and 𝑋 = (𝑥0, 𝑥1, . . . , 𝑥𝑛). (3)

Definition 1. The quadrature formula (2) is said to be optimal in the sense of Nikolsky
in the space 𝑊 (1,0)

2 (0, 𝑡) if the quantity

𝐹𝑛(𝑊
(1,0)
2 , 𝐴,𝑋) = sup

𝑓∈𝑊 (1,0)
2

|𝑅𝑛(𝑓)|

attains its minimum with respect to both 𝐴 and 𝑋 as given in (3).
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Definition 2. The quadrature formula (2) is said to be optimal in the sense of Sard in
the space 𝑊 (1,0)

2 (0, 𝑡) if the quantity

𝐹𝑛(𝑊
(1,0)
2 , 𝐴) = sup

𝑓∈𝑊 (1,0)
2

|𝑅𝑛(𝑓)| (4)

attains its minimum with respect to 𝐴 for a fixed set of 𝑋.

Our goal in this work is to solve this optimality problem in the sense of Sard for the
formula (2) within the space 𝑊 (1,0)

2 (0, 𝑡) — that is, to determine coefficients in (2) that
minimize the quantity (4) for a fixed node set 𝑋. The 𝜙-functions method is the primary
mathematical tool utilized to accomplish this [23–25].

2.2 Method of 𝜙-functions for constructing quadrature formulas in the space
𝑊

(1,0)
2 (0, 𝑡)

This subsection describes the 𝜙-functions technique employed to construct quadrature
formulas of the type (2) that are optimal in the sense of Sard within 𝑊 (1,0)

2 (0, 𝑡). A more
comprehensive treatment of the general 𝜙-function method can be found in [17, 23–26].

Consider a function 𝑓(𝑥) ∈ 𝑊
(1,0)
2 (0, 𝑡), and fix a positive integer 𝑛 together with a

set of nodes 𝑋 as defined in (3). On every subinterval [𝑥𝑘−1, 𝑥𝑘] for 𝑘 = 1, 2, . . . , 𝑛, we
define the functions 𝜙𝑘(𝑥) satisfying the following linear differential equation:

𝜙′
𝑘(𝑥)− 𝜙𝑘(𝑥) = (𝑡− 𝑥)𝛼−1, 𝑘 = 1, 2, . . . , 𝑛. (5)

The global function 𝜙(𝑥) is then defined piecewise as follows:

𝜙(𝑥)|[𝑥𝑘−1,𝑥𝑘] = 𝜙𝑘(𝑥), 𝑘 = 1, 2, . . . , 𝑛,

in other words, 𝜙(𝑥) coincides with 𝜙𝑘(𝑥) on each subinterval [𝑥𝑘−1, 𝑥𝑘].

Let us introduce the following notation:

𝐼(𝑓) :=

∫︁ 𝑡

0

(𝑡− 𝑥)𝛼−1𝑓(𝑥) 𝑑𝑥, (6)

and

𝑄𝑛(𝑓) :=
𝑛∑︁

𝑘=0

𝐴𝑘𝑓(𝑥𝑘).



Numerical approximation of fractional integrals. . . 33

By splitting the integral additively over the subintervals and applying Eq. (5) to
Eq. (6), we obtain [23–25]

𝐼(𝑓) =

∫︁ 𝑡

0

(𝑡− 𝑥)𝛼−1𝑓(𝑥) 𝑑𝑥 =
𝑛∑︁

𝑘=1

∫︁ 𝑥𝑘

𝑥𝑘−1

(𝜙′
𝑘(𝑥)− 𝜙𝑘(𝑥))𝑓(𝑥) 𝑑𝑥 =

=
𝑛∑︁

𝑘=1

(︂∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙′
𝑘(𝑥)𝑓(𝑥) 𝑑𝑥−

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙𝑘(𝑥)𝑓(𝑥) 𝑑𝑥

)︂
=

=
𝑛∑︁

𝑘=1

(︃
𝜙𝑘(𝑥) · 𝑓(𝑥)

⃒⃒⃒𝑥𝑘

𝑥𝑘−1

−
∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙𝑘(𝑥)𝑓
′(𝑥) 𝑑𝑥−

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙𝑘(𝑥) · 𝑓(𝑥) 𝑑𝑥

)︃
=

=
𝑛∑︁

𝑘=1

(︃
𝜙𝑘(𝑥)𝑓(𝑥)

⃒⃒⃒𝑥𝑘

𝑥𝑘−1

−
∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙𝑘(𝑥) · (𝑓 ′(𝑥) + 𝑓(𝑥)) 𝑑𝑥

)︃
=

=
𝑛∑︁

𝑘=1

(𝜙𝑘(𝑥𝑘)𝑓(𝑥𝑘)− 𝜙𝑘(𝑥𝑘−1)𝑓(𝑥𝑘−1))−
𝑛∑︁

𝑘=1

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙𝑘(𝑥) · (𝑓 ′(𝑥) + 𝑓(𝑥)) 𝑑𝑥 =

=
𝑛∑︁

𝑘=1

𝜙𝑘(𝑥𝑘)𝑓(𝑥𝑘)−
𝑛∑︁

𝑘=1

𝜙𝑘(𝑥𝑘−1) · 𝑓(𝑥𝑘−1)−
𝑛∑︁

𝑘=1

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙𝑘(𝑥) · (𝑓 ′(𝑥) + 𝑓(𝑥)) 𝑑𝑥 =

=
𝑛∑︁

𝑘=1

𝜙𝑘(𝑥𝑘) · 𝑓(𝑥𝑘)−
𝑛−1∑︁
𝑘=0

𝜙𝑘+1(𝑥𝑘) · 𝑓(𝑥𝑘)−
𝑛∑︁

𝑘=1

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙𝑘(𝑥) · (𝑓 ′(𝑥) + 𝑓(𝑥)) 𝑑𝑥 =

= 𝜙𝑛(𝑥𝑛) · 𝑓(𝑥𝑛) +
𝑛−1∑︁
𝑘=1

𝜙𝑘(𝑥𝑘) · 𝑓(𝑥𝑘)−
𝑛−1∑︁
𝑘=1

𝜙𝑘+1(𝑥𝑘) · 𝑓(𝑥𝑘)− 𝜙1(𝑥0)𝑓(𝑥0)−

−
𝑛∑︁

𝑘=1

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙𝑘(𝑥) · (𝑓 ′(𝑥) + 𝑓(𝑥)) 𝑑𝑥,

which leads to

𝐼(𝑓) = 𝐴0𝑓(𝑥0) +
𝑛−1∑︁
𝑘=1

𝐴𝑘𝑓(𝑥𝑘) + 𝐴𝑛𝑓(𝑥𝑛) +𝑅𝑛[𝑓 ],

which yields the following explicit expressions for the coefficients:

𝐴0 = −𝜙1(𝑥0),
𝐴𝑘 = 𝜙𝑘(𝑥𝑘)− 𝜙𝑘+1(𝑥𝑘), 𝑘 = 1, 2, . . . , 𝑛− 1,

𝐴𝑛 = 𝜙𝑛(𝑥𝑛),
(7)

while the corresponding error term takes the form:

𝑅𝑛[𝑓 ] = −
𝑛∑︁

𝑘=1

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙𝑘(𝑥)(𝑓
′(𝑥) + 𝑓(𝑥)) 𝑑𝑥 =

= −
∫︁ 𝑡

0

𝜙(𝑥)(𝑓 ′(𝑥) + 𝑓(𝑥)) 𝑑𝑥.

(8)

Remark 1. Once the function 𝜙(𝑥) in (7) is determined, the coefficients 𝐴𝑘 (𝑘 =
= 0, 1, . . . , 𝑛) follow immediately. This systematic procedure for constructing a quadra-
ture formula is known as the 𝜙-functions method.
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Remark 2. Formula (8) demonstrates that the quadrature rule (2) is exact (i.e., 𝑅𝑛(𝑓) =
= 0) for any function satisfying the differential equation

𝑓 ′(𝑥) + 𝑓(𝑥) = 0.

Consequently, the constructed formula is exact for functions of the form 𝑓(𝑥) = 𝐶𝑒−𝑥.

2.3 The optimality problem for the quadrature formula
This subsection is devoted to computing the coefficients of the optimal quadrature

formula (2) within the space 𝑊 (1,0)
2 (0, 𝑡).

Applying the Cauchy–Schwarz inequality to the integral representation of the error
term (8) yields:

|𝑅𝑛(𝑓)| ⩽ ‖𝑓 ′(𝑥) + 𝑓(𝑥)‖𝐿2(0,𝑡)

(︂∫︁ 𝑡

0

𝜙2(𝑥) 𝑑𝑥

)︂1/2

=

= ‖𝑓‖
𝑊

(1,0)
2 (0,𝑡)

‖𝜙‖𝐿2(0,𝑡).

Note that constructing an optimal quadrature formula of the form (2) in the Sard
sense within 𝑊

(1,0)
2 (0, 𝑡) amounts to determining coefficients 𝐴 = (𝐴0, 𝐴1, . . . , 𝐴𝑛) — for

a node set 𝑋 = (𝑥0, 𝑥1, . . . , 𝑥𝑛) fixed as in (3) — that minimize

𝐹𝑛(𝐴) =

∫︁ 𝑡

0

𝜙2(𝑥) 𝑑𝑥. (9)

Equivalently, this problem reduces to finding the functions 𝜙𝑘(𝑥) (𝑘 = 1, 2, . . . , 𝑛) that
satisfy the differential equation (5) while minimizing the integral (9) on each respective
subinterval [𝑥𝑘−1, 𝑥𝑘]. We first determine these minimizing functions 𝜙𝑘(𝑥); the exact
coefficients 𝐴𝑘 of the resulting optimal quadrature formula (2) are then directly obtained
using relations (7).

3 Results and discussion

3.1 Finding the functions 𝜙𝑘

In this subsection, we determine the explicit form of the functions 𝜙𝑘(𝑥) on each
subinterval [𝑥𝑘−1, 𝑥𝑘] for 𝑘 = 1, 2, . . . , 𝑛, which satisfy the differential equation:

𝑦′ − 𝑦 = (𝑡− 𝑥)𝛼−1. (10)

We seek a solution using the method of variation of parameters, assuming the form 𝑦(𝑥) =
= 𝑢(𝑥)𝑦1(𝑥), where 𝑦1(𝑥) represents the non-trivial solution to the corresponding homo-
geneous equation:

𝑦′ − 𝑦 = 0. (11)

It is straightforward to verify that
𝑦1(𝑥) = 𝑒𝑥 (12)

is a fundamental solution to (11). This enables us to solve the non-homogeneous equa-
tion (10) by assuming a general solution of the form:

𝑦(𝑥) = 𝑢(𝑥)𝑦1(𝑥). (13)
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Differentiating the unknown function 𝑦(𝑥) with respect to 𝑥 gives:

𝑦′ = 𝑢′𝑦1 + 𝑢𝑦′1. (14)

Substituting (13) and (14) into (10) and utilizing the property of 𝑦1 in (12) yields:

𝑢′𝑒𝑥 + 𝑢𝑒𝑥 − 𝑢𝑒𝑥 = (𝑡− 𝑥)𝛼−1,

which simplifies to:
𝑢′ = 𝑒−𝑥(𝑡− 𝑥)𝛼−1.

Integrating both sides with respect to 𝑥, and employing the Taylor series expansion for
the exponential term 𝑒𝑡−𝑥 =

∑︀∞
𝑖=0

(𝑡−𝑥)𝑖

𝑖!
, we evaluate the integral as follows:

𝑢(𝑥) = −𝑒−𝑡

∞∑︁
𝑖=0

1

𝑖!

(𝑡− 𝑥)𝑖+𝛼

𝑖+ 𝛼
+ 𝐶.

Combining this result with (12), the general solution to the differential equation (10)
is obtained as:

𝑦 = −𝑒𝑥−𝑡

∞∑︁
𝑖=0

1

𝑖!

(𝑡− 𝑥)𝑖+𝛼

𝑖+ 𝛼
+ 𝐶𝑒𝑥. (15)

Accordingly, on each subinterval [𝑥𝑘−1, 𝑥𝑘] for 𝑘 = 1, 2, . . . , 𝑛, we define 𝜙𝑘(𝑥) in the form
of (15):

𝜙𝑘(𝑥) = −𝑒𝑥−𝑡

∞∑︁
𝑖=0

1

𝑖!

(𝑡− 𝑥)𝑖+𝛼

𝑖+ 𝛼
+ 𝐶(𝑘)𝑒𝑥, 𝑥 ∈ [𝑥𝑘−1, 𝑥𝑘]. (16)

Consequently, determining the exact functions 𝜙𝑘(𝑥) reduces to selecting the appropriate
constants 𝐶(𝑘) (𝑘 = 1, 2, . . . , 𝑛) such that the error functional norm (9) is minimized on
each subinterval. To achieve this, we look for the values of 𝐶(𝑘) that minimize the integral
of 𝜙2

𝑘(𝑥) over [𝑥𝑘−1, 𝑥𝑘]. Let us consider the following function to be minimized:

ℱ𝑘(𝐶
(𝑘)) =

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙2
𝑘(𝑥) 𝑑𝑥, 𝑘 = 1, 2, . . . , 𝑛.

Substituting the expression for 𝜙𝑘(𝑥) from (16) into the objective function yields:

ℱ𝑘(𝐶
(𝑘)) =

∫︁ 𝑥𝑘

𝑥𝑘−1

𝜙2
𝑘(𝑥) 𝑑𝑥 =

∫︁ 𝑥𝑘

𝑥𝑘−1

[︃
𝑒𝑥

(︃
−𝑒−𝑡

∞∑︁
𝑖=0

1

𝑖!

(𝑡− 𝑥)𝑖+𝛼

𝑖+ 𝛼
+ 𝐶(𝑘)

)︃]︃2
𝑑𝑥 =

=

∫︁ 𝑥𝑘

𝑥𝑘−1

𝑒2𝑥

(︃
−𝑒−𝑡

∞∑︁
𝑖=0

1

𝑖!

(𝑡− 𝑥)𝑖+𝛼

𝑖+ 𝛼

)︃2

𝑑𝑥−

− 2𝐶(𝑘)𝑒−𝑡

∫︁ 𝑥𝑘

𝑥𝑘−1

𝑒2𝑥
∞∑︁
𝑖=0

1

𝑖!

(𝑡− 𝑥)𝑖+𝛼

𝑖+ 𝛼
𝑑𝑥+

+ (𝐶(𝑘))2
∫︁ 𝑥𝑘

𝑥𝑘−1

𝑒2𝑥 𝑑𝑥, 𝑘 = 1, 2, . . . , 𝑛.

To find the minimum, we differentiate ℱ𝑘(𝐶
(𝑘)) with respect to the parameter 𝐶(𝑘)

and equate the result to zero, which provides the necessary condition for optimality:

2𝐶(𝑘)

∫︁ 𝑥𝑘

𝑥𝑘−1

𝑒2𝑥 𝑑𝑥− 2𝑒−𝑡

∫︁ 𝑥𝑘

𝑥𝑘−1

𝑒2𝑥
∞∑︁
𝑖=0

1

𝑖!

(𝑡− 𝑥)𝑖+𝛼

𝑖+ 𝛼
𝑑𝑥 = 0.



36 Babaev S.S., Elmurodova S.S.

Solving this equation for 𝐶(𝑘) requires evaluating the integral
∫︀ 𝑥𝑘

𝑥𝑘−1
𝑒2𝑥(𝑡 − 𝑥)𝑖+𝛼 𝑑𝑥. By

utilizing the Taylor series expansion 𝑒2𝑥 = 𝑒2𝑡𝑒−2(𝑡−𝑥) = 𝑒2𝑡
∑︀∞

𝑗=0
(−1)𝑗2𝑗

𝑗!
(𝑡 − 𝑥)𝑗, we can

resolve this integral analytically to obtain:

𝐶(𝑘) =
𝑒−𝑡
∫︀ 𝑥𝑘

𝑥𝑘−1
𝑒2𝑥
∑︀∞

𝑖=0
1
𝑖!
(𝑡−𝑥)𝑖+𝛼

𝑖+𝛼
𝑑𝑥∫︀ 𝑥𝑘

𝑥𝑘−1
𝑒2𝑥 𝑑𝑥

=

= − 2𝑒𝑡

𝑒2𝑥𝑘 − 𝑒2𝑥𝑘−1

∞∑︁
𝑖=0

1

𝑖! (𝑖+ 𝛼)
×

×
∞∑︁
𝑗=0

(−1)𝑗2𝑗

𝑗!
· 1

𝑖+ 𝑗 + 𝛼 + 1

(︀
(𝑡− 𝑥𝑘)𝑖+𝑗+𝛼+1 − (𝑡− 𝑥𝑘−1)

𝑖+𝑗+𝛼+1
)︀
,

𝑘 = 1, 2, . . . , 𝑛.

(17)

Since ℱ𝑘 is a convex quadratic function with respect to 𝐶(𝑘), one can rigorously verify that
this choice of 𝐶(𝑘) strictly minimizes ℱ𝑘(𝐶

(𝑘)) on the subinterval [𝑥𝑘−1, 𝑥𝑘]. Finally, sub-
stituting the optimal constant (17) back into (16) gives the exact explicit representation
of the functions 𝜙𝑘(𝑥):

𝜙𝑘(𝑥) = −𝑒𝑥−𝑡

∞∑︁
𝑖=0

1

𝑖!

(𝑡− 𝑥)𝑖+𝛼

𝑖+ 𝛼
− 2𝑒𝑡+𝑥

𝑒2𝑥𝑘 − 𝑒2𝑥𝑘−1
·

∞∑︁
𝑖=0

1

𝑖!(𝑖+ 𝛼)
×

×
∞∑︁
𝑗=0

(−1)𝑗2𝑗

𝑗!

1

𝑖+ 𝑗 + 𝛼 + 1

(︀
(𝑡− 𝑥𝑘)𝑖+𝑗+𝛼+1 − (𝑡− 𝑥𝑘−1)

𝑖+𝑗+𝛼+1
)︀
,

𝑥 ∈ [𝑥𝑘−1, 𝑥𝑘], 𝑘 = 1, 2, . . . , 𝑛.

(18)

3.2 Coefficients of the optimal quadrature formula
With the explicit representation of 𝜙𝑘(𝑥) given by (18), we now utilize relations (7) to

compute the exact coefficients 𝐴𝑘 (𝑘 = 0, 1, . . . , 𝑛) of the optimal quadrature formula (2).
We begin with the first coefficient 𝐴0. Evaluating 𝜙1(𝑥) at the initial node 𝑥0 = 0, we

obtain:

𝐴0 = 𝑒−𝑡

∞∑︁
𝑖=0

1

𝑖!

(𝑡)𝑖+𝛼

𝑖+ 𝛼
+

2𝑒𝑡

𝑒2𝑥1 − 1

∞∑︁
𝑖=0

1

𝑖!(𝑖+ 𝛼)
×

×
∞∑︁
𝑗=0

(−1)𝑗2𝑗

𝑗!

1

𝑖+ 𝑗 + 𝛼 + 1

[︀
(𝑡− 𝑥1)𝑖+𝑗+𝛼+1 − (𝑡)𝑖+𝑗+𝛼+1

]︀
.

(19)

Next, we compute the interior coefficients 𝐴𝑘 for 𝑘 = 1, 2, . . . , 𝑛−1. By evaluating the
respective expressions for 𝜙𝑘(𝑥) and 𝜙𝑘+1(𝑥) from (18) at the node 𝑥𝑘, we notice that the
first summation terms perfectly cancel each other out, yielding a simplified expression:

𝐴𝑘 =
2𝑒𝑡+𝑥𝑘

𝑒2𝑥𝑘+1 − 𝑒2𝑥𝑘

∞∑︁
𝑖=0

1

𝑖!(𝑖+ 𝛼)

∞∑︁
𝑗=0

(−1)𝑗2𝑗

𝑗!

1

𝑖+ 𝑗 + 𝛼 + 1
×

×
[︀
(𝑡− 𝑥𝑘+1)

𝑖+𝑗+𝛼+1 − (𝑡− 𝑥𝑘)𝑖+𝑗+𝛼+1
]︀
−

− 2𝑒𝑡+𝑥𝑘

𝑒2𝑥𝑘 − 𝑒2𝑥𝑘−1

∞∑︁
𝑖=0

1

𝑖!(𝑖+ 𝛼)

∞∑︁
𝑗=0

(−1)𝑗2𝑗

𝑗!

1

𝑖+ 𝑗 + 𝛼 + 1
×

×
[︀
(𝑡− 𝑥𝑘)𝑖+𝑗+𝛼+1 − (𝑡− 𝑥𝑘−1)

𝑖+𝑗+𝛼+1
]︀
,

𝑘 = 1, 2, . . . , 𝑛− 1.

(20)
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Finally, the last coefficient 𝐴𝑛 follows from (7) together with (18). Evaluating 𝜙𝑛(𝑥) at
the final node 𝑥𝑛 = 𝑡 yields:

𝐴𝑛 = 𝜙𝑛(𝑥𝑛) = −𝑒𝑥𝑛−𝑡

∞∑︁
𝑖=0

1

𝑖!

(𝑡− 𝑥𝑛)𝑖+𝛼

𝑖+ 𝛼
− 2𝑒𝑡+𝑥𝑛

𝑒2𝑥𝑛 − 𝑒2𝑥𝑛−1

∞∑︁
𝑖=0

1

𝑖!(𝑖+ 𝛼)
×

×
∞∑︁
𝑗=0

(−1)𝑗2𝑗

𝑗!

1

𝑖+ 𝑗 + 𝛼 + 1

[︀
(𝑡− 𝑥𝑛)𝑖+𝑗+𝛼+1 − (𝑡− 𝑥𝑛−1)

𝑖+𝑗+𝛼+1
]︀
.

(21)

Combining the derived explicit expressions in (19), (20), and (21) provides the com-
plete foundation for the main theorem of this work.
Theorem 1. For every fixed set of nodes 𝑋, there exists a unique quadrature formula in
the space 𝑊 (1,0)

2 (0, 𝑡) that is optimal in the sense of Sard and has the form∫︁ 𝑡

0

(𝑡− 𝑥)𝛼−1𝑓(𝑥) 𝑑𝑥 =
𝑛∑︁

𝑘=0

𝐴𝑘𝑓(𝑥𝑘) +𝑅𝑛(𝑓)

with the coefficients

𝐴0 = 𝑒−𝑡

∞∑︁
𝑖=0

1

𝑖!

(𝑡)𝑖+𝛼

𝑖+ 𝛼
+

2𝑒𝑡

𝑒2𝑥1 − 1

∞∑︁
𝑖=0

1

𝑖!(𝑖+ 𝛼)
×

×
∞∑︁
𝑗=0

(−1)𝑗2𝑗

𝑗!

1

𝑖+ 𝑗 + 𝛼 + 1

[︀
(𝑡− 𝑥1)𝑖+𝑗+𝛼+1 − (𝑡− 𝑥0)𝑖+𝑗+𝛼+1

]︀
,

𝐴𝑘 =
2𝑒𝑡+𝑥𝑘

𝑒2𝑥𝑘+1 − 𝑒2𝑥𝑘

∞∑︁
𝑖=0

1

𝑖!(𝑖+ 𝛼)

∞∑︁
𝑗=0

(−1)𝑗2𝑗

𝑗!

1

𝑖+ 𝑗 + 𝛼 + 1
×

×
[︀
(𝑡− 𝑥𝑘+1)

𝑖+𝑗+𝛼+1 − (𝑡− 𝑥𝑘)𝑖+𝑗+𝛼+1
]︀
−

− 2𝑒𝑡+𝑥𝑘

𝑒2𝑥𝑘 − 𝑒2𝑥𝑘−1

∞∑︁
𝑖=0

1

𝑖!(𝑖+ 𝛼)

∞∑︁
𝑗=0

(−1)𝑗2𝑗

𝑗!

1

𝑖+ 𝑗 + 𝛼 + 1
×

×
[︀
(𝑡− 𝑥𝑘)𝑖+𝑗+𝛼+1 − (𝑡− 𝑥𝑘−1)

𝑖+𝑗+𝛼+1
]︀
,

𝐴𝑛 = 𝜙𝑛(𝑥𝑛) = −𝑒𝑥𝑛−𝑡

∞∑︁
𝑖=0

1

𝑖!

(𝑡− 𝑥𝑛)𝑖+𝛼

𝑖+ 𝛼
− 2𝑒𝑡+𝑥𝑛

𝑒2𝑥𝑛 − 𝑒2𝑥𝑛−1

∞∑︁
𝑖=0

1

𝑖!(𝑖+ 𝛼)
×

×
∞∑︁
𝑗=0

(−1)𝑗2𝑗

𝑗!

1

𝑖+ 𝑗 + 𝛼 + 1

[︀
(𝑡− 𝑥𝑛)𝑖+𝑗+𝛼+1 − (𝑡− 𝑥𝑛−1)

𝑖+𝑗+𝛼+1
]︀

for fixed nodes 𝑥𝑘, 𝑘 = 0, 1, . . . , 𝑛, satisfying the inequality 0 = 𝑥0 < 𝑥1 < · · · < 𝑥𝑛 = 𝑡.
Remark 3. Note that if we consider a uniform grid 𝑥𝑘 = 𝑘ℎ for 𝑘 = 0, 1, . . . , 𝑛 with the
step size ℎ = 𝑡/𝑛, Theorem 1 strictly reduces to the analytical results previously obtained
in [27].

4 Conclusion
In this paper, we addressed the problem of constructing an optimal quadrature formula

for the approximation of Riemann–Liouville fractional integrals within the Hilbert space
𝑊

(1,0)
2 (0, 𝑡). The explicit form of the error function 𝜙(𝑥) was rigorously determined on

each subinterval by solving the associated linear differential equations, and a systematic
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algorithm for computing the exact optimal coefficients was developed based on the result-
ing optimality conditions. Our methodology successfully minimized the squared 𝐿2-norm
of the error function, yielding explicit analytical expressions for the quadrature weights.
Future research will focus on establishing strict theoretical upper bounds for the optimal
quadrature error and conducting comprehensive numerical experiments to compare the
proposed approach with existing approximation methods in the literature.
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Предпосылки: Дробные интегралы Римана–Лиувилля являются нелокальны-
ми операторами, описывающими эффекты памяти в прикладных науках, и лишь из-
редка вычисляются аналитически. Классические квадратурные формулы типа Гре-
гори, Ньютона–Котеса, Эйлера, Гаусса и Маркова создавались для интегрирования
целого порядка и, как правило, не могут быть напрямую применены к операторам
дробного порядка с сингулярными ядрами.

Цель: Цель работы — построить квадратурную формулу для левого дробного
интеграла Римана–Лиувилля, оптимальную в смысле Сарда в гильбертовом про-
странстве абсолютно непрерывных функций с интегрируемой с квадратом произ-
водной, для произвольного фиксированного набора узлов и найти её коэффициенты
в явном виде.

Метод: Формула строится методом фи-функций: погрешность выражается через
кусочную фи-функцию, а сама погрешность оценивается сверху через интеграл от её
квадрата. На каждом отрезке между соседними узлами эта функция удовлетворяет
линейному дифференциальному уравнению первого порядка со слабо сингулярной
правой частью. Уравнение решается методом вариации постоянных с разложени-
ем экспоненты в ряд, а свободные константы выбираются из условия минимума
интеграла от квадрата функции. После этого коэффициенты формулы находятся
непосредственно по значениям функции в узлах.

Результаты: Для любого фиксированного набора узлов оптимальная формула
существует и единственна, а её коэффициенты выражаются в явном виде через ря-
ды, зависящие от узлов, верхнего предела интегрирования и порядка дробного инте-
грала. Формула точна для возрастающей и убывающей экспоненциальных функций
единичного показателя, что отличает её от классических формул, точных на много-
членах. Для равноотстоящих узлов она сводится к ранее известному результату.

Значимость: Работа распространяет метод фи-функций на дробные интегралы
с произвольным расположением узлов. Полученные результаты носят аналитиче-
ский характер и создают основу для теоретических оценок погрешности и числен-
ного сравнения с существующими методами аппроксимации.

Ключевые слова: гильбертово пространство, метод фи-функций, оптимальная
квадратурная формула, погрешность формулы

Цитирование: Бабаев С.С., Элмуродова С.С.Численное приближение дробных ин-
тегралов: оптимальный квадратурный подход, основанный на фи-функциях // Про-
блемы вычислительной и прикладной математики. – 2026. – № 4/1(75). – С. 29-40.

DOI: 10.71310/pcam.4-1_75.2026.03





ПРОБЛЕМЫ ВЫЧИСЛИТЕЛЬНОЙ И
ПРИКЛАДНОЙ МАТЕМАТИКИ

№ 4/1(75) 2026
Журнал основан в 2015 году.

Издается 6 раз в год.
Учредитель:

Научно-исследовательский институт развития цифровых технологий и
искусственного интеллекта.

Главный редактор:
Равшанов Н.

Заместители главного редактора:
Арипов М.М., Шадиметов Х.М., Ахмедов Д.Д.

Ответственный секретарь:
Убайдуллаев М.Ш.

Редакционный совет:
Азамов А.А., Алоев Р.Д., Амиргалиев Е.Н. (Казахстан), Арушанов М.Л.,

Боборахимов Б.И., Бурнашев В.Ф., Джумаёзов У.З., Загребина С.А. (Россия),
Задорин А.И. (Россия), Игнатьев Н.А., Ильин В.П. (Россия),

Иманкулов Т.С. (Казахстан), Исмагилов И.И. (Россия), Кабанихин С.И. (Россия),
Курбонов Н.М., Маматов Н.С., Мирзаев Н.М., Мурадов Ф.А., Назирова Э.Ш.,
Нормуродов Ч.Б., Нуралиев Ф.А., Нуралиев Ф.М., Опанасенко В.Н. (Украина),

Расулмухамедов М.М., Садуллаева Ш.А., Старовойтов В.В. (Беларусь),
Хаётов А.Р., Халджигитов А., Хамдамов Р.Х., Хужаев И.К., Хужаеров Б.Х.,

Эшмаматова Д.Б., Дустмуродова Ш.Ж., Чье Ен Ун (Россия),
Шабозов М.Ш. (Таджикистан), Dimov I. (Болгария), Li Y. (США),
Mascagni M. (США), Min A. (Германия), Singh M. (Южная Корея).

Журнал зарегистрирован в Агентстве информации и массовых коммуникаций при
Администрации Президента Республики Узбекистан.

Свидетельство №0856 от 5 августа 2015 года.
ISSN 2181-8460, eISSN 2181-046X

При перепечатке материалов ссылка на журнал обязательна.
За точность фактов и достоверность информации ответственность несут авторы.

Адрес редакции:
100125, г. Ташкент, м-в. Буз-2, 17А.

Тел.: +(998) 71 263-41-98.
Э-почта: journals@airi.uz.

Веб-сайт: https://journals.airi.uz.
Дизайн и вёрстка:

Шарипов Х.Д.
Отпечатано в типографии НИИ РЦТИИ.

Подписано в печать 05.10.2026 г.
Формат 60х84 1/8. Заказ № 5. Тираж 100 экз.

https://journals.airi.uz


PROBLEMS OF COMPUTATIONAL AND
APPLIED MATHEMATICS

No. 4/1(75) 2026
The journal was established in 2015.

6 issues are published per year.

Founder:
Digital Technologies and Artificial Intelligence Development Research Institute.

Editor-in-Chief:
Ravshanov N.

Deputy Editors:
Aripov M.M., Shadimetov Kh.M., Akhmedov D.D.

Executive Secretary:
Ubaydullaev M.Sh.

Editorial Council:
Azamov A.A., Aloev R.D., Amirgaliev E.N. (Kazakhstan), Arushanov M.L.,

Boborakhimov B.I., Burnashev V.F., Djumayozov U.Z., Zagrebina S.A. (Russia),
Zadorin A.I. (Russia), Ignatiev N.A., Ilyin V.P. (Russia), Imankulov T.S. (Kazakhstan),

Ismagilov I.I. (Russia), Kabanikhin S.I. (Russia), Kurbonov N.M., Mamatov N.S.,
Mirzaev N.M., Muradov F.A., Nazirova E.Sh., Normurodov Ch.B., Nuraliev F.A.,

Nuraliev F.M., Opanasenko V.N. (Ukraine), Sadullaeva Sh.A.,
Starovoitov V.V. (Belarus), Khayotov A.R., Khaldjigitov A., Khamdamov R.Kh.,

Khujaev I.K., Khujayorov B.Kh., Eshmamatova D.B., Dustmurodova Sh.J.,
Chye En Un (Russia), Shabozov M.Sh. (Tajikistan), Dimov I. (Bulgaria), Li Y. (USA),

Mascagni M. (USA), Min A. (Germany), Singh M. (South Korea).

The journal is registered by Agency of Information and Mass Communications under the
Administration of the President of the Republic of Uzbekistan.

Certificate of Registration No. 0856 of 5 August 2015.

ISSN 2181-8460, eISSN 2181-046X

At a reprint of materials the reference to the journal is obligatory.
Authors are responsible for the accuracy of the facts and reliability of the information.

Address:
100125, Tashkent, Buz-2, 17A.

Tel.: +(998) 71 263-41-98.
Е-mail: journals@airi.uz.

Web-site: https://journals.airi.uz.

Layout design:
Sharipov Kh.D.

DTAIRI printing office.
Signed for print 05.10.2026

Format 60х84 1/8. Order No. 5. Print run of 100 copies.

https://journals.airi.uz


Содержание

Хаётов А.Р., Мухторова М.М.
Функции гистосплайна при восстановлении функций по интегральным зна-
чениям . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

Олимов Н.Н.
Численное решение линейных интегральных уравнений Фредгольма второго
рода на основе оптимальных интерполяционных формул с производными . . 16

Бабаев С.С., Элмуродова С.С.
Численное приближение дробных интегралов: оптимальный квадратурный
подход, основанный на фи-функциях . . . . . . . . . . . . . . . . . . . . . . . 29

Кулдошев Х.М.
Выражения для коэффициентов оптимальных квадратурных формул с па-
раметром . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

Хаётов А.Р., Хусаинов А.
Альтернативный вывод и численный анализ оптимальной интерполяцион-
ной формулы в гильбертовом пространстве . . . . . . . . . . . . . . . . . . . 61

Хаитов Т.О.
Оптимальные методы численного интегрирования, основанные на алгебра-
ических и тригонометрических функциях . . . . . . . . . . . . . . . . . . . . 72

Шадиметов Х.М., Нафасов А.Ю.
Квадрат нормы функционала погрешности интерполяционной формулы с
третьей производной в гильбертовом пространстве . . . . . . . . . . . . . . . 85

Болтаев А.К., Пардаева О.Ф.
Интерполяционные сплайны, минимизирующие полунорму в гильбертовом
пространстве Соболева . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

Бердимурадова У.А.
Явные коэффициенты и оценка погрешности оптимальной квадратурной
формулы . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

Полвонов С.З.
Оптимальная квадратурная формула с кратными узлами в гильбертовом
пространстве . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

Барраева С.Ш.
Оптимальные квадратурные формулы с тригонометрическими весами в про-
странстве Соболева . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

Нуралиев Ф.А., Абдуллаева Г.Ш.
Сравнительный анализ алгебраико-гиперболических натуральных сплайнов
шестого порядка и интегральных квазиинтерполяционных сплайнов . . . . . 153

Ахмедов Д.М., Шомаликова М.Ш.
Оптимальная квадратурная формула типа Эрмита со слабосингулярным ве-
сом методом PHI-функций . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

Хаётов А.Р., Пирнапасов С.О.
Приближённое вычисление дробной производной Капуто . . . . . . . . . . . 180

Бувашеров Д.С., Алиев Ш.Е.
Оптимальные квадратурные формулы для интегралов типа Коши с триго-
нометрическими весами . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

Насруллаев П.А., Джурабоева О.С., Саманова Г.Б.
Консервативная модель переноса примесей в атмосфере над сложным
рельефом . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201



Contents

Hayotov A.R., Mukhtorova M.M.
Histospline functions in reconstructing functions using integral values . . . . . . 5

Olimov N.N.
Numerical solution of linear Fredholm integral equations of the second kind based
on optimal interpolation formulas with derivatives . . . . . . . . . . . . . . . . . 16

Babaev S.S., Elmurodova S.S.
Numerical approximation of fractional integrals: an optimal quadrature approach
based on phi-functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

Kuldoshev Kh.M.
Expressions for the coefficients of optimal quadrature formulas with a parameter 41

Hayotov A.R., Husainov A.
Alternative derivation and numerical analysis of an optimal interpolation formula
in the Hilbert space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

Khaitov T.O.
Optimal numerical integration rules based on algebraic and trigonometric functions 72

Shadimetov Kh.M., Nafasov A.Y.
The squared norm of the error functional for a third-derivative interpolation
formula in a Hilbert space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

Boltaev A.K., Pardaeva O.F.
Interpolation splines minimizing a semi-norm in a Sobolev Hilbert space . . . . . 98

Berdimuradova U.A.
Explicit coefficients and error estimate for an optimal quadrature formula . . . . 116

Polvonov S.Z.
Optimal quadrature formula with multiple nodes in a Hilbert space . . . . . . . 127

Barraeva S.Sh.
Optimal quadrature formulas with trigonometric weights in a Sobolev space . . . 141

Nuraliev F.A., Abdullaeva G.Sh.
A comparative analysis of sixth-order algebraic-hyperbolic natural splines and
integral quasi-interpolating splines . . . . . . . . . . . . . . . . . . . . . . . . . . 153

Akhmedov D.M., Shomalikova M.Sh.
Optimal Hermite-type quadrature with weakly singular weight via PHI-functions 167

Hayotov A.R., Pirnapasov S.O.
Approximate calculation of the Caputo fractional-order derivative . . . . . . . . 180

Buvasherov D.S., Aliev Sh.E.
Optimal quadrature formulas for highly oscillatory Cauchy-type integrals . . . . 190

Nasrullayev P.A., Juraboyeva O.S., Samanova G.B.
A mass-conserving model of pollutant transport in the atmosphere over complex
terrain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201


	Обложка_А3_2

