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Background: Riemann-Liouville fractional integrals are non-local operators that
model memory effects in applied sciences, and they can rarely be evaluated analytically.
Classical quadrature rules of Gregory, Newton—Cotes, Euler, Gauss and Markov type
were designed for integer-order integration and cannot, in general, be applied directly to
fractional-order operators with singular kernels.

Purpose: The aim is to construct a quadrature formula for the left Riemann-—
Liouville fractional integral that is optimal in the sense of Sard in a Hilbert space of
absolutely continuous functions with square-integrable derivative, for an arbitrary fixed
set of nodes, and to find its coefficients explicitly.

Method: The formula is built by the phi-function method: the error is expressed
through a piecewise phi-function, and the integration error is bounded from above through
the integral of its square. On each subinterval between neighboring nodes this function
solves a first-order linear differential equation with a weakly singular right-hand side. The
equation is solved by variation of parameters with a series expansion of the exponential,
and the free constants are chosen to minimize the integral of the squared function. The
coefficients then follow directly from the values of the function at the nodes.

Results: For any fixed set of nodes the optimal formula exists and is unique, and
its coefficients are given explicitly by series that depend on the nodes, the upper limit of
integration and the order of the fractional integral. The formula is exact for the increasing
and the decreasing exponential functions of unit rate, which distinguishes it from classical
rules that are exact for polynomials. For equally spaced nodes it reduces to a previously
known result.

Implication: The paper extends the phi-function method to fractional integrals with
arbitrarily placed nodes. The results are analytical and provide a basis for theoretical
error bounds and for numerical comparison with existing approximation methods.
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Introduction

Fractional calculus occupies a central place among the modern branches of mathe-
matics, since it provides an effective tool for describing a wide range of applied problems

*The authors express sincere gratitude to Professor Abdullo Rahmonovich Hayotov for his invaluable
advice and contribution to the qualitative improvement of this paper.
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arising in physics, mechanics, biology, and engineering. Because Riemann-Liouville frac-
tional integrals possess a non-local character, computing them analytically is frequently
impossible or requires excessive computational effort [1-3]. Traditional quadrature rules
— including those attributed to Gregory, Newton—Cotes, Euler, Gauss, and Markov —
work well for classical integer-order integration, but they cannot, in general, be applied
directly to fractional-order operators, since fractional derivatives and integrals exhibit
singular behavior and memory effects that these classical rules do not account for. For
this reason, building numerical methods designed specifically for high-precision fractional
calculus remains an important research direction.

In recent years, a number of numerical schemes have been developed specifically for
Riemann-Liouville fractional integrals. Dimitrov [4] derived an asymptotic expansion of
the trapezoidal approximation of the fractional integral; when the derivatives of the in-
tegrand at the end points are available, this expansion yields formulas of fourth order of
accuracy, which were further applied to the numerical solution of fractional integral equa-
tions. Budak et al. [5] obtained bounds for the error of approximating a fractional integral
by Simpson’s rule, thereby extending classical error estimates of Newton—Cotes type to the
fractional setting. Ciesielski and Grodzki [6] constructed algorithms for the left- and right-
sided Riemann-Liouville integrals and the Riesz integral based on linear, quadratic and cu-
bic spline interpolation of the integrand, derived analytical error estimates, and confirmed
experimentally convergence orders of up to four. Elgindy [7] proposed a Gegenbauer-
based fractional approximation method with precomputable fractional-order integration
matrices, which attains super-exponential convergence for smooth integrands. Within the
theory of optimal quadrature formulas, Shadimetov and Toshboev [8] studied the right-
sided Riemann-Liouville integral in the Sobolev space Lgm) by means of the Peano kernel
of the error functional and obtained the Sard-optimal coefficients in closed form for every
m on a uniform grid, together with sharp asymptotics of the error norm. Most of the
above approaches, however, either rely on polynomial exactness and sufficient smoothness
of the integrand, or are formulated on equally spaced nodes. This motivates the construc-
tion of optimal formulas whose exactness is governed by a differential operator other than
d™ /dz™ and which remain valid for an arbitrary distribution of nodes.

In the present paper, the problem of constructing quadrature formulas that are optimal
in the sense of Sard is considered for the approximate computation of Riemann—Liouville
fractional integrals within the Hilbert space WQ(LO)(O, t). The approach adopted here is
grounded in the functional framework developed by A. Sard [9,10] and S. M. Nikolsky [11,
12|, while the broader theory of optimal cubature formulas is rooted in the foundational
contributions of S.L. Sobolev [13,14]. Substantial progress in the practical realization of
such algorithms within Sobolev-type spaces has further been achieved through the work
of Kh. M. Shadimetov, A.R. Hayotov, S.S. Babaev and other researchers [15-20]. On
the basis of these results, the p-functions method is employed to extend the existing
framework to the setting of Riemann—Liouville fractional integrals.

The remainder of the paper is organized as follows. Section 2 states the problem,
presents the p-functions method for constructing formulas of the type (2) in WQI’O)(O, t),
establishes the analytical link between the coefficients and the p-functions, and reduces the
optimality problem to the minimization of the integral (9). Section 3 derives the explicit
¢-functions that minimize the error of the quadrature formula (2) and utilizes them to
compute the exact coefficients of the resulting optimal formula. Section 4 concludes the

paper.
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2 Problem statement and method

2.1 Statement of the problem

In this work, we consider the numerical evaluation of the left Riemann—Liouville frac-
tional integral, defined as follows (see [1-3|):

D32 () = mI5uf(0) = s [ (=0 ) 1)

To approximate the integral term in Eq. (1), we construct the following quadrature formula

=1 5@ de = 3 Autton) + Ralh), 2)

k=0

Once the quadrature formula (2) is established, it can be directly applied to evaluate the
fractional integral (1). Throughout this paper, I'(-) denotes Euler’s gamma function, ¢ > 0
and 0 < a < 1. Here, Ay and zy, represent the weights (coefficients) and the nodes of the
quadrature formula, respectively, while R, (f) denotes the error term. We assume that

the function f(z) belongs to the space WQ(I’O) (0,t), which is defined as the Hilbert space of
absolutely continuous functions whose first derivatives are square-integrable. The nodes
of the quadrature formula are distributed over the closed interval [0,¢] in the following
order:

O=zo<21 <" <x, =t.

For any two functions f(z) and g(x) belonging to this space, the inner product is given
by

() gl = [ (@) + 1) (@) + g(0) d,

and the associated norm is defined as

D lygn = ([ @)+ 07 m);

A central question in the theory of quadrature formulas concerns their optimality
with respect to the error term [21,22|. In this study, this question is addressed in the
sense introduced by Sard, relying on the one-to-one correspondence that exists between
quadrature formulas and ¢-functions.

To simplify the notation, we introduce the following multi-indices:

A= (Ap, A1,..., Ay) and X = (g, 21,...,2p). (3)

Definition 1. The quadrature formula (2) is said to be optimal in the sense of Nikolsky
in the space Wz(l’o)(O, t) if the quantity

F,(Ws" A X) = sup |Ru(f)]
few o

attains its minimum with respect to both A and X as given in (3).
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Definition 2. The quadrature formula (2) is said to be optimal in the sense of Sard in
the space WQ(LO)(O, t) if the quantity

F, (W' Ay = sup |Ru(f)l (4)

fewit

attains its minimum with respect to A for a fixed set of X.

Our goal in this work is to solve this optimality problem in the sense of Sard for the
formula (2) within the space Wi (0,¢) — that is, to determine coefficients in (2) that
minimize the quantity (4) for a fixed node set X. The ¢-functions method is the primary
mathematical tool utilized to accomplish this [23-25].

2.2 M?t})lod of p-functions for constructing quadrature formulas in the space
W52 (0,1)

This subsection describes the p-functions technique employed to construct quadrature

formulas of the type (2) that are optimal in the sense of Sard within WQ(I’O)(O, t). A more
comprehensive treatment of the general ¢-function method can be found in [17,23-26].

Consider a function f(z) € WZ(LO)(O, t), and fix a positive integer n together with a
set of nodes X as defined in (3). On every subinterval [zj_1,zx] for kK = 1,2,... n, we
define the functions ¢ () satisfying the following linear differential equation:

o () —op(z) =t —2)*" k=1,2,...,n. (5)
The global function ¢(z) is then defined piecewise as follows:
O(0)fop_1,00) = Cr(), k=1,2,...,n,

in other words, ¢(x) coincides with ¢y (x) on each subinterval [xy_1, xy].

Let us introduce the following notation:

and
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By splitting the integral additively over the subintervals and applying Eq. (5) to
Eq. (6), we obtain [23-25]

Z/mk (pr (@) — () f(x) do =

k=1 Y Tk—-1

- Z ([ dwr@i- [ aw@rwa) -

Tr—1

- / (@) /() di — / on(2) - F(2) dx) _

1(f) = / (t - 2)* " f(x) da =

n

= (sok(x) - f(x)

k=1

Tk Tp_1 Tp_1
n

= (wk(l“)f ()

k=1

Tk

Tk

=S (onlan) f(ax) — onlee) Flan) = 3 / " @) (@) + fla))de =

Tk—1

SO ICICAEES SERE NI e oy | " o) (F() + £ () de =
k=1 k=1 k=1 Y Tk-1

=3 el £ = Y el fa) = [ eule) (70 + 1) o =
k=1 k=0 k=1

Tr—1

n—1

= n(Tn) - flan) + Z er(zr) - flax) — 2_: Prr1(zk) - fzn) — 1(20) f(20)—

- [ ) () + S s

Tk—1

which leads to

n—1

I(f) = Aof (x0) + Y Awf(wx) + Anf(2n) + Ru[f],

k=1

which yields the following explicit expressions for the coefficients:

Ay = —p1(70),
AkIQOk(xk)_@kJrl(xk), k:1727"'7n_17 (7)
An - Qpn<xn)7

while the corresponding error term takes the form:

Rl == [ ale)(@) + fa) do =
®

- / o(@)(f'(z) + f(x)) dr.

0

Remark 1. Once the function ¢(z) in (7) is determined, the coefficients Ay (k =
=0,1,...,n) follow immediately. This systematic procedure for constructing a quadra-
ture formula is known as the p-functions method.
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Remark 2. Formula (8) demonstrates that the quadrature rule (2) is exact (i.e., R,(f) =
= 0) for any function satisfying the differential equation

f'(x) + f(z) =0.
Consequently, the constructed formula is exact for functions of the form f(z) = Ce™".

2.3 The optimality problem for the quadrature formula

This subsection is devoted to computing the coefficients of the optimal quadrature
formula (2) within the space WQ(LO)(O, t).

Applying the Cauchy—Schwarz inequality to the integral representation of the error
term (8) yields:

t 1/2
R0 < 1)+ f@ s ([ P0rae) =
0
= 1o g lellLa00-

Note that constructing an optimal quadrature formula of the form (2) in the Sard
sense within WQ(LO)(O, t) amounts to determining coefficients A = (Ao, 41,...,A,) — for
a node set X = (xg,z1,...,z,) fixed as in (3) — that minimize

Fo(A) = / P (x) d. (9)

Equivalently, this problem reduces to finding the functions ¢y (x) (k = 1,2,...,n) that
satisfy the differential equation (5) while minimizing the integral (9) on each respective
subinterval [ry_1,2g]. We first determine these minimizing functions ¢ (z); the exact
coefficients Ay, of the resulting optimal quadrature formula (2) are then directly obtained
using relations (7).

3 Results and discussion

3.1 Finding the functions ¢y

In this subsection, we determine the explicit form of the functions ¢g(z) on each
subinterval [zy_1, x| for k£ =1,2,... n, which satisfy the differential equation:

y —y=@—z)"" (10)

We seek a solution using the method of variation of parameters, assuming the form y(x) =
= u(z)yi(x), where y;(x) represents the non-trivial solution to the corresponding homo-
geneous equation:

y —y=0. (11)
It is straightforward to verify that
yi(z) =¢€° (12)

is a fundamental solution to (11). This enables us to solve the non-homogeneous equa-
tion (10) by assuming a general solution of the form:

y() = u(@)yi(r). (13)
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Differentiating the unknown function y(x) with respect to x gives:
y' =y +uy;. (14)
Substituting (13) and (14) into (10) and utilizing the property of y; in (12) yields:
u'e” +ue® —ue” = (t —x)*7 !,
which simplifies to:
u =e " (t —x)*

Integrating both sides with respect to x, and employing the Taylor series expansion for

the exponential term e~* = "7 (t_l.!x)i, we evaluate the integral as follows:

1 (t —x)ite
u(:v) = ¢! E -+ C.
|
P AN SeY

Combining this result with (12), the general solution to the differential equation (10)
is obtained as:

0 1 (t _ $)i+a
z—t T
= - SET 4 cen 15
Accordingly, on each subinterval [z5_1, zg] for k = 1,2,...,n, we define pg(x) in the form
of (15):
1 (t— )it
() = —ez_tz 5% +CWer z € [xp_1, k] (16)

i=0

Consequently, determining the exact functions ¢y (z) reduces to selecting the appropriate
constants C®) (k =1,2,...,n) such that the error functional norm (9) is minimized on
each subinterval. To achieve this, we look for the values of C'*) that minimize the integral
of @2 (z) over [z_1,7x]. Let us consider the following function to be minimized:

Tp
Fr(CW)) = / oi(x)dr, k=1,2,...,n.
Tr—1

Substituting the expression for ¢ (z) from (16) into the objective function yields:

Fu(CW) = /mk pi(a)do = /mk e’ | —e i %M +CoW dr =
Tho1 Tho1 PR + «
> i+ 2
[ _e,tzyt—xw o
- — il it

i+

_20]6) t/ o2 — Z
Zz‘ z—l—a de +

4{C®V/‘ e*dr, k=1,2,...,n.
Tl—1

To find the minimum, we differentiate F;(C®*)) with respect to the parameter C'*)
and equate the result to zero, which provides the necessary condition for optimality:

t_xz—l—a

T,
2C(k)/ Qxd —t/ 23: = 0.
oy c e Z il ita dr
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Solving this equation for C'*) requires evaluating the integral f;:_l e**(t — z)""*dx. By
(12
i

i : - 20 _ 2t,-2(t—x) _ 2t 0O PR
utilizing the Taylor series expansion e** = e“’e =e Zj:() (t — z)?, we can

resolve this integral analytically to obtain:

—t [Tk 2z N0 1 (t—z)tte
O SN DANE v dz

x
ke dy
Th_1

Ck) —

o0

2¢! 1
= — E X
etk — e2h—1 < ! (i + ) (17)

(_1)j2j 1 i+j i+j
% . t— i+j+a+l t — 10 i+j+a+l
E . P — ((t — xx) (t —xp—1) ),

Since F}, is a convex quadratic function with respect to C®), one can rigorously verify that
this choice of C®) strictly minimizes Fj,(C'*®)) on the subinterval [x;_1, 7). Finally, sub-
stituting the optimal constant (17) back into (16) gives the exact explicit representation
of the functions ¢y (z):

(e}

1(t—x)* et = 1
B - _ . — X
@k(.il:) € ; i i+ o e2rr — p2TK—1 ; Z'(Z + Oé)
= (- 1)]23’ 1 " L (18)
" ‘_ itjtatl _ (4 _ g iHitatl
Jzo z’+j+a+1(( zk) (t = 25) )

G[xk_l,:vk], k=1,2,...,n

3.2 Coefficients of the optimal quadrature formula
With the explicit representation of g (z) given by (18), we now utilize relations (7) to
compute the exact coefficients A, (k= 0,1,...,n) of the optimal quadrature formula (2).
We begin with the first coefficient Ag. Evaluating ¢1(x) at the initial node zo = 0, we
obtain:

1 () - 1
Ag=et) = X
0=¢"D iva T —1Zi!(i+a)

=0 =0 (19)

= (=1)727 1 " o

X t— ) Jjta+l t i+j+a+1 .
j;) 5! z‘+j+a+1[< 1) Q ]
Next, we compute the interior coefficients A for k = 1,2,...,n—1. By evaluating the

respective expressions for ¢ (z) and ¢g,1(x) from (18) at the node xy, we notice that the
first summation terms perfectly cancel each other out, yielding a simplified expression:

1 (—1)27 1
7 X . X
exrhit — e (i + o) pr jloi+gj+a+1

X [(t o xk+1)i+j+a+l o ( . xk)iJerraJrl} .

[e.e] o0

2€t+$k

A =

9l i i 1)72i 1 y (20)
€2tk — ekt L (i + ) = gl i+ j+a+1

% [(t . mk)i+j+o‘+1 ( S )Z+j+0£+1j|

k=1,2,....,n—1.
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Finally, the last coefficient A,, follows from (7) together with (18). Evaluating ¢, (z) at
the final node x,, =t yields:

o0 o

L(t =) et L
An = Pn\Ln) = — ot - B x
pn(z,) = —e Z 0 ita | o ot Z (i + )
— (=1 z:01 h o
« S . E— @) IO (1 — )]
2 i jragi o) ( Y |

j=0

Combining the derived explicit expressions in (19), (20), and (21) provides the com-
plete foundation for the main theorem of this work.

Theorem 1. For every fixed set of nodes X, there exists a unique quadrature formula in
the space Wg(l’o)((), t) that is optimal in the sense of Sard and has the form

/0 (t— o) fw)dr =3 Auf(ax) + Rul))

k=0

with the coefficients

[e.o]

L1 ()i 2¢t 1
Ag=e" X
0= Zz'z+a+62m1—1;i!(i+a)

©© 323 1 o .
X t— i+jtat+l t — i+j+a+l
§: i+j+a+1U ) (t = 2o) J

3=0
9ettan i 1 o >J2J 1
A =
BT e2m — e Zz'(z+a ; J! z+j+a+1

% [(t - xk+l)z+J+a+1 o (t o xk)z+]+o¢+1} -

2ettor & 1 L (—1)727 1
- - z< )z 9
€2 — 2Th1 L z!(z—i—a) : j! i+ j+a+1

% [(t . xk)z’-i-j-i-a—&-l (t — 7 )l+]+0¢+1j|

1 (t—x )Z+a 2ettan - 1
An: n n:_ccn_t ( %
%) ($ ) & ; il i+ o 621" — e2Tn—1 ; Z'(Z + a)
3= L B VP

po itjt+a+tl
for fixed nodes xy, k = 0,1,...,n, satisfying the inequality 0 = x¢o < 21 < -+ < x, = t.
Remark 3. Note that if we consider a uniform grid xy = kh for k =0,1,...,n with the

step size h = t/n, Theorem 1 strictly reduces to the analytical results previously obtained
in [27].

4 Conclusion

In this paper, we addressed the problem of constructing an optimal quadrature formula
for the approximation of Riemann-Liouville fractional integrals within the Hilbert space
I/V(1 0 (0,t). The explicit form of the error function ¢(x) was rigorously determined on
each subinterval by solving the associated linear differential equations, and a systematic
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algorithm for computing the exact optimal coefficients was developed based on the result-
ing optimality conditions. Our methodology successfully minimized the squared Lo-norm
of the error function, yielding explicit analytical expressions for the quadrature weights.
Future research will focus on establishing strict theoretical upper bounds for the optimal
quadrature error and conducting comprehensive numerical experiments to compare the
proposed approach with existing approximation methods in the literature.

Declarations
Funding. This work was carried out without external funding.
Conflicts of interest. The authors declare no conflict of interest.

Author contributions. Babaev S.S.: problem statement and construction of the y-functions;
Elmurodova S.S.: derivation of the optimal coefficients and verification of the results.

Data availability. No datasets were generated or analysed during the current study; all results
are obtained analytically.

References

[1] Baleanu D., Diethelm K., Scalas E., Trujillo J.J. 2016. Fractional calculus: models and
numerical methods. 2nd ed. World Scientific.

[2] Cai M., Li C. 2020. Numerical approaches to fractional integrals and derivatives: a review.
Mathematics. 8: Art. 43. P. 1-53.

[3] Kilbas A.A., Srivastava H.M., Trujillo J.J. 2006. Theory and applications of fractional
differential equations. Elsevier. 539 p.

[4] Dimitrov Y. 2021. Approximations of the fractional integral and numerical solutions of
fractional integral equations. Communications on Applied Mathematics and Computation.
3: 545-569. doi: https://doi.org/10.1007/s42967-021-00132-7.

[5] Budak H., Hezenci F., Kara H., Sarikaya M. Z. 2023. Bounds for the error in approximating
a fractional integral by Simpson’s rule. Mathematics. 11(10): Art. 2282. doi: https:
//doi.org/10.3390/math11102282.

[6] Ciesielski M., Grodzki G. 2024. Numerical approximations of the Riemann—Liouville and
Riesz fractional integrals. Informatica. 35(1): 21-46. doi: https://doi.org/10.15388/
23-INFOR540.

[7] Elgindy K. T. 2025. Super-exponential approximation of the Riemann—Liouville fractional
integral via Gegenbauer-based fractional approximation methods. Algorithms. 18(7):
Art. 395. doi: https://doi.org/10.3390/a18070395.

[8] Shadimetov K., Toshboev O. 2026. Optimal methods for approximating the Riemann—
Liouville fractional integral in the Sobolev space. Algorithms. 19(9): Art. 745. doi: https:
//doi.org/10.3390/a19090745.

[9] Meyers L. F., Sard A. 1950. Best approximate integration formulas. Journal of Mathematics
and Physics. 29: 118-123.

[10] Sard A. 1949. Best approximate integration formulas; best approximation formulas. Amer-
ican Journal of Mathematics. 71: 80-91.

[11] Nikolsky S. M. 1950. On the issue of estimates of approximations by quadrature formulas.
Advances in Mathematical Sciences. 5(3): 165-177. (In Russian)

[12] Nikolsky S.M. 1988. Quadrature formulas. 4th ed. Moscow: Nauka. (In Russian)

[13] Sobolev S.L. 1974. Introduction to the theory of cubature formulas. Moscow: Nauka. (In
Russian)


https://doi.org/10.1007/s42967-021-00132-7
https://doi.org/10.3390/math11102282
https://doi.org/10.3390/math11102282
https://doi.org/10.15388/23-INFOR540
https://doi.org/10.15388/23-INFOR540
https://doi.org/10.3390/a18070395
https://doi.org/10.3390/a19090745
https://doi.org/10.3390/a19090745

Yucsiennoe npubimkenne ApOOHBIX HHTETPAJIOB. . . 39

[14]

[15]

[16]

[17]

[18]

[19]
[20]
[21]
[22]
23]

[24]
[25]

[26]

[27]

Sobolev S. L. 1977. Coeflicients of optimal quadrature formulas. Doklady Akademii Nauk
SSSR. 235(1): 34-37. (In Russian)

Babaev S.S. 2024. Construction of an optimal quadrature formula for the approximation
of fractional integrals. AIP Conference Proceedings. 3004: Art. 060022. doi: https:
//doi.org/10.1063/5.0199596.

Hayotov A. R., Babaev S.S. 2023. An optimal quadrature formula for numerical integration
of the right Riemann—Liouville fractional integral. Lobachevskii Journal of Mathematics.
44(10): 4282-4293. doi: https://doi.org/10.1134/51995080223100165.

Hayotov A.R., Babaev S.S., Abduakhadov A., Davronov J. 2024. An optimal quadrature
formula exact to the exponential function by the phi function method. Studia Universitatis
Babeg-Bolyai Mathematica. 69(3): 651-663. doi: https://doi.org/10.24193/subbmath.
2024 .3.11.

Hayotov A.R., Babaev S.S. 2023. Optimal quadrature formula for numerical integration of
fractional integrals in a Hilbert space. Journal of Mathematical Sciences. 277(3): 403-419.
doi: https://doi.org/10.1007/s10958-023-06844-w.

Hayotov A. R., Babaev S.S. 2025. An optimal quadrature formula with derivative for weakly
singular integrals. Mathematical Methods in the Applied Sciences. 48(17): 15591-15601.
Hayotov A.R., Babaev S.S., Boytillaev B. A. 2025. The numerical solution of an Abel
integral equation by the optimal quadrature formula. Results in Applied Mathematics. 25:
Art. 100542.

Kohler P. 1988. On the weights of Sard’s quadrature formulas. Calcolo. 25(3): 169-186.
Shadimetov K. M., Hayotov A.R. 2014. Optimal quadrature formulas in the sense of Sard
in W™V space. Calcolo. 51(2): 211-243.

Catinag T., Coman G. 2006. Optimal quadrature formulas based on the w-function method.
Studia Universitatis Babes-Bolyai Mathematica. 51(1): 49-64.

Ghizzetti A., Ossicini A. 1970. Quadrature formulae. Berlin: Akademie Verlag.

Lanzara F. 2000. On optimal quadrature formulae. Journal of Inequalities and Applications.
5: 201-225.

Coman G. 1972. Formule de cuadraturd de tip Sard. Studia Universitatis Babes-Bolyai
Mathematica-Mechanica. 17(2): 73-77. (In Romanian)

Boytillayev B. A. 2023. Optimal formulas for the approximate solution of the generalized
Abel integral equations in the Hilbert space. Problems of Computational and Applied
Mathematics. 3/1(50): 84-91. https://elibrary.ru/hlgvagq.

YK 519.644

YU CJIEHHOE ITPUBJIN2KEHNE JTIPOBHBIX
NHTEI'PAJIOB: OHTI/IMAJ"HgHbII/UI KBAJIPATYPHEIN
11oxXx0/1, OCHOBAHHBIN HA OPU-OYHKIINAX-

12 Babaes C.C., >**3amypodosa C.C.
bssamandar@gmail.com; sitoraelmurodova09@gmail.com
I TamkenTCKuit MK Iy HAPO/HBI YHUBEPCUTET,
100084, ¥Y3bexkucran, r. Tamkent, yia. Kuauk xanka itynm, 7;
2NucruryT Maremarukn uvenu B. M. Pomanosckoro Axanemun nayk Ys6ekucrana,

* ABTOpBI BBIpaxKaroT UCKPEHHIOK 6JaromapHocTh npodeccopy Abmysuio Paxvonosuuy XaéToBy 3a IeH-
HbIe COBETHI W BKJIAJI B IOBBIINIEHIE KA9eCTBa JIAHHON PabOTHI.


https://doi.org/10.1063/5.0199596
https://doi.org/10.1063/5.0199596
https://doi.org/10.1134/S1995080223100165
https://doi.org/10.24193/subbmath.2024.3.11
https://doi.org/10.24193/subbmath.2024.3.11
https://doi.org/10.1007/s10958-023-06844-w
https://elibrary.ru/hlgvaq

40

Babaes C.C., damypomosa C.C.

100174, V3bekucran, r. TamkenT, yji. YHuBepcuTeTckasi, 40;
3ByxapCKHI7I IOCYJapPCTBEHHBIA yHUBEPCUTET,
200114, ¥Yzbekucran, r. Byxapa, yi. M. Uk6oma, 11;
4Cyber University,

111500, Y36ekucran, r. Hypadmuran, yia. duaruabasm, 42

IIpeanocelaku: Ipobubie nunrerpasibl Pumana—/IunyBusiist SBIsiiOTCA HEJIOKAIbHBI-
MM OIlepaTOPaMU, OIMUCHIBAIOINME (P DEKTHI MAMATH B IPUKJIAIHBIX HAYKAX, W JIAIIb W3-
peJiKa BeIUUC/sIoTca anautudecku. Kiaccuaeckne kBaiparypubie hbopMysbl Tuma ['pe-
ropu, Heiorona—Koreca, Diisiepa, ['aycca u MapkoBa co3maBaiuch 1y HHTErPUPOBAHUS
IIeJIOTO TIOPSIIKa 1, KAaK IPABUJIO, HE MOTYT OBITh HAIIPSIMYIO IIPUMEHEHBI K OllepaTopam
JIPOOHOTO TOPSIJIKA C CUHTYJIAPHBIMA SIIPAMUT.

Ilenn: Ieqap paboThl — MOCTPOUTH KBAAPATYPHYIO (POPMYILY s JEBOrO JIPOOHOTO
narerpasia Pumana—/luyBuiuisa, ontumanbayio B cMmbicie Capia B TmIb0EPTOBOM ITPO-
cTpaHCcTBe abCOIIOTHO HEIPEPBIBHBIX (PYHKIUI ¢ MHTEIPUPYEMOl C KBaJIPaTOM IIPOU3-
BOJIHO1, /IJIsT TIPOM3BOILHOTO (PUKCHPOBAHHOIO HAOOPaA Y3JI0B U HAMTH €€ KOI(PDUITMEHTHI
B sIBHOM BHJIE.

Metoa: Popmyita crpoutcs MeToaoM hu-QyHKIINIT: TOIPEITHOCTD BBIPAXKAETCS depe3
KYCOUYHYIO (bU-PYHKIIIO, & caMa IOIPENTHOCTh OIIEHUBAETCSI CBEPXY Uepe3 MHTErPaJI OT eé
kBaJipara. Ha KaxKmoMm oTpeske MeXKIy COCETHUMU y3JIaMu 3Ta (DYHKINS YI0BIETBOPSIET
JuHeitHoMy JanddepeHInaIbHOMY YPAaBHEHHUIO ITEPBOTO MOPSIAKA CO CJ1ab0 CHHTYJIAPHOM
[IpaBOil YacTbio. Y paBHEHUE PEIIAeTCd METOJOM BAPHUAIMHU ITOCTOSIHHBIX C Pa3JIOZKEHU-
€M 9KCIOHEHTBHI B Psiji, & CBOOOIHBIE KOHCTAHTHI BBHIOMPAIOTCS M3 YCJIOBHUS MHUHHMYMA
MHTerpaJia oT KBajaparta dyHKIun. [lociae aToro xKoadduiimeHTs (HOPMYJIBbI HAXOIATCS
HEITOCPEJICTBEHHO 110 3HAYEHUAM (DYHKIMH B y3J/1aX.

Pesynprarsr: s goboro hbukcupoBaHHOro Habopa y3/10B ONTHMAaJIbHAsT (bopMyia
CyIIECTBYeT U €INHCTBEHHA, & €€ KO3 (PUITMEHTHI BRIPAYKAIOTCS B SIBHOM BHUJE YEPE3 Psi-
JIbI, 3aBUCAIINE OT Y3JIOB, BEPXHET'O IIPEie/ia NHTEIPUPOBAHUs U IMOPSIIKa JIPOOHOr0 HHTE-
rpaja. Popmysta TOUIHA JIjIS BO3PACTAIONIEH 1 yObIBaIOIEell SKCITOHEHITNAIbHBIX (OYHKIUT
eIMHIIHOrO IT0KA3aTe s, YTO OTJINIAET €€ OT KJIACCUIeCKNX (POPMYJI, TOYHBIX Ha MHOI'O-
wienax. i paBHOOTCTOSIIIX y3/I0B OHA CBOJUTCS K paHee M3BECTHOMY Pe3yJIbTaTy.

3uaunMocTb: Pabora pacimpocrpanser metos pu-QyHKIINI HA IPOOHBIE HHTErPaJIbI
C TPOU3BOJILHBIM PACIOJIOKEHNEM y3JI0B. lloydeHHble pe3ybTaTbl HOCAT AHAJIUTHYIE-
CKUII XapaKTep M CO3JAI0T OCHOBY JIJISI TEOPETHIECKUX OIEHOK IOIPEITHOCTH W IHCJIeH-
HOT'O CPaBHEHUSI C CYIIECTBYIOIMIUMH METOIaMU AIITPOKCUMAIIIH.

KuaroueBbie ciioBa: ruib0epTOBO MPOCTPAHCTBO, METOI (U-PYHKIHUH, ONTUMAJIbHAST
KBaJIpaTypHas (pOPMYyJIa, MOrPEITHOCTD (POPMYJIbI
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