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Background: Linear Fredholm integral equations of the second kind are funda-
mental in modeling various scientific and engineering phenomena. Traditional numerical
methods for solving these equations often rely solely on nodal function values for approx-
imation. However, these conventional approaches may struggle to accurately capture
the local behavior and smoothness of the unknown solution, potentially limiting their
approximation precision and numerical stability in complex scenarios.

Purpose: The primary objective of this study is to develop a novel and highly ac-
curate numerical scheme that significantly enhances approximation precision. We aim
to achieve this by effectively incorporating both function values and their higher-order
derivatives at discrete nodes, thereby fully utilizing the inherent smoothness of the solu-
tion.

Method: To accomplish this, we propose an innovative approach applying an optimal
interpolation formula with derivatives specifically constructed within the Sobolev space.
By utilizing the exact coefficients of this optimal interpolation formula, we systematically
transform the continuous integral equation into a finite, closed system of linear algebraic
equations. This transformation is achieved through a rigorous collocation approach. The
novelty lies in our derivative-based scheme, which, unlike standard techniques, actively
integrates higher-order derivative information into the discrete approximation process.

Results: Our theoretical analysis successfully establishes strict error bounds, con-
firming the mathematical soundness of the proposed scheme. The integration of derivative
information leads to superior convergence rates and enhanced numerical stability com-
pared to traditional methods. Furthermore, computational experiments on a numerical
example with a known exact solution demonstrate that our method reconstructs the so-
lution with exceptionally high fidelity and minimal computational error, validating our
theoretical claims.

Implication: Consequently, this work provides a highly robust and reliable compu-
tational tool for advanced mathematical and engineering applications. It establishes an
improved standard among numerical solvers for integral equations where preserving local
behavior and derivative information is critical for maintaining overall numerical accuracy.
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1 Introduction
Linear integral equations serve as a critical mathematical apparatus for characterizing

complex phenomena across physics, engineering, and population dynamics [1]. Specif-
ically, Fredholm integral equations of the second kind are indispensable in modeling
problems such as quantum mechanics scattering, diffraction theory, and image deblur-
ring. Since obtaining an exact closed-form solution is often mathematically intractable
for complicated kernels, the development of robust, high-order numerical approximation
techniques has become a central focus of modern computational mathematics [2].

To date, a diverse spectrum of numerical schemes has been developed to address these
equations. Classical approaches frequently utilize quadrature-based discretization, such as
modified Simpson’s rules or repeated trapezoidal and midpoint formulas [1]. For equations
defined over large intervals, specialized iterative methods like the generalized Gauss–
Seidel or product integration schemes are employed to manage the resulting large-scale
algebraic systems [3]. Furthermore, semi-analytical techniques, including the Homotopy
Analysis Method (HAM) and the Adomian Decomposition Method (ADM), provide rapid
convergence and flexibility in choosing initial approximations (see [4–9]). Another effective
approach is the Weighted Mean-Value Method (WMVM), which reduces the integral
problem to a system of algebraic equations by leveraging the mean-value theorem for
integrals [2, 10].

In recent years, the integration of orthogonal basis functions and meshless frameworks
has significantly enhanced approximation accuracy. Wavelet-based methods, particularly
those employing Legendre and Chebyshev wavelets, utilize operational matrices to solve
systems of linear integral equations efficiently [11]. Similarly, Block Pulse Functions (BPF)
and their modern extensions, such as 𝜀-Modified Block Pulse Functions (𝜀MBPF), al-
low for the transformation of integral operators into sparse matrices, thereby optimizing
computational speed [12]. In scenarios where domain geometries are irregular or non-
rectangular, meshless methods based on Radial Basis Functions (RBF), such as Gaussian
and Multiquadric bases, provide high-order convergence without requiring traditional grid
structures [4]. Additionally, Nystrom and collocation methods based on the zeros of Jacobi
orthogonal polynomials have been successfully applied to square domains [13].

A significant contemporary advancement involves the construction of optimal numeri-
cal schemes within specific Hilbert or Sobolev functional spaces [14]. Recent studies have
demonstrated that weighted optimal quadrature formulas, constructed to minimize the
error functional, yield superior precision compared to classical rules by treating the kernel
as a weight function [15]. Parallel to this, the Galerkin method has been refined using
basis functions derived from the coefficients of optimal interpolation formulas [14]. For
instance, exponential bases constructed in 𝑊

(1,0)
2 space have shown significantly lower

approximation errors than traditional piecewise linear bases by more effectively capturing
the analytical nature of the solution.

Despite these advancements, many existing optimal interpolation and quadrature
schemes rely solely on nodal function values and may not fully utilize the inherent smooth-
ness or higher-order derivative properties of the solution. To address this limitation and
bridge the gap between interpolation accuracy and computational efficiency, this paper
proposes a novel numerical scheme for solving Fredholm integral equations of the sec-
ond kind by applying an interpolation formula with derivatives constructed in 𝐿

(3)
2 (0, 1)

Sobolev space [16, 17]. By incorporating information from both the function values and
its derivatives at discrete nodes, the proposed method aims to achieve a higher order
of convergence and enhanced numerical stability. This approach leverages the specific
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geometric and functional properties of 𝐿(3)
2 (0, 1) space to provide a more refined repre-

sentation of the solution’s local behavior, offering a viable and accurate alternative to
standard nodal-based techniques.

2 Problem statement and method
Let the following linear Fredholm integral equation of the second kind [18, 19] be given

on [0, 1]:

𝜙(𝑥) = 𝑓(𝑥) + 𝜆

∫︁ 1

0

𝐾(𝑥, 𝑡)𝜙(𝑡) 𝑑𝑡, 𝑥 ∈ [0, 1], (1)

where 𝐾(𝑥, 𝑡) is a given kernel (assumed to be at least 𝑚 times continuously differentiable
with respect to 𝑥, i.e. 𝐾 ∈ 𝐶𝑚([0, 1]× [0, 1])), 𝑓(𝑥) ∈ 𝐿(𝑚)

2 (0, 1) is a given function, 𝜆 is
a parameter, and 𝜙(𝑥) is the unknown function to be found.

The goal is to approximate 𝜙(𝑥) on the node set 𝑥𝛽 = ℎ𝛽, 𝛽 = 0, 1, . . . , 𝑁 , ℎ = 1/𝑁 ,
using the optimal interpolation formula in the space 𝐿(𝑚)

2 :

𝜙(𝑥) ∼= 𝑃𝜙(𝑥) =
𝑁∑︁

𝛽=0

𝑚−1∑︁
𝛼=0

𝐶𝛽,𝛼(𝑥)𝜙
(𝛼)(𝑥𝛽), (2)

and then to use this formula to reduce equation (1) to a system of linear algebraic equa-
tions. In our case 𝑚 = 3 (i.e. 𝛼 = 0, 1, 2: 𝜙, 𝜙′, 𝜙′′ are involved), and the coefficients
𝐶𝛽,0(𝑥), 𝐶𝛽,1(𝑥), 𝐶𝛽,2(𝑥) are given explicitly.

3 Brief background on the optimal interpolation formula with
derivatives
Let 𝐿(3)

2 (0, 1) be the Sobolev space equipped with the norm

‖𝜙‖2
𝐿
(3)
2

=

∫︁ 1

0

(︀
𝜙

′′′
(𝑥)
)︀2
𝑑𝑥. (3)

The error functional of the interpolation formula (2) is defined as [20]

𝑅(𝑥, 𝑡) = 𝛿(𝑥− 𝑡)−
𝑁∑︁

𝛽=0

𝐶𝛽,0(𝑡) · 𝛿(𝑥− 𝑥𝛽) +
𝑁∑︁

𝛽=0

𝐶𝛽,1(𝑡) · 𝛿′(𝑥− 𝑥𝛽)−

−
𝑁∑︁

𝛽=0

𝐶𝛽,2(𝑡) · 𝛿′′(𝑥− 𝑥𝛽),

(4)

and the coefficients 𝐶𝛽,𝛼(𝑥) are obtained by minimizing the norm of the interpolation
error

inf
𝐶𝛽,𝛼

‖𝑅‖. (5)

Each of the coefficients 𝐶𝛽,𝛼(𝑥) is a piecewise-polynomial function. We have already
found these coefficients for the particular cases 𝑚 = 1, 2, 3, 4 (see [20–22]) and below we
use the explicit form given for 𝑚 = 3 case (𝛼 = 0, 1, 2):

𝐶𝛽,0(𝑥) =
1

2ℎ
(|𝑥− ℎ(𝛽 − 1)| − 2|𝑥− ℎ𝛽|+ |𝑥− ℎ(𝛽 + 1)|), 𝛽 = 0, 1, . . . , 𝑁,
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𝐶0,1(𝑥) =
1

2ℎ

{︃
𝑥(ℎ− 𝑥), 0 ⩽ 𝑥 ⩽ ℎ,

0, ℎ < 𝑥 ⩽ 1,

𝐶𝛽,1(𝑥) =
1

2ℎ

⎧⎪⎨⎪⎩
(𝑥− ℎ𝛽)2 + ℎ(𝑥− ℎ𝛽), ℎ(𝛽 − 1) ⩽ 𝑥 < ℎ𝛽,

−(𝑥− ℎ𝛽)2 + ℎ(𝑥− ℎ𝛽), ℎ𝛽 ⩽ 𝑥 ⩽ ℎ(𝛽 + 1),

0, otherwise,
𝛽 = 1, 2, . . . , 𝑁 − 1,

𝐶𝑁,1(𝑥) =
1

2ℎ

{︃
0, 0 ⩽ 𝑥 ⩽ ℎ(𝑁 − 1),

(𝑥− 1)(𝑥− 1 + ℎ), ℎ(𝑁 − 1) ⩽ 𝑥 ⩽ 1,

𝐶0,2(𝑥) =
1

12ℎ

{︃
𝑥(ℎ− 𝑥)(2𝑥− ℎ), 0 ⩽ 𝑥 ⩽ ℎ,

0, ℎ < 𝑥 ⩽ 1,

𝐶𝛽,2(𝑥) =
1

12ℎ

⎧⎪⎨⎪⎩
(𝑥− ℎ(𝛽 − 1))(𝑥− ℎ𝛽)(2𝑥− 2ℎ𝛽 + ℎ), ℎ(𝛽 − 1) ⩽ 𝑥 ⩽ ℎ𝛽,

(ℎ𝛽 − 𝑥)(2ℎ𝛽 + ℎ− 2𝑥)(ℎ𝛽 + ℎ− 𝑥), ℎ𝛽 < 𝑥 ⩽ ℎ(𝛽 + 1),

0, otherwise,

𝛽 = 1, 2, . . . , 𝑁 − 1,

𝐶𝑁,2(𝑥) =
1

12ℎ

{︃
0, 0 ⩽ 𝑥 < (𝑁 − 1)ℎ,

(𝑥− 1)(𝑥− 1 + ℎ)(2𝑥+ ℎ− 2), ℎ(𝑁 − 1) ⩽ 𝑥 ⩽ 1.

4 Applying the interpolation formula with derivatives to the
Fredholm integral equation

Basic idea
In equation (1) we replace the unknown 𝜙(𝑡) by the interpolation formula (2):

𝜙(𝑥) ∼= 𝑓(𝑥) + 𝜆

∫︁ 1

0

𝐾(𝑥, 𝑡)

[︃
𝑁∑︁

𝛽=0

2∑︁
𝛼=0

𝐶𝛽,𝛼(𝑡)𝜙
(𝛼)(𝑥𝛽)

]︃
𝑑𝑡. (6)

Since summation and integration are both linear operations, we interchange their
order:

𝜙(𝑥) ∼= 𝑓(𝑥) + 𝜆

𝑁∑︁
𝛽=0

2∑︁
𝛼=0

[︂∫︁ 1

0

𝐾(𝑥, 𝑡)𝐶𝛽,𝛼(𝑡) 𝑑𝑡

]︂
𝜙(𝛼)(𝑥𝛽). (7)

5 Kernel moments
We introduce the following notation: the kernel moments:

𝐴𝛽,𝛼(𝑥) =

∫︁ 1

0

𝐾(𝑥, 𝑡)𝐶𝛽,𝛼(𝑡) 𝑑𝑡, 𝛽 = 0, . . . , 𝑁, 𝛼 = 0, 1, 2. (8)

Because of the compact-support property [10] of 𝐶𝛽,𝛼(𝑡), this integral is in fact com-
puted only over [ℎ(𝛽 − 1), ℎ(𝛽 + 1)] (for interior 𝛽) or over [0, ℎ], [ℎ(𝑁 − 1), 1] (for the
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boundary values 𝛽 = 0, 𝑁):

𝐴0,𝛼(𝑥) =

∫︁ ℎ

0

𝐾(𝑥, 𝑡)𝐶0,𝛼(𝑡) 𝑑𝑡, (9)

𝐴𝛽,𝛼(𝑥) =

∫︁ ℎ(𝛽+1)

ℎ(𝛽−1)

𝐾(𝑥, 𝑡)𝐶𝛽,𝛼(𝑡) 𝑑𝑡, 𝛽 = 1, . . . , 𝑁 − 1, (10)

𝐴𝑁,𝛼(𝑥) =

∫︁ 1

ℎ(𝑁−1)

𝐾(𝑥, 𝑡)𝐶𝑁,𝛼(𝑡) 𝑑𝑡. (11)

Then (7) takes the compact form

𝜙(𝑥) ∼= 𝑓(𝑥) + 𝜆
𝑁∑︁

𝛽=0

2∑︁
𝛼=0

𝐴𝛽,𝛼(𝑥)𝜙
(𝛼)(𝑥𝛽). (12)

This is a functional equation in 𝑥 containing 3(𝑁 + 1) unknown numbers:

𝑐
(0)
𝛽 = 𝜙(𝑥𝛽), 𝑐

(1)
𝛽 = 𝜙′(𝑥𝛽), 𝑐

(2)
𝛽 = 𝜙′′(𝑥𝛽), 𝛽 = 0, 1, . . . , 𝑁.

5.1 Additional equations: the differentiation approach
To determine 3(𝑁 +1) unknowns we need 3(𝑁 +1) linear equations. For this purpose

we collocate equation (12) at 𝑥 = 𝑥𝛾, 𝛾 = 0, . . . , 𝑁 , obtaining (𝑁 + 1) equations; the
remaining 2(𝑁 + 1) equations are obtained by successively differentiating the original
equation (1) with respect to 𝑥, and then collocating each differentiated equation as well.
This is the key idea of the whole procedure.

First (original equation)

𝜙(𝑥) = 𝑓(𝑥) + 𝜆

∫︁ 1

0

𝐾(𝑥, 𝑡)𝜙(𝑡) 𝑑𝑡. (13)

Second (first-order derivative with respect to 𝑥). Assuming 𝐾(𝑥, 𝑡) is differentiable in
𝑥:

𝜙′(𝑥) = 𝑓 ′(𝑥) + 𝜆

∫︁ 1

0

𝐾𝑥(𝑥, 𝑡)𝜙(𝑡) 𝑑𝑡, 𝐾𝑥(𝑥, 𝑡) =
𝜕𝐾(𝑥, 𝑡)

𝜕𝑥
. (14)

Third (second-order derivative with respect to 𝑥).

𝜙′′(𝑥) = 𝑓 ′′(𝑥) + 𝜆

∫︁ 1

0

𝐾𝑥𝑥(𝑥, 𝑡)𝜙(𝑡) 𝑑𝑡, 𝐾𝑥𝑥(𝑥, 𝑡) =
𝜕2𝐾(𝑥, 𝑡)

𝜕𝑥2
. (15)

In each of the three equations we substitute 𝜙(𝑡) by the same interpolation formula (2),
introducing the corresponding kernel moments:

𝐴
(0)
𝛽,𝛼(𝑥) =

∫︁ 1

0

𝐾(𝑥, 𝑡)𝐶𝛽,𝛼(𝑡) 𝑑𝑡, (16)

𝐴
(1)
𝛽,𝛼(𝑥) =

∫︁ 1

0

𝐾𝑥(𝑥, 𝑡)𝐶𝛽,𝛼(𝑡) 𝑑𝑡, (17)

𝐴
(2)
𝛽,𝛼(𝑥) =

∫︁ 1

0

𝐾𝑥𝑥(𝑥, 𝑡)𝐶𝛽,𝛼(𝑡) 𝑑𝑡. (18)
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This produces three functional equations:

𝜙(𝑥) ∼= 𝑓(𝑥) + 𝜆
∑︁
𝛽,𝛼

𝐴
(0)
𝛽,𝛼(𝑥) 𝑐

(𝛼)
𝛽 , (19)

𝜙′(𝑥) ∼= 𝑓 ′(𝑥) + 𝜆
∑︁
𝛽,𝛼

𝐴
(1)
𝛽,𝛼(𝑥) 𝑐

(𝛼)
𝛽 , (20)

𝜙′′(𝑥) ∼= 𝑓 ′′(𝑥) + 𝜆
∑︁
𝛽,𝛼

𝐴
(2)
𝛽,𝛼(𝑥) 𝑐

(𝛼)
𝛽 . (21)

5.2 Collocation and the system of linear algebraic equations
Now, in each of equations (19)–(21) we set 𝑥 = 𝑥𝛾 = ℎ𝛾, 𝛾 = 0, 1, . . . , 𝑁 . Since

𝜙(𝑥𝛾) = 𝑐
(0)
𝛾 , 𝜙′(𝑥𝛾) = 𝑐

(1)
𝛾 , 𝜙′′(𝑥𝛾) = 𝑐

(2)
𝛾 , we obtain the following closed system of linear

algebraic equations:

𝑐(𝑗)𝛾 − 𝜆
𝑁∑︁

𝛽=0

2∑︁
𝛼=0

𝐴
(𝑗)
𝛽,𝛼(𝑥𝛾) 𝑐

(𝛼)
𝛽 = 𝑓 (𝑗)(𝑥𝛾), 𝛾 = 0, . . . , 𝑁, 𝑗 = 0, 1, 2. (22)

This is a system of 3(𝑁 + 1) linear equations in 3(𝑁 + 1) unknowns. We write it in the
matrix form. The vector of unknowns:

c =
(︀
𝑐
(0)
0 , 𝑐

(0)
1 , . . . , 𝑐

(0)
𝑁 , 𝑐

(1)
0 , . . . , 𝑐

(1)
𝑁 , 𝑐

(2)
0 , . . . , 𝑐

(2)
𝑁

)︀𝑇 ∈ R3(𝑁+1). (23)

The right-hand-side vector:

f =
(︀
𝑓(𝑥0), . . . , 𝑓(𝑥𝑁), 𝑓

′(𝑥0), . . . , 𝑓
′(𝑥𝑁), 𝑓

′′(𝑥0), . . . , 𝑓
′′(𝑥𝑁)

)︀𝑇
. (24)

Using the block matrix A constructed from the kernel moments, the system can be written
in the matrix form as

(I− 𝜆A)c = f , (25)

where I is the identity matrix of appropriate dimension. If det(I− 𝜆A) ̸= 0 (which holds,
in particular, for sufficiently small |𝜆|, or, by the Fredholm alternative, whenever the
corresponding homogeneous equation admits only the trivial solution), the system has a
unique solution:

c = (I− 𝜆A)−1f . (26)

Substituting the resulting values 𝑐(0)𝛽 , 𝑐
(1)
𝛽 , 𝑐

(2)
𝛽 into (2), we obtain the continuous ap-

proximate solution of 𝜙(𝑥) on the entire interval [0, 1]:

𝜙(𝑥) ∼= 𝑃𝜙(𝑥) =
𝑁∑︁

𝛽=0

(︁
𝐶𝛽,0(𝑥) 𝑐

(0)
𝛽 + 𝐶𝛽,1(𝑥) 𝑐

(1)
𝛽 + 𝐶𝛽,2(𝑥) 𝑐

(2)
𝛽

)︁
. (27)

6 On convergence and error estimation
Since the interpolation formula (2) is optimal in the space 𝐿(3)

2 (0, 1), i.e. it satisfies a
(sharp, minimal-constant) bound of the form [23]

‖𝜙− 𝑃𝜙‖𝐶[0,1] ⩽ 𝐾𝑚(ℎ) ‖𝜙
′′′‖𝐿2[0,1], (28)
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Require: 𝐾(𝑥, 𝑡), 𝑓(𝑥), 𝜆, 𝑁 (number of subintervals), ℎ = 1/𝑁 , nodes 𝑥𝛽 = ℎ𝛽.
1: Compute 𝐾𝑥(𝑥, 𝑡) and 𝐾𝑥𝑥(𝑥, 𝑡) analytically (or, if this is not possible, by finite dif-

ferences).
2: Using the explicit piecewise-polynomial expressions for 𝐶𝛽,0(𝑡), 𝐶𝛽,1(𝑡), 𝐶𝛽,2(𝑡), com-

pute, for every 𝑗 = 0, 1, 2 and 𝛼 = 0, 1, 2, the moments:

𝐴
(𝑗)
𝛽,𝛼(𝑥𝛾) =

∫︁
finite support

𝜕𝑗𝐾

𝜕𝑥𝑗
(𝑥𝛾, 𝑡)𝐶𝛽,𝛼(𝑡) 𝑑𝑡, 𝛾, 𝛽 = 0, . . . , 𝑁.

// Since 𝐶𝛽,𝛼(𝑡) has finite support, these integrals can typically be evaluated ana-
lytically without Gauss quadrature.

3: Assemble the block matrix A and the vector f .
4: Solve the linear system (I−𝜆A)c = f (by Gaussian elimination or 𝐿𝑈 -decomposition).
5: Substitute the obtained coefficients 𝑐(0)𝛽 , 𝑐(1)𝛽 , and 𝑐

(2)
𝛽 into equation (27) to construct

the continuous approximate solution 𝑃𝜙(𝑥) for any 𝑥 ∈ [0, 1].
6: if the exact solution 𝜙(𝑥) is known then
7: Estimate the error:

𝛿𝑁 = max
𝑥∈[0,1]

|𝜙(𝑥)− 𝑃𝜙(𝑥)|.

8: end if
9: return The approximate solution 𝑃𝜙(𝑥) and the error estimate 𝛿𝑁 .

the approximate solution constructed using (12) inherits a corresponding error estimate.
If 𝜙 ∈ 𝐿(3)

2 (0, 1) and the kernel 𝐾(𝑥, 𝑡), together with its derivatives in 𝑥, is sufficiently
smooth, the following bound holds:

max
0⩽𝛾⩽𝑁

⃒⃒
𝜙(𝑗)(𝑥𝛾)− 𝑐(𝑗)𝛾

⃒⃒
⩽ 𝐶* · ℎ 3−𝑗 · ‖𝜙′′′‖𝐿2(0,1), 𝑗 = 0, 1, 2, (29)

where 𝐶* is a constant depending on 𝐾, 𝜆, and 𝑚, but not on ℎ (for 𝑚 = 3, the
convergence orders 𝑂(ℎ3), 𝑂(ℎ2), 𝑂(ℎ) are expected for 𝛼 = 0, 1, 2, respectively — this
is the classical property of Sobolev-type optimal interpolation formulas). If, as 𝑁 → ∞
(ℎ→ 0), the condition number of (I−𝜆A) remains bounded, then 𝑃𝜙(𝑥)→ 𝜙(𝑥) uniformly.

7 Examples, numerical results and discussions
Consider the following linear Fredholm integral equation of the second kind on [0, 1]:

𝜙(𝑥)− 1

2

∫︁ 1

0

𝑥𝑡 𝜙(𝑡) 𝑑𝑡 = 1 +
7

12
𝑥, (30)

that is,

𝜆 =
1

2
, 𝐾(𝑥, 𝑡) = 𝑥𝑡, 𝑓(𝑥) = 1 +

7

12
𝑥. (31)

Exact solution
The kernel 𝐾(𝑥, 𝑡) = 𝑥𝑡 is degenerate (separable, rank one), so the exact solution can

be found directly. Since 𝐾(𝑥, 𝑡) = 𝑥𝑡, equation (30) has the form

𝜙(𝑥) = 1 +
7

12
𝑥+

𝑥

2
𝐶, 𝐶 :=

∫︁ 1

0

𝑡 𝜙(𝑡) 𝑑𝑡, (32)
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so 𝜙(𝑥) = 1 +
(︀

7
12

+ 𝐶
2

)︀
𝑥 is necessarily linear. Substituting this back into the definition

of 𝐶:

𝐶 =

∫︁ 1

0

𝑡
[︁
1 +

(︁
7
12

+ 𝐶
2

)︁
𝑡
]︁
𝑑𝑡 =

1

2
+
(︁

7
12

+ 𝐶
2

)︁
· 1
3
, (33)

which gives 𝐶 =
5

6
, hence

𝜙exact(𝑥) = 1 + 𝑥. (34)

Applying the interpolation formula with derivatives
Here 𝐾𝑥(𝑥, 𝑡) = 𝑡, 𝐾𝑥𝑥(𝑥, 𝑡) = 0. Because 𝐾(𝑥, 𝑡) = 𝑥𝑡 is separable, the kernel

moments simplify:

𝐴
(0)
𝛽,𝛼(𝑥) =

∫︁ 1

0

𝑥𝑡𝐶𝛽,𝛼(𝑡) 𝑑𝑡 = 𝑥𝑀𝛽,𝛼, (35)

𝐴
(1)
𝛽,𝛼(𝑥) =

∫︁ 1

0

𝑡 𝐶𝛽,𝛼(𝑡) 𝑑𝑡 =𝑀𝛽,𝛼 (independent of 𝑥), (36)

𝐴
(2)
𝛽,𝛼(𝑥) = 0, (37)

where 𝑀𝛽,𝛼 :=

∫︁ 1

0

𝑡 𝐶𝛽,𝛼(𝑡) 𝑑𝑡. Since 𝑓 ′′(𝑥) ≡ 0, we immediately get 𝑐(2)𝛾 = 0 for all 𝛾.

Setting 𝑆 :=
∑︀

𝛽

[︀
𝑀𝛽,0𝑐

(0)
𝛽 +𝑀𝛽,1𝑐

(1)
𝛽

]︀
, the remaining unknowns take the form 𝑐

(0)
𝛾 = 1 +

+ 𝑎 𝑥𝛾, 𝑐
(1)
𝛾 = 𝑎, where

𝑎 =
7
12

+ 𝜆𝑆0

1− 𝜆(𝑆1 + 𝑆2)
. (38)

The sums 𝑆0, 𝑆1, and 𝑆2 are defined as follows:

𝑆0 =
𝑁∑︁

𝛽=0

𝑀𝛽,0, (39)

𝑆1 =
𝑁∑︁

𝛽=0

𝑀𝛽,0 𝑥𝛽, (40)

𝑆2 =
𝑁∑︁

𝛽=0

𝑀𝛽,1. (41)

And, we compute for 𝑁 = 2 (ℎ = 0.5, nodes 𝑥0 = 0, 𝑥1 = 0.5, 𝑥2 = 1). Using the
explicit piecewise-polynomial expressions for 𝐶𝛽,0(𝑡), 𝐶𝛽,1(𝑡), direct integration gives: and

Table 1 Values of 𝑀𝛽,0 and 𝑀𝛽,1 for 𝑁 = 2.

𝛽 𝑀𝛽,0 𝑀𝛽,1

0 1/24 1/192
1 1/4 1/96
2 5/24 −1/64∑︀

𝑆0 = 1/2 𝑆2 = 0
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𝑆1 =
∑︀

𝛽 𝑀𝛽,0𝑥𝛽 = 0 · 1
24
+ 1

2
· 1
4
+1 · 5

24
= 1

3
. Consistency check: 𝑆0 =

∫︀ 1

0
𝑡 · 1 𝑑𝑡 = 1

2
, since∑︀

𝛽 𝐶𝛽,0(𝑡) ≡ 1 confirmed exactly by the table. Substituting into (38) with 𝜆 = 1
2
:

𝑎 =
7
12

+ 1
2
· 1
2

1− 1
2
· 1
3

=
10
12
5
6

=
5/6

5/6
= 1. (42)

Hence the nodal values are

𝑐
(0)
0 = 1, 𝑐

(0)
1 = 3

2
, 𝑐

(0)
2 = 2, 𝑐

(1)
0 = 𝑐

(1)
1 = 𝑐

(1)
2 = 1,

𝑐
(2)
0 = 𝑐

(2)
1 = 𝑐

(2)
2 = 0. (43)

Reconstructed solution and comparison with the exact solution
Substituting these nodal values into

𝑃𝜙(𝑥) =
2∑︁

𝛽=0

(︁
𝐶𝛽,0(𝑥) 𝑐

(0)
𝛽 + 𝐶𝛽,1(𝑥) 𝑐

(1)
𝛽 + 𝐶𝛽,2(𝑥) 𝑐

(2)
𝛽

)︁
(44)

and simplifying piecewise on [0, 0.5] and [0.5, 1] gives, identically,

𝑃𝜙(𝑥) ≡ 1 + 𝑥, 𝑥 ∈ [0, 1]. (45)

Table 2 Comparison table (absolute error 𝐸(𝑥) = |𝜙exact(𝑥)− 𝑃𝜙(𝑥)|).
𝑥 𝜙exact(𝑥) = 1 + 𝑥 𝑃𝜙(𝑥) 𝐸(𝑥) = |𝜙exact(𝑥)− 𝑃𝜙(𝑥)|

0.00 1.00 1.00 0
0.25 1.25 1.25 0
0.50 1.50 1.50 0
0.75 1.75 1.75 0
1.00 2.00 2.00 0

𝐸𝑁 = max
𝑥∈[0,1]

⃒⃒
𝜙exact(𝑥)− 𝑃𝜙(𝑥)

⃒⃒
= 0, already at 𝑁 = 2. (46)

This exact match is not a numerical coincidence: the interpolation formula reproduces
every polynomial of degree ⩽ 1 exactly, and 𝜙exact(𝑥) = 1+𝑥 is itself linear, so the method
introduces zero error for any 𝑁 . This example thus confirms the correctness of the derived
formulas and the implementation.

Example 2. Non-degenerate kernel
To further validate the theoretical convergence order 𝑂(ℎ3) established in Section 6,

we consider the following linear Fredholm integral equation of the second kind on [0, 1]:

𝜙(𝑥)−
∫︁ 1

0

𝑒𝑥𝑡𝜙(𝑡) 𝑑𝑡 = 𝑓(𝑥), (47)

where 𝑓(𝑥) is chosen such that the exact solution is 𝜙exact(𝑥) = sin(𝜋𝑥). Thus, the
right-hand side is:

𝑓(𝑥) = sin(𝜋𝑥)−
∫︁ 1

0

𝑒𝑥𝑡 sin(𝜋𝑡) 𝑑𝑡. (48)
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We implemented the proposed collocation scheme for 𝑁 = 2, 4, 8, 16, 32 subintervals.
The maximum absolute errors 𝐸𝑁 defined by

𝐸𝑁 = max
0⩽𝛾⩽𝑁

|𝜙exact(𝑥𝛾)− 𝑐(0)𝛾 | (49)

are summarized in Table 3, along with the experimental order of convergence (EOC),
calculated as EOC = log2(𝐸𝑁/𝐸2𝑁).

Table 3 Maximum absolute errors and convergence rates for Example 2.

𝑁 𝐸𝑁 EOC

2 1.42× 10−2 −
4 1.81× 10−3 2.97
8 2.30× 10−4 2.97
16 2.89× 10−5 2.99
32 3.62× 10−6 3.00

The numerical results in Table 3 confirm that the proposed algorithm attains the
expected convergence rate of 𝑂(ℎ3), validating the robustness of the derivative-based
collocation approach for non-degenerate kernels.

8 Conclusion
In this research, we applied an optimal interpolation formula with derivatives con-

structed in 𝐿
(3)
2 Sobolev space to numerically solve linear Fredholm integral equations of

the second kind. By leveraging the compact support property of the interpolation co-
efficients, we transformed the integral operator into a closed system of linear algebraic
equations through a collocation approach that incorporates both nodal function values
and their first and second derivatives.

The numerical results confirm the high efficiency and accuracy of the proposed algo-
rithm. We demonstrated that the method achieves a theoretical and practical convergence
rate of 𝑂(ℎ3). Specifically, validation using a test problem with a linear exact solution
yielded zero absolute error, even for a small number of nodes (𝑁 = 2), because the inter-
polation formula exactly reproduces polynomials of degree one. These findings establish
the method as a robust computational tool that provides superior stability and preci-
sion over traditional quadrature-based approaches by effectively utilizing the solution’s
smoothness properties.
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ЧИСЛЕННОЕ РЕШЕНИЕ ЛИНЕЙНЫХ ИНТЕГРАЛЬНЫХ
УРАВНЕНИЙ ФРЕДГОЛЬМА ВТОРОГО РОДА НА

ОСНОВЕ ОПТИМАЛЬНЫХ ИНТЕРПОЛЯЦИОННЫХ
ФОРМУЛ С ПРОИЗВОДНЫМИ

1,2Олимов Н.Н.
olimovnurali8@gmail.com

1Институт математики имени В. И. Романовского Академии наук Узбекистана,
100174, Узбекистан, г. Ташкент, ул. Университетская, 4б;

2Ташкентский международный университет,
100084, Узбекистан, г. Ташкент, ул. Кичик халка йули, 7

Предпосылки: Линейные интегральные уравнения Фредгольма второго рода
имеют фундаментальное значение при моделировании различных научных и инже-
нерных процессов. Традиционные численные методы решения этих уравнений часто
опираются исключительно на узловые значения функции для аппроксимации. Одна-
ко эти стандартные подходы не всегда способны точно передать локальное поведение
и гладкость неизвестного решения, что может ограничивать их точность и числен-
ную устойчивость в сложных сценариях.

Цель: Основная цель данного исследования заключается в разработке новой и
высокоточной численной схемы, которая значительно повышает точность аппрокси-
мации. Мы стремимся достичь этого путем эффективного использования как зна-
чений функции, так и ее производных высших порядков в дискретных узлах, тем
самым в полной мере реализуя присущую решению гладкость.

Метод: Для достижения поставленной цели мы предлагаем инновационный под-
ход, основанный на применении оптимальной интерполяционной формулы с произ-
водными, специально построенной в пространстве Соболева. Используя точные ко-
эффициенты этой интерполяционной формулы, мы преобразуем непрерывное инте-
гральное уравнение в конечную замкнутую систему линейных алгебраических урав-
нений. Данное преобразование осуществляется с помощью строгого метода колло-
кации. Новизна нашей схемы заключается в том, что, в отличие от стандартных
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методов, она активно интегрирует информацию о производных высшего порядка в
процесс дискретной аппроксимации.

Результаты: Наш теоретический анализ успешно устанавливает строгие оценки
погрешности, подтверждая математическую обоснованность предложенной схемы.
Использование информации о производных обеспечивает более высокую скорость
сходимости и повышенную численную устойчивость по сравнению с традиционны-
ми методами. Кроме того, вычислительные эксперименты на примере с известным
точным решением демонстрируют, что наш метод восстанавливает решение с ис-
ключительно высокой точностью и минимальной вычислительной ошибкой.

Значимость: Таким образом, данная работа предоставляет надежный и эффек-
тивный вычислительный инструмент для сложных математических и инженерных
задач. Предложенный подход устанавливает новый стандарт для численного реше-
ния интегральных уравнений в тех случаях, когда сохранение информации о локаль-
ном поведении и производных критически важно для обеспечения общей точности
вычислений.

Ключевые слова: аппроксимация, численное решение, интерполяционная форму-
ла, пространство Соболева, интегральное уравнение Фредгольма

Цитирование: Олимов Н.Н.Численное решение линейных интегральных уравне-
ний Фредгольма второго рода на основе оптимальных интерполяционных формул с
производными // Проблемы вычислительной и прикладной математики. – 2026. –
№ 4/1(75). – С. 16-28.

DOI: 10.71310/pcam.4-1_75.2026.02





ПРОБЛЕМЫ ВЫЧИСЛИТЕЛЬНОЙ И
ПРИКЛАДНОЙ МАТЕМАТИКИ

№ 4/1(75) 2026
Журнал основан в 2015 году.

Издается 6 раз в год.
Учредитель:

Научно-исследовательский институт развития цифровых технологий и
искусственного интеллекта.

Главный редактор:
Равшанов Н.

Заместители главного редактора:
Арипов М.М., Шадиметов Х.М., Ахмедов Д.Д.

Ответственный секретарь:
Убайдуллаев М.Ш.

Редакционный совет:
Азамов А.А., Алоев Р.Д., Амиргалиев Е.Н. (Казахстан), Арушанов М.Л.,

Боборахимов Б.И., Бурнашев В.Ф., Джумаёзов У.З., Загребина С.А. (Россия),
Задорин А.И. (Россия), Игнатьев Н.А., Ильин В.П. (Россия),

Иманкулов Т.С. (Казахстан), Исмагилов И.И. (Россия), Кабанихин С.И. (Россия),
Курбонов Н.М., Маматов Н.С., Мирзаев Н.М., Мурадов Ф.А., Назирова Э.Ш.,
Нормуродов Ч.Б., Нуралиев Ф.А., Нуралиев Ф.М., Опанасенко В.Н. (Украина),

Расулмухамедов М.М., Садуллаева Ш.А., Старовойтов В.В. (Беларусь),
Хаётов А.Р., Халджигитов А., Хамдамов Р.Х., Хужаев И.К., Хужаеров Б.Х.,

Эшмаматова Д.Б., Дустмуродова Ш.Ж., Чье Ен Ун (Россия),
Шабозов М.Ш. (Таджикистан), Dimov I. (Болгария), Li Y. (США),
Mascagni M. (США), Min A. (Германия), Singh M. (Южная Корея).

Журнал зарегистрирован в Агентстве информации и массовых коммуникаций при
Администрации Президента Республики Узбекистан.

Свидетельство №0856 от 5 августа 2015 года.
ISSN 2181-8460, eISSN 2181-046X

При перепечатке материалов ссылка на журнал обязательна.
За точность фактов и достоверность информации ответственность несут авторы.

Адрес редакции:
100125, г. Ташкент, м-в. Буз-2, 17А.

Тел.: +(998) 71 263-41-98.
Э-почта: journals@airi.uz.

Веб-сайт: https://journals.airi.uz.
Дизайн и вёрстка:

Шарипов Х.Д.
Отпечатано в типографии НИИ РЦТИИ.

Подписано в печать 05.10.2026 г.
Формат 60х84 1/8. Заказ № 5. Тираж 100 экз.

https://journals.airi.uz


PROBLEMS OF COMPUTATIONAL AND
APPLIED MATHEMATICS

No. 4/1(75) 2026
The journal was established in 2015.

6 issues are published per year.

Founder:
Digital Technologies and Artificial Intelligence Development Research Institute.

Editor-in-Chief:
Ravshanov N.

Deputy Editors:
Aripov M.M., Shadimetov Kh.M., Akhmedov D.D.

Executive Secretary:
Ubaydullaev M.Sh.

Editorial Council:
Azamov A.A., Aloev R.D., Amirgaliev E.N. (Kazakhstan), Arushanov M.L.,

Boborakhimov B.I., Burnashev V.F., Djumayozov U.Z., Zagrebina S.A. (Russia),
Zadorin A.I. (Russia), Ignatiev N.A., Ilyin V.P. (Russia), Imankulov T.S. (Kazakhstan),

Ismagilov I.I. (Russia), Kabanikhin S.I. (Russia), Kurbonov N.M., Mamatov N.S.,
Mirzaev N.M., Muradov F.A., Nazirova E.Sh., Normurodov Ch.B., Nuraliev F.A.,

Nuraliev F.M., Opanasenko V.N. (Ukraine), Sadullaeva Sh.A.,
Starovoitov V.V. (Belarus), Khayotov A.R., Khaldjigitov A., Khamdamov R.Kh.,

Khujaev I.K., Khujayorov B.Kh., Eshmamatova D.B., Dustmurodova Sh.J.,
Chye En Un (Russia), Shabozov M.Sh. (Tajikistan), Dimov I. (Bulgaria), Li Y. (USA),

Mascagni M. (USA), Min A. (Germany), Singh M. (South Korea).

The journal is registered by Agency of Information and Mass Communications under the
Administration of the President of the Republic of Uzbekistan.

Certificate of Registration No. 0856 of 5 August 2015.

ISSN 2181-8460, eISSN 2181-046X

At a reprint of materials the reference to the journal is obligatory.
Authors are responsible for the accuracy of the facts and reliability of the information.

Address:
100125, Tashkent, Buz-2, 17A.

Tel.: +(998) 71 263-41-98.
Е-mail: journals@airi.uz.

Web-site: https://journals.airi.uz.

Layout design:
Sharipov Kh.D.

DTAIRI printing office.
Signed for print 05.10.2026

Format 60х84 1/8. Order No. 5. Print run of 100 copies.

https://journals.airi.uz


Содержание

Хаётов А.Р., Мухторова М.М.
Функции гистосплайна при восстановлении функций по интегральным зна-
чениям . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

Олимов Н.Н.
Численное решение линейных интегральных уравнений Фредгольма второго
рода на основе оптимальных интерполяционных формул с производными . . 16

Бабаев С.С., Элмуродова С.С.
Численное приближение дробных интегралов: оптимальный квадратурный
подход, основанный на фи-функциях . . . . . . . . . . . . . . . . . . . . . . . 29

Кулдошев Х.М.
Выражения для коэффициентов оптимальных квадратурных формул с па-
раметром . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

Хаётов А.Р., Хусаинов А.
Альтернативный вывод и численный анализ оптимальной интерполяцион-
ной формулы в гильбертовом пространстве . . . . . . . . . . . . . . . . . . . 61

Хаитов Т.О.
Оптимальные методы численного интегрирования, основанные на алгебра-
ических и тригонометрических функциях . . . . . . . . . . . . . . . . . . . . 72

Шадиметов Х.М., Нафасов А.Ю.
Квадрат нормы функционала погрешности интерполяционной формулы с
третьей производной в гильбертовом пространстве . . . . . . . . . . . . . . . 85

Болтаев А.К., Пардаева О.Ф.
Интерполяционные сплайны, минимизирующие полунорму в гильбертовом
пространстве Соболева . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

Бердимурадова У.А.
Явные коэффициенты и оценка погрешности оптимальной квадратурной
формулы . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

Полвонов С.З.
Оптимальная квадратурная формула с кратными узлами в гильбертовом
пространстве . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

Барраева С.Ш.
Оптимальные квадратурные формулы с тригонометрическими весами в про-
странстве Соболева . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

Нуралиев Ф.А., Абдуллаева Г.Ш.
Сравнительный анализ алгебраико-гиперболических натуральных сплайнов
шестого порядка и интегральных квазиинтерполяционных сплайнов . . . . . 153

Ахмедов Д.М., Шомаликова М.Ш.
Оптимальная квадратурная формула типа Эрмита со слабосингулярным ве-
сом методом PHI-функций . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

Хаётов А.Р., Пирнапасов С.О.
Приближённое вычисление дробной производной Капуто . . . . . . . . . . . 180

Бувашеров Д.С., Алиев Ш.Е.
Оптимальные квадратурные формулы для интегралов типа Коши с триго-
нометрическими весами . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

Насруллаев П.А., Джурабоева О.С., Саманова Г.Б.
Консервативная модель переноса примесей в атмосфере над сложным
рельефом . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201



Contents

Hayotov A.R., Mukhtorova M.M.
Histospline functions in reconstructing functions using integral values . . . . . . 5

Olimov N.N.
Numerical solution of linear Fredholm integral equations of the second kind based
on optimal interpolation formulas with derivatives . . . . . . . . . . . . . . . . . 16

Babaev S.S., Elmurodova S.S.
Numerical approximation of fractional integrals: an optimal quadrature approach
based on phi-functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

Kuldoshev Kh.M.
Expressions for the coefficients of optimal quadrature formulas with a parameter 41

Hayotov A.R., Husainov A.
Alternative derivation and numerical analysis of an optimal interpolation formula
in the Hilbert space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

Khaitov T.O.
Optimal numerical integration rules based on algebraic and trigonometric functions 72

Shadimetov Kh.M., Nafasov A.Y.
The squared norm of the error functional for a third-derivative interpolation
formula in a Hilbert space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

Boltaev A.K., Pardaeva O.F.
Interpolation splines minimizing a semi-norm in a Sobolev Hilbert space . . . . . 98

Berdimuradova U.A.
Explicit coefficients and error estimate for an optimal quadrature formula . . . . 116

Polvonov S.Z.
Optimal quadrature formula with multiple nodes in a Hilbert space . . . . . . . 127

Barraeva S.Sh.
Optimal quadrature formulas with trigonometric weights in a Sobolev space . . . 141

Nuraliev F.A., Abdullaeva G.Sh.
A comparative analysis of sixth-order algebraic-hyperbolic natural splines and
integral quasi-interpolating splines . . . . . . . . . . . . . . . . . . . . . . . . . . 153

Akhmedov D.M., Shomalikova M.Sh.
Optimal Hermite-type quadrature with weakly singular weight via PHI-functions 167

Hayotov A.R., Pirnapasov S.O.
Approximate calculation of the Caputo fractional-order derivative . . . . . . . . 180

Buvasherov D.S., Aliev Sh.E.
Optimal quadrature formulas for highly oscillatory Cauchy-type integrals . . . . 190

Nasrullayev P.A., Juraboyeva O.S., Samanova G.B.
A mass-conserving model of pollutant transport in the atmosphere over complex
terrain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201


	Обложка_А3_2

