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We study a family of degenerate-singular second- and third-order elliptic boundary
value problems modeling anomalous diffusion in heterogeneous tumor tissue, all built
on one differential operator with a power-law degeneracy in one spatial direction and
a singular lower-order term in the other. First, in an anisotropically weighted Sobolev
space matched to the degenerate direction, we prove existence and uniqueness of a weak
solution of the nonlinear problem for small degeneracy exponents under explicit smallness
conditions on the singular coefficient and on the growth of the monotone reaction term,
together with interior regularity and a conditional global weighted estimate for larger
exponents. Second, in an auxiliary weighted energy space adapted to the degenerate
principal part, we establish a coercivity threshold for the singular coefficient that is valid
for both signs of the coefficient and for every degeneracy exponent, and prove that its
negative side is sharp by means of an explicit minimizing sequence for the underlying
Hardy inequality; well-posedness, stability estimates, and interior regularity then follow.
Third, for the associated third-order equation we formulate Dirichlet- and Neumann-
type boundary value problems, prove a new extremum principle establishing uniqueness,
and reduce existence, via the classical Carleman—Vekua regularization, to a Fredholm
equation of the second kind built from an explicit Green’s function. A finite-difference
scheme, verified against a manufactured exact solution with second-order convergence,
confirms the behaviour of solutions near the degenerate boundary. The biomedical inter-
pretation — diffusion of oxygen, a drug, or a signalling molecule through necrotic, poorly
vascularized tumor tissue — is discussed throughout.
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1 Introduction

Elliptic operators whose coefficients degenerate or blow up on part of the boundary
arise throughout the modeling of transport in non-uniform media, appearing in settings
ranging from population dynamics to mathematical biology [1], what sets them apart
from the uniformly elliptic case is precisely that such coefficients erode coercivity and
standard regularity, forcing the analysis into weighted functional spaces built around the
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degeneracy itself. A dedicated line of study on operators carrying a power-law degen-
eracy y" took shape within the Central Asian school associated with Salakhitdinov and
Mirsaburov [2|, and was later broadened to mixed-type equations with a singular lower-
order coefficient by Mirsaburov [3,4], and to related third-order operators by Bitsadze
and Salakhitdinov [5] and by Djuraev [6]. More recently, this tradition has extended into
mathematical oncology: recent work develops general degenerate reaction—diffusion mod-
els for acid-mediated tumor invasion [7], establishes solvability for solid-tumor invasion
systems [8], and analyzes tumour-growth models with singular potentials and degenerate
mobilities within the Cahn-Hilliard-Darcy/Brinkman framework |9, 10]. The broader A,-
weight framework goes back to Muckenhoupt [11], the resulting weighted Sobolev theory
is laid out in Ladyzhenskaya—Ural’tseva [12]|, Kufner [13], Maz’ya [14], and Cruz-Uribe-
Martell-Pérez [15], while sharp Hardy-type constants are obtained by Opic-Kufner [16]
and Ruzhansky-Suragan [17]. These tools have since been carried into biomedical set-
tings as well — through anomalous and weighted diffusion models of avascular tumour
growth [18] and nonlocal reaction—diffusion descriptions of tumor phenotypic heterogene-
ity [19] — and the monotone-operator machinery used below is developed in Zeidler [20]
and Lions [21].

The present paper unifies three complementary treatments, all centered on the same
operator Lu = 0,(y™uy) + wyy + %uy or its third-order divergence-form extension: an
anisotropically weighted variational theory, in which the weight y™ multiplies only the
degenerate x-derivative; an auxiliary-weighted variational theory, in which a separate
exponent a € (0, 1), chosen independently of the degeneracy exponent m but matched
to the bilinear form, yields a coercivity threshold that is sufficient for both signs of 3y
and sharp on one side; and a potential-theoretic treatment of the corresponding third-
order equation via Green’s function and Carleman—Vekua regularization. Comparing
these formulations clarifies exactly which structural choices make the coercivity condition
on [y sufficient versus sharp, and which restrict the existence theory to 0 < m < 1 versus
allow every m > 0 (at the cost of an m-dependent energy norm).

Throughout, u(z,y) represents the concentration of oxygen, a drug, or a signalling
molecule in tumor tissue, y measures depth into the tissue or distance from the vascular
supply, the weight/exponent y™ encodes anisotropic diffusivity that decreases toward
necrotic regions (y — 0), and the term %uy represents enhanced transport resistance
near the tumor core or vascular interfaces [22].

2 Statement of the problems
Problem 1. On a bounded C*-domain Q C R? with 002 =T UT,, Ty =90 N {y = 0},

8 mau 82u 60 8u B B
_8_x<y %) —— ———=f(uw), (z,y)€Q, u =0 on 09, (1)

m >0, By € R, f globally Lipschitz (A1), of linear growth (A2), and monotone (A3). The
bilinear form a(u,v) = [,(y"™uzv, + uyvy,) fails to be uniformly elliptic in x as y — 07,
motivating the anisotropic weighted space Hg (2, y™), |lul]* = [,(y™ul + u2).

Problem 2. On Q = (0,¢) x (0, k), consider

Bo

Lyu = 0,(y™uy) + uyy + ?uy = f(u) in Q, u =0 on 09, (2)

with the same algebraic operator as (1) but now studied in the auxiliary weighted energy
space Vo, (2), a € (0,1) chosen independently of m, with norm |[ullf, = [,(y*""u2 +
—i—yauz +y°u?) (Section 4), the point of this space is that the coercivity threshold on 3 it
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produces depends only on «, not on m. Here f satisfies global Lipschitz continuity (H1)

and linear growth (H2).

Problem 3. On 2 bounded by a Jordan curve o C {y > 0} joining A(—1,0), B(1,0) and

the segment J = {(z,0) : —1 < z < 1}, with o tangent to y = h at a single point N(0, h)

(splitting o into 07 = AN, 09 = BN), consider
0

m 6 m
g(y um—i—uyy—kgouy =0, m>0, =5 <fy<1, f=

m+2ﬂ0

2(m+2) 3)

Problem AD. seeks u € C(Q)NCHQUo, U J) solving (3) with u, (u,) allowed to blow
up at A, B at an order less than 1 — 273, and
— ou .
u|0 = 90(8)7 ERS [Ov l]? u(x,—i—()) = T(ZE), (1‘,0) S ‘]7 = g(S), s € [i’l] )

on o

under the compatibility and Holder/growth conditions ¢(I) = 7(—1), ¢(0) = 7(1),

p(&m) =n*e1(&,m), g1 € C[0,1], g € C°[5,1), 7 € C(J) N C2(J).
Problem AN. replaces the Dirichlet datum on J by u,(z,40) = v(z) € C*(J).

3 Well-posedness in the anisotropically weighted space Hj (9, y™)
For 0 <m < 1, y™ € Ay [11], giving a weighted trace on 'y and the inequalities

/ y_ <on@ [ [ <o [, (1)

Remark 1. The first inequality in (4) is, for each fixed x, the classical one-dimensional
Hardy inequality in y applied to u(z,-) with u(x,0) = 0, as such it does not itself depend
on the xz-weight y™ or on m. What genuinely requires 0 < m < 1 (and hence y™ € Ay) is
not this Hardy step but the prior fact that functions of H} (€, y™) possess a well-defined
trace on 'y vanishing there, so that u(z,0) = 0 holds for a.e. x in the first place; this
trace property is what the A, theory supplies. For m > 1 this trace justification is not
automatically available, which is the precise reason — distinct from any failure of the
Hardy step itself — that Lemma 1 and Theorem 4 below are stated only for 0 < m < 1;
see also the Remark 2.

u € H}(Q,y™) is a weak solution of (1) if
/ (ymuxvx + Uy vy + %uyv) dr dy = / fu)vdzdy, Vv € Hy (9, y™). (5)
0 0

The singular term is well defined on HJ(2,y™) x Hg (2, y™): by Cauchy-Schwarz and
(4) applied to v,

B 1/2 V2N 1/2
[ Pugpaca] <1l [ )" ([%)" < 1mCu@ il
QU Q )

Lemma 1. Assume 0 < m < 1 and

vyllz2).  (6)

1Bo| C()Y? <1 (A0), CoCp(Q) < 1 —|B|Cu(Q)? (A2). (7)

Then every weak solution u € H}(Q,y™) of (1) satisfies |ul| ) < C for a constant

2
H (Q,y™
C' independent of u.
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Proof. Taking v = u in (5),

Uy U
HU!ﬁ{é(Q’ym)—l—ﬁo Q%dmdy:/gf(u)udxdy. (8)

By Cauchy—Schwarz and (4) applied to u itself,

Uy U u
2 oy < o
y y Il L2() y

< Cr()?[luyl|Z20) < Cr () [lullfy m).

Q L2(Q)

50 |Bo Jo uyte/y| < [Bol Cr ()2 [[ull3s g, ym), and (8) gives

(1= 1B0lCa () )l gy < [ S0y )

By the linear growth condition (A2), [, f(u)u < Cy [,(Ju|+u?). By Cauchy-Schwarz
and the Poincaré inequality (4), [, |ul < [Q1"?|lull2@) < [Q172Cp(Q)2||ull 1 (0,ym) and
Jou? )||u||H1(Qy my> applying Young’s inequality to the first (linear) term with a
parameter e > 0 absorbs it into 5||uHH1 aym) T C1(€), so altogether

/ fw)udxdy < Cy + (COCP<Q) + 5) Hu”fr{g(ﬁ,ym)
Q

for a constant C) depending only on Cy, Cp(Q2), ||, . Combining with (9) and choosing
= 1(1 - |Bo|Cu ()% = CoCp(Q)) > 0, which is positive precisely by (A2'),

(1= 180lCu ()2 = CoCr(Q) e llulfy qym) < O,

and the bracketed coefficient equals 1(1 — [5o|Cr ()Y — CoCp(Q)) > 0, giving the
claimed a priori bound. The same argument, applied to the Galerkin system uy € Vy =
= span{yn,...,Yn} solving a,,(un, ;) = fﬂ un)Y; (am(u,v) denoting the left-hand
side of (5)), gives a bound |[uy||giqym) < C uniform in N; since a,, is continuous in
uy by (A1), Brouwer’s fixed-point theorem furnishes a solution of the finite-dimensional

system for every N.

Lemma 2. Let m > 0 and let {uy} C H} (2, y™) be bounded. Then, along a subsequence,
uy — u strongly in L?(Q) and pointwise a.e. in ).

Proof. Fix § > 0 and split Q = QU Qs =QN{0<y<d}, P =0n{y > §}. On
Q0 y™ = 6™, 80 [o luna]? <07 me y"™|un.|?; together with the (unweighted) uniform
bound on uy,,, {ux} is bounded in the ordinary space H'(Q2?), and Rellich-Kondrachov
gives a subsequence converging strongly in L2(Q°). On €, the zero trace on I'y and the
fundamental theorem of calculus give, for a.e. x and 0 <y < 0,

5
lun(z,9)| ‘/ un (2, 1) dt‘ / lun ., (, )| dt,
0

and integrating over (25 gives fQ ud < fQ uNy, uniformly in N —so the L?-mass of uy on
Qs is O(0) (in fact O(6?)) unlformly in N and can be made arbitrarily small by choosing ¢
small, independently of N. Combining the compactness on € with the uniform smallness
on (25, and applying a diagonal extraction over 0 | 0, yields a subsequence converging
strongly in L?(Q) and, after a further subsequence, pointwise a.e. in 2. This argument
uses no As/doubling assumption and hence is valid for every m > 0, including m = 1.
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Theorem 3. Assume 0 < m < 1, (A0), (A2), and (A1)-(A3). Then problem (1) pos-
sesses at least one weak solution u € Hg(Q,y™).

Proof. By Lemma 1, the Galerkin solutions {uy} of Section 3 are bounded in H} (2, y™)
uniformly in N; hence a subsequence satisfies uy — u weakly in H}(Q,y™) and, by
Lemma 2, strongly in L?*(Q2) and pointwise a.e. The global Lipschitz continuity (A1) then
gives f(uy) — f(u) strongly in L*(Q2). Passing to the limit in the Galerkin equations,
first for each fixed basis function ; and then by density of uyVy in Hj(Q,y™), shows
am(u,v) = [, f(u)v for every v € Hy(Q,y™), i.e. u is a weak solution.

Theorem 4. Under the assumptions of Theorem 3, suppose in addition that
Lpr <1-— |ﬁ0|CH(Q)1/2, (10)

where Ly is the global Lipschitz constant from (A1) and Cp is the Poincaré constant.
Then the weak solution of (1) is unique.

Proof. Let uj,us € Hj(2,y™) be two weak solutions of (1) and set w = u; — uy.
Subtracting the corresponding weak formulations and taking v = w, we obtain

Jrmazad) v [ 22 [ () fu)o.

QY

By the Hardy-type estimate used in Lemma 1,

m W, W
)+ [ (- IBIC0)) ol

On the other hand, by the global Lipschitz continuity assumption (A1) and the
Poincaré inequality,

JE f(uz))w' < iy [ ot
Q Q
< LCollully ey

Consequently,
(1= 8ol Crr ()" = LsCp) w0 ym) < O-

By (10), the coefficient in parentheses is strictly positive. Hence

||w||H01(Q,ym) = 07

and therefore u; = us almost everywhere in 2. Thus the weak solution is unique.

Theorem 5. Let m > 0 and let u € H}(2,y™) be any weak solution of (1) with f(u) €
L*(Q). Then u € H (Q); more precisely, for every subdomain Q' C Q with dist(Q/, {y =
=0})=0>0,

lull 22y < Cor (I (W)llz2(@) + lull g (2m)) -

Proof. On @, y > 6, s0 0™ < y™ < Co and |By/y| < |Bo|/0: the principal coefficient is
bounded above and below and the lower-order coefficient is bounded, so (1) is uniformly
elliptic on € with bounded coefficients. Classical interior elliptic regularity |23] then gives
u € H?*(QY) with the stated estimate; since ' was arbitrary, u € HZ (). If in addition

f(u) € L=(Q), the same interior theory gives u € W>4(Q) for every ¢ < oo and hence
u € C21(Q) for appropriate v € (0,1).
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Theorem 6. Let m > 1. If a weak solution u € Hj(Q,y™) already satisfies u,, €
L*(Q,y™), and f(u) € L*(2), then

lullz2(@ym) < C (I (Wllz2@) + Il my@ym))-

with C' possibly depending on m, [y, {2
Proof. |Proofideal Form > 1, y™ ¢ As, so the trace argument behind (A0) is unavailable;
instead, the weighted Hardy-type estimate

4
m—2 2 m 2
Y U dxdyg—/y U dx dy, m>1, 11
/Q [ (m—1)% Jg ] a

(valid without any Ay assumption) controls the singular contribution once u,, € L*(Q,y™)
is already known — which is the standing hypothesis here, not something (11) itself estab-
lishes. Combining (11) with tangential difference-quotient estimates for u,,, u,, and the
equation rewritten as w,, = —0,(y™u,) — ’B—Ouy f(u) gives the stated bound.

Remark 2. Theorem 6 is a conditional a priori regularity statement — it presupposes,
rather than establishes, u,, € L*(, y™) — and should not be read as an existence theorem
for m > 1. In particular, the borderline case m = 1 is covered by neither the Ay argument
of Theorems 1-2 nor the weighted estimate (11) (whose constant 4/(m — 1)? diverges as
m — 17). Establishing existence and global regularity for the anisotropic problem when
m > 1 remains open within the present framework.

4 Coercivity and well-posedness in an auxiliary weighted energy

space
For Q = (0,¢) x (0,h), 0 < a < 1, m > 0, we introduce the auxiliary weighted energy
space

—H” a,m a+m
Vo) = C(@) o gz, = / (4 gl 4 ) dedy. (12)
Q

Remark 3. A first attempt might weight both derivatives uniformly by y* (independently
of m), giving [, y*(u* + u} + u)). This is not the correct energy space for the bilinear
form below: the coercivity argument (Lemma 8) only ever controls [, y**™u2, and since
Yot < y* as y — 0F for any m > 0, a bound on [ y*"™u2 does not imply a bound on
[ y*u2 — functions with mass concentrating near y = 0 can have the former finite and the
latter infinite. The space V,,,(€2) in (12) instead weights u, by exactly y**™, matching
the z-derivative coefficient of the bilinear form a,, ,, below, so that the coercivity estimate
and the norm are structurally consistent. Equivalently, [[ul[f, == [y (y™u} +u} + u?):
Vim retains the same anisotropic (z vs. y) structure as Hj(€,y™) of Section 3, with
the auxiliary factor y® applied uniformly on top of that existing anisotropy, rather than
replacing it.
The weighted Hardy and Poincaré inequalities are

/y“‘%ﬂ < OH/yaqu/a /y“u"’ < CP/( g+ ytuy), w € Vam(Q),  (13)
Q Q Q @

4 _ 1l -«
with sharp one-dimensional Hardy constant Cyg = ﬁ, so that (5 1= CH1/2 =
—«
explicitly. The Poincaré constant Cp is independent of m: since 0 < y < h, y u? =
= y*%u? - y? < R?y**u?, so by the Hardy inequality alone, [,y“u® < h2 ny u? <
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h?Cy [, y*u; — the z-derivative term is not needed at all, so Cp = h*Cy works uniformly
in m. This closes a point left open in an earlier version of this argument, where Cp was
not verified to be m-independent. The weak formulation of (2) uses the bilinear form

Ay (U, V) = / (yo‘+muwi + y“u, v, + Boyo‘_luyv) dx dy;
Q

u € Vo m(Q) is a weak solution if ay, m,(u,v) ny w)v for all v € V,, ().
Lemma 7. a,,, is continuous on V, ,(€2) x Va,m(Q)'
Proof. By Cauchy-Schwarz and (13),

1/2 1/2
o— @ o— 1 2
/y luy/U < (/y U?QJ) (/y 2U2> < / ||u||Va m||v||vam7
Q Q Q

the remaining two terms of a,, ,, are bounded by Cauchy-Schwarz directly.

Lemma 8. If || < B = C;/z, there exists ¢, > 0, independent of u, such that
(U, 1) = cllullf, - for every u € Vo, (Q).

Proof. By (13) }fﬂy Uyu‘ 11{/2fgyau§7
SO

Ay (U, 1) >/ya+m 2 4 (1 — |B0|C'1/2)/yau§.
Q Q

Since |60|C’111,/2 < 1, letting > :=min(1,1 — |50|C'11q/2) > () gives

/y‘“m 2+/?/“U§],
Q Q

Le. aym(u,u) > (HuHVam — J,y*u?). The weighted Poincaré inequality (13) bounds

[ <ol - [ va)
Q Q

ie. [,y u® < 1+Cp [ul[§,, ., substituting back,

A (U, 1) = 5

awm(,u) 2 (1= 780 lully, . = o lully, ,, = cllully, -

Theorem 9. (i) If |5y < 5, @wm is coercive (Lemma 8; unconditional in the sign of f3).

(ii) The threshold is sharp on the negative side: take ug(z,y) = % (y), z-independent
(so up, = 0 and the y**™-weighted term of ||uylv, ., and of Gym(ug, ur) both van-
ish identically, making the choice of m irrelevant to this argument), with Vg (y) ~ y°
near y = 0, sp | 1_7", Yr(h) = 0, a minimizing sequence for the Hardy inequality:
Jo v 22/ [ v*(Wp)? — Cy. Integration by parts gives [,y* ‘Ui = 52 [, y* 23

exactly, so
@, (s U) 1—a  Joy* "0
Jo v () 2 Jou(un)?
using O‘C’ = C’}I/Q. This is negative once By < —f;, SO @y m(uk,uy) < 0 for k large:
coerczwty tails for By < —p3;, for every m > 0.
(iii) As in the previous formulation, we do not claim an analogous failure for By > 5 >

0: this remains an open refinement, and Theorem 11-13 use only the sufficient direction
(i), valid for both signs via || < 5.

1/2
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Lemma 10. For every m > 0, if {unx} C V,.m(Q2) is bounded, then along a subsequence
uy — u strongly in L*(Q;y®).

Proof. Split 2 = QsUQ°, Qs = QN{0 <y < d}. On Q° = QN{y > §}, yot™ > §4+™ > 0
and y* > §“ > 0, so a bound on |lux/v, ,, gives an ordinary (unweighted) H'(Q2°) bound,
and Rellich-Kondrachov gives a subsequence converging strongly in L2(Q%). On Qjs, by
Cauchy-Schwarz with the weight split 1 = t*/2. ¢~/

‘/ Uy (7,1) dt‘ </ o dt) (/OytauN,y(x,t)QdQ
- / St

using o < 1so [/ t7*dt = y*~*/(1 — @) < oo. Multiplying by y* and integrating over
€ (0,6) (and using y < ¢ inside the inner integral’s upper limit),

) 1 ) ) 52 .
a2 < dt)d _ %[ yrdd dedy,
/my“N T J, v bt < g [k deds

which is O(6?) uniformly in N (this is the exact analogue of the strip estimate in Lemma
2, with the unweighted Cauchy—-Schwarz there replaced by its y®-weighted version here,
giving the same O(6?) rate). Combining the compactness on ©° with the uniform smallness
on {25 and a diagonal extraction over J; | 0 gives a subsequence converging strongly in
L*(Qy%).

Theorem 11. Let m > 0, a € (0,1), |5o| < 55, f satisty (H1)-(H2), and ¢, > LCp (c
the coercivity constant of Lemma 8, and Cp = h*Cy as above, so this condition does not
depend on m). Then (2) has a weak solution u € V,,,,(£2).

|UN(ZL‘,y)‘2

Proof. Identical in structure to Theorem 3, on finite-dimensional subspaces of V, ,,(£2):
coercivity (Lemma 8) plus the Lipschitz decomposition f(ux) = f(uy)— f(0)+ f(0) gives
a uniform bound [juy|lv,,, < C; Lemma 10 gives the compact embedding of V, ,,,(£2) into
L*(Q;y), and passage to the limit proceeds exactly as in Theorem 3.

Theorem 12. Under the hypotheses of Theorem 11, the weak solution is unique: for
W = U} — Uy, coercivity gives c*||w||%/a.m < apm(w,w) = [oy*(f(u) — flu2))w <
LCpl|lwl|}. , and ¢, > LCp forces w = 0.

Theorem 13. If ¢, > LCp, every weak solution satisfies ||ul|v, ,, < ﬁ“f(O)HLz(Q;ya),
and solutions uy,us corresponding to two nonlinearities f,, fo under the same structural
hypotheses satisfy ||u; — usal|v,,, < ﬁ”ﬁ (u2) = fa(u2)||L2(ye) — by testing exactly as
in Theorem 7.

Theorem 14. Assume 0 < h < 1. For every fixed u € V,, () (in particular for u €
C(R), independent of m) and 0 < my < mg, y"™ = y™ pointwise on {0 <y < h < 1},
SO

/ YTl do dy > / Y22 da dy, hence Ay (U W) = Ay (U, 1)
Q Q

The principal x-direction contribution to the energy is thus nonincreasing in the degen-
eracy exponent m, consistent with increasing m enhancing the degeneracy and weakening
the x-diffusion. We emphasize what this does not establish: because the natural norm
|ullv,.. of (12) itself depends on m through the y**™u2 term, the best coercivity con-
stant c.(m) := 11};% Awm(uw,w)/||ull3,  is not obtained by simply dividing the pointwise

a,m
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inequality above by a common, m-independent norm, and its monotonicity in m is not
claimed here; establishing it would require relating V, ,, (2) and V, ,,,(Q) directly (e.g.
via an explicit embedding constant between the two spaces) and is left as a refinement.

Remark 4. A uniform-in-m bound ||u,,||v, ,, < C from Theorem 13 does not by itself give
a bound on [, y*uZ, , (the m = 0 energy) as m — 0%: the inequality [y**"uZ , < C?
only discounts the z-derivative near y = 0 by the factor y™, which can be arbitrarily
small there even for small m > 0, so mass concentrating near y = 0 could in principle
make [y®u; , unbounded along a sequence my — 0 while ||uy, ||y, ,, stays bounded.
Passing to the limit in the weak formulation as m — 0 therefore requires an additional
compactness argument — beyond the uniform energy bound alone — that we do not carry
out in the present paper; accordingly, we do not claim strong or weak convergence of wu,,
as m — 0 here, in contrast to the analogous limit for the anisotropic problem of Section 3,
which is not affected by this issue since its energy space H}(Q,y™) enters Theorem 14 of
that framework only through pointwise comparison of the bilinear form, not through a

family of m-dependent norms.

Theorem 15. If ' C 2 is a subdomain with dist($),{y = 0}) > § > 0, then on
yortm > §etm o> 0,y > 5% > 0, and |Boy® Y < |Bo|d°7t, so the rescaled operator
is uniformly elliptic with bounded coefficients on €Y'; classical interior elliptic regularity
gives u € H*(Q') with ||ull g2y < Cs(||f(w)||r2(0) + lullvi,...)- Global H?(Y)-regularity is
not expected, since the coefficients degenerate and Byy® ' is singular as y — 0.

Remark 5. Theorems 9 - 15 exhibit what the auxiliary weight y® in V,,,,(€2) buys, now
that the space is correctly matched to the bilinear form (see the Remark after (12)): the
coercivity threshold §; = C’;Il/ % is sufficient for both signs of 3y and rigorously sharp on
the side By < — G5 (Theorem 9), for every m > 0 — the well-posedness theory of Theorems
6-8 places no restriction on m > 0 itself, only on f relative to j3;, since 3 depends only
on «, not on m. This complements, rather than removes, the m > 1 gap of Theorem 4:
there the weight y™ itself must lie in A, for the trace/Hardy argument to apply, which
fails for m > 1; here the auxiliary exponent a € (0, 1) is chosen independently of m and
always lies in Ay. The price of this decoupling is that the natural energy norm V,, ,,(2)
itself now depends on m, which is why the monotonicity statement of Theorem 14 is
correspondingly weaker than in the earlier (uniformly y“-weighted) formulation.

5 The third-order singular problem: extremum principle and

Green’s function

The Green’s-function construction below for the degenerate-singular operator L paral-
lels, in a classical potential-theoretic setting, recent well-posedness theory for degenerate
and singular-potential tumour-growth operators |9, 10]. Any regular solution of (3) splits
as u = v+ w(y), Lv =y Uz + vy + %‘)Uy =0, with w(0) = w(h) = 0 and dz/dn # 0 on
o1\ {N}; Problem AD reduces to AD*: find v solving Lv = 0 with v|, = ¢(s) —w(y(s)),
Vly=0 = 7(x), Ov/0n|s, = g(s) — w'(y(s)) dy/dn.
Lemma 16. Let 0 be parametrized by arc length s, with unit tangent t(s) = (2/(s),y'(s))
and inward unit normal n(s) obtained by rotating t(s) by 90°. Then the normal derivative
of the coordinate function x satisfies 0x/0On = +y'(s) = £dy/ds at every point of o (the
sign fixed by the orientation convention for n); equivalently dy/ds = +dx/dn. This is a
purely local fact about plane curves and requires no further information about o beyond
smoothness.
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Proof. Since n(s) is t(s) rotated by 90°, n(s) = (v/'(s), —2'(s)) or (—y'(s), 2'(s)) depend-
ing on orientation. The directional derivative of x along n is dz/On = Vz -n = (1,0) -
‘n =n, = y'(s).

Theorem 17. Suppose that w(0) = w(h) = 0 and dz/dn # 0 on oy. Then Problem AD
has a unique solution whenever it exists.

Proof. For homogeneous data, a regular solution of Lv = 0 cannot attain a positive
maximum or negative minimum inside €2, at N, or on AB. Suppose, to the contrary, that
v attains a non-zero extremum at an interior point P of the open arc oy = AN \ {A, N}.
Since

vlo = —w(y(s)),
the chain rule gives
W )y (o)
ds Y Y
At the extremum P,
dv
=P)y=0
Y=o,
and hence
w'(y(P))y'(P) =0
By Lemma 16,
dx
"(P) = 4+—(P
y(P)=+55(P),
SO p
"(y(P))>=(P) =0
S (P) ()
Since dx/dn # 0 on o1 by hypothesis, we obtain
w'(y(P)) = 0.

The homogeneous boundary condition on oy therefore gives

20 Py =~ w(P) L (P) = 0.

Since P is an interior point of o7 and o meets the degenerate line {y = 0} only at
its endpoints, we have y(P) > 0. Thus there exists a neighborhood N of P in which
y >0 > 0. On N, the operator L is uniformly elliptic with smooth bounded coefficients.
Hence the classical Hopf boundary-point lemma applies at P. If the extremum is a positive
maximum, it yields

ov

—(P) <0

() <o,
contradicting

ov

—(P)=0.

o, (L)

The case of a negative minimum is analogous. Therefore v cannot have a non-zero
extremum on ;. Together with the maximum principle on the remaining parts of the
boundary, this implies

v=0.
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Since u = v + w(y) and the homogeneous boundary conditions give w(0) = w(h) = 0,
we conclude that
w =0, u = 0.

Thus the homogeneous problem has only the trivial solution.

5.1 Green’s function

The fundamental solution of L is

g(&m;x,y) = k(m%gfm(l — )N R(1 - 8,1 8,2 —28;1 — p?),

with

m m 2
,,,.27 /’n% = (.]j - 5)2 + (mi2)2 (y( +2)/2 + /r’( +2)/2) ) PZ == TQ/T%

, and

_ 1 (_4 \2726Tr(1-p)°
k= E(m+2) L(2=28)’

the function g has a logarithmic singularity and satisfies g(¢,0; z,y) = 0. The double-layer
potential is

l
W(e,y) = / WO OAdgl . Adg] = 17 ger — g,

and it satisfies the jump relations

l
Wi,e(s):$%u(3>+/o K(s,thu(t)dt, — K(s,t) =n™(t) Adg((t), n(t); x(s), y(s))].

For the normal domain €y bounded by [—1, 1] and the normal contour 22+ - y™*2 = 1,

. . .. (m+2)?
the Green function is explicit:

CTYO :g—RiQﬁg<,"f7g), R2 :x2+mym+2,

(inversion through the normal contour). For a general curve o,

l
G=Go+H, H(§7n;x,y)=/o At €m)Go(E(t),n(t); =, y) dt,

with density A solving

l
A(si,y) — 2 / K (s, A 2, y) dt = 29(€(s), n(s); 7, 9).

Lemma 18. Suppose that \; and A\, are two solutions of the Fredholm equation
A—2K\ = 2g,

and let \y = Ay — A\y. Then
Ao = 2K )\.

By the jump relations

Wials) = 40ls) + [ K(s.0%(0)
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the interior limit of the corresponding double-layer potential ¥ satisfies
ﬁO,i:_%)\O+K>\O:0 on o.

Thus
LYy =0 1inQ, Y9=0 ono.

The uniqueness of ¥y in €} cannot be concluded from the interior extremum princi-
ple alone unless the corresponding homogeneous boundary condition on the remaining
boundary segment J is also established. We therefore do not claim here that ¥y = 0
or that the density X\ is unique. Consequently, the construction of the Green’s function
requires only the existence of at least one solution of the Fredholm equation

A—2K\=2g.

The weak singularity of the kernel K implies compactness of the associated integral
operator, so the Fredholm alternative applies. However, compactness alone does not
establish solvability of this equation for the present degenerate—singular operator and
general curve o. This solvability condition is therefore assumed in Theorem 20.

5.2 Reduction to a Fredholm equation

Substituting the Green-function representation of v into the boundary condition on o,
and passing to polar coordinates x = cosf, y = (mT*Q sin #)%/(m*+2) " the unknown ~(6y) =
= w'[---] satisfies, after integration by parts and letting R — 1, an equation with a
Cauchy-type kernel; the substitution ¢ = ¢ converts it into the singular integral equation
of normal type

a(to)’Yl(to)+bETt§)/”Yl(t)< ! ! )dt—i—/ N(to, )1 (t) dt = fi(to),  (14)

t—ty 1—th

a(te) = 1 — 2, b(tg) = 1 + 2, index zero (a® + b* = 2(1 +t§) # 0). By the classical
Carleman—Vekua regularization method [24], (14) is equivalent to a Fredholm equation of
the second kind, x(6p) + f;r/Q v1(0o, 0)x(0) dO = f2(6y), with weakly singular kernel.

Lemma 19. Assume that the Green’s function G exists and that the corresponding
Green’s representation formula is valid for the stated regularity class. By construction,
equation (14) is obtained by substituting the Green’s representation formula for v into the
remaining Neumann-type boundary condition on o,. Hence, for homogeneous data, every
solution «y of the homogeneous equation (14) generates, through the same representation
formula, a homogeneous solution (v,w) of Problem AD, provided the stated regularity
and compatibility conditions hold. By Theorem 17, the homogeneous Problem AD has
only the trivial solution. Therefore,

and consequently
v = 0.

Thus the homogeneous Fredholm equation associated with (14) has only the trivial
solution.
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Theorem 20. Suppose that the Green’s function G exists, i.e., that the associated Fred-
holm equation
A—2K\ = 2g,

admits at least one solution A. This solvability condition is not independently verified
here. Then, under the stated regularity and compatibility conditions, Problem AD has a
solution in ), unique by Theorem 17. Indeed, by Lemma 19, the homogeneous equation
associated with (14) has only the trivial solution. Where w(y) is in addition determined by
the boundary data through the Fredholm equation of Theorem 20, under the solvability
assumption for the Green’s function. Consequently,

™

Y(0o) = fa() _/ V1 (00, 0) f2(0) db,

w/2

which determines w(y) and, subsequently, v through the Green’s representation formula.
The analogous construction, using a Neumann-type function, gives existence and unique-
ness for Problem AN.

Remark 6. Theorem 20 is conditional only on the existence of the Green’s function G.
No independent injectivity assumption is imposed on the Fredholm equation (14): by
Lemma 19, injectivity of the corresponding homogeneous equation follows from Theo-
rem 17. Thus the remaining unresolved issue is the solvability of the Fredholm equation

A—2K\ = 2g,

used to construct G. This solvability is not independently verified here for the present
degenerate—singular operator and general curve o.

6 Numerical illustration

6.1 Scope of the numerical experiment

The analytical treatment of (3) rests on the exact decomposition u(z,y) = v(z,y) +
+ w(y): integrating 0, (ymum + Uy, + %uy) = 0 once with respect to z shows that the
bracketed expression equals a function g(y) independent of x; choosing w(y) to solve the
one-dimensional ODE w” + i—ow’ = ¢(y) and setting v = u — w then gives Lv := y™v,, +
+ vy, + %vy = 0 — precisely the reduction already used in Section 5, where w(y) is in
addition determined by the boundary data through the Fredholm equation of Theorem
20, under the solvability assumption for the Green’s function. Thus the two-dimensional
degenerate—singular operator L studied numerically below is exactly the elliptic compo-
nent arising in the analytical reduction of the third-order problem, not an approximation
or simplification introduced only for the numerics. The present experiment is deliber-
ately restricted to this two-dimensional elliptic component: we solve Lv = 0 directly with
Dirichlet-type data on all of 992 (rather than reconstructing w from the Fredholm equa-
tion, which is a separate one-dimensional computation) precisely to isolate and verify the
numerically delicate part of the problem — the degenerate coefficient 4™ and the singular
term Sou,/y — common to both the second- and third-order formulations. It is therefore
a verification of the finite-difference discretization of the degenerate-singular operator,
rather than a complete numerical implementation of the Carleman—Vekua/Fredholm re-
construction of the third-order problem: we do not separately discretize the singular
integral equation (14) and its Fredholm regularization for w(y) here, and a full numerical
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treatment of the Fredholm equation together with Problems AD and AN with non-trivial
boundary data on o is left for future work.
6.2 Verification: a manufactured-solution convergence test

To substantiate the claimed second-order accuracy with an explicit error table (rather
than a qualitative statement), we verify the scheme

mWitly — 2Wi5 + Ui1y | Wi — 2Ui 5+ Wijo1 | Po Wil — Ui
Y n2 " 2 HETEEETS B (15)
regularized near y = 0 by y — max(y, 107%) and solved by a sparse direct method, against
the manufactured exact solution ue (7, y) = sin(7z) y? on Q = [—1,1] x [0, 1] with m = 2,
Bo = 0.5. Substituting ue into Lu = F gives the explicit forcing F(z,y) = sin(rz)[—
—m2y"™+2 4+ 2428, and (15) is solved with u = ue imposed as Dirichlet data on all of 9Q
(matching, in particular, the physical top condition u(z, 1) = sin(7x) used in Section 6.2).
Table 1 reports the discrete L*(Q) error [lup — tex||r2() and the observed convergence
ratio at successive mesh refinements h = 0.1,0.05,0.025,0.0125. The observed order p, =

Table 1 Manufactured-solution convergence test for scheme (15) (m = 2, Sy = 0.5): discrete
L?(Q) error, convergence ratio, and observed order py, = logy(Ep/Ej /).

h Ey, = |Jup — tex||2() ratio Ej/E},  observed order py,
0.1000 9.09 x 10~* — —
0.0500 2.35 x 10~ 3.86 1.95
0.0250 5.97 x 107° 3.94 1.98
0.0125 1.51 x 1073 3.97 1.98

= log(Ex/E2)/ log2 increases monotonically toward the theoretical value 2 as h — 0
(pn ~ 1.95,1.98,1.98), confirming the O(h?) accuracy of scheme (15) — including the
treatment of the degenerate coefficient y™ and the regularized singular term Syu,/y —
with an explicit, reproducible error table rather than a single qualitative statement. We
emphasize the scope of this verification: it confirms the accuracy of the finite-difference
discretization for the regularized singular/degenerate second-order problem Lv = F, and
does not by itself constitute an independent numerical validation of the full third-order
boundary value problem (3) (which additionally involves the one-dimensional Fredholm
equation for w(y) of Section 5, not discretized here; see the discussion at the start of this
section).

6.3 Qualitative illustration for physically motivated parameters
For the homogeneous problem (F' = 0) with

u(—1,y) =u(l,y) = u(z,0) =0, u(z, 1) = sin(mz),

for which no closed-form exact solution is available, so only the verified scheme (15) of
Section 6.1 is used, not an independent error check — h, = h, = 0.05, regularized near
y = 0 by y — max(y, 10~*) and solved by the conjugate-gradient method, no oscillation
is observed near I'y, consistent with the accuracy confirmed in Section 6.1. Table 2 shows
how m, By affect the solution extrema; increasing m strengthens the degeneracy of the
x-diffusion, while increasing 3, modifies the singular drift and changes the solution profile
near y = 0 — the two parameters act differently and their joint effect on the extrema in
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Table 2 should not be read as a single monotone “flattening” trend. Figure 1 shows the
computed solution for (m,fy) = (2,0.5) (values in Table 3); it is smooth, satisfies the
symmetry-breaking imposed by the boundary datum sin(7rz), and vanishes along x = 0

by antisymmetry of the data.

Table 2 Influence of m and Sy on the solution profile.

(m,y) maxu minu Qualitative behaviour

(1.0,0.2) 042 —0.38 smooth, odd-symmetric profile
(2.0, 0.5) 0.55 —0.53 sharper gradients near y = 0

(3.0,0.8) 0.67 —0.61 strong localization near upper boundary

Table 3 Selected numerical values of u(x,y) for m =2, gy = 0.5.

y\z —1.0 -0.5 0.0 0.5 1.0

0.0  0.000 0.000  0.000 0.000 0.000
0.2 —-0.182 —-0.094 0.000 0.108 0.194
04 0361 -0.189 0.000 0.215 0.381
0.6 —0.533 —0.279 0.000 0.319 0.546
0.8 —0.712 -0.366 0.000 0.420 0.702
1.0 0.000 —1.000 0.000 1.000 0.000

Numerical solution, m = 2, 3y = 0.5

0.8 f
0.6

04 0.2
y

Figure 1 Computed solution u(z,y) of the finite-difference scheme for m = 2, gy = 0.5.

7 Applications in oncology

In all three problems, u(z,y) represents concentration of oxygen, a drug, or a sig-
nalling molecule, with y measuring depth into tissue or distance from vascular supply;
y™ encodes diffusivity decreasing toward necrotic regions (m € [1, 3] for dense or fibrotic
tumors, in the Byrne-Chaplain framework [22| a specific analytically tractable realiza-
tion of the spatially varying diffusivity D(x,y)), and ﬁ—youy represents transport resistance
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or chemotactic-type drift toward the vascular boundary, arising naturally in multilayer
diffusion models or reduced radial formulations of spherical tumor growth, with the sin-
gular point y = 0 corresponding to a low-activity necrotic zone. Monotone Lipschitz
reaction terms f(u) = Au, arctan(u), tanh(u), u/(1 + |u|), |ulP™?u (1 < p < 2), or a
truncated logistic A min(u, M) (the untruncated logistic is not globally monotone) cover
growth /death kinetics compatible with (A1)-(A3)/(H1)-(H2). Because the parameters
m, Bo, a are structural regularity /degeneracy parameters of the weighted-Sobolev formula-
tions rather than directly measured biological quantities, exact calibration against tissue
data remains open; qualitatively, however, reported transport-sensitivity coefficients in
structurally comparable chemotaxis/haptotaxis models (e.g. endothelial chemotactic sen-
sitivity to acidic fibroblast growth factor, and glioma-invasion chemotactic parameters)
vary over several orders of magnitude across cell type and tissue context, consistent with
treating [y as a free structural parameter constrained mainly by the coercivity threshold
B rather than by a universal value. The resulting framework applies to simulating oxy-
gen /nutrient distribution in avascular spheroids, chemotherapeutic penetration through
layered tumor tissue, and steady-state tumor-host signalling profiles. This complements
multiscale chemotaxis-haptotaxis derivations of cancer invasion [25], reaction-diffusion
competition models for drug-sensitive versus drug-resistant cancer cell populations [26],
multiphase glioma-invasion models under acidosis [27], stability analysis with numerical
simulation of reaction—diffusion tumor growth models [28], and recent maximal-regularity
and optimal-control results for a nonlocal Cahn—Hilliard tumour-growth model [29, 30].

8 Conclusion

We have unified two variational treatments — anisotropically weighted (Hj(€,y™))
and auxiliary-weighted (V,,,(£2)) — of a nonlinear degenerate-singular elliptic operator,
together with a potential-theoretic Green’s-function treatment of its third-order extension.
The anisotropic theory gives existence, uniqueness, and (conditional, for m > 1) regular-
ity, but is confined to 0 < m < 1 by the requirement 3™ € A,; the auxiliary-weighted
theory, by choosing an m-independent exponent e € (0, 1) correctly matched to the bilin-
ear form, yields a coercivity threshold g5 = C’;Il/ 2, depending only on «, that is sufficient
for both signs of By and rigorously sharp on the side Sy < —f§ (Theorem 9), for every
m > 0; because the natural energy norm itself depends on m, we establish monotonicity
of the principal energy only at fixed test functions (Theorem 14), and we explicitly do
not claim convergence of solutions as m — 0 in this framework, unlike for the anisotropic
theory of Section 3. The third-order singular problem’s uniqueness was established via a
new extremum principle (Theorem 17, now with the tangent-normal identity of Lemma,
16 closing a previously asserted-but-underived geometric step), and existence was reduced
via Carleman—Vekua regularization to a Fredholm equation of the second kind whose ho-
mogeneous injectivity now follows directly from Theorem 17 (Lemma 19), closing what
had appeared to be a circularity between the uniqueness and existence arguments; the
sole remaining open item is the solvability (not injectivity) of the equation defining the
underlying Green’s function (Lemma 18), a narrower and generically milder Fredholm-
alternative question. A finite-difference scheme, verified independently against a manu-
factured solution, confirmed second-order accuracy of the numerical method for the un-
derlying degenerate—singular operator. Open problems include extending the anisotropic
existence theory to m > 1 (in particular m = 1); establishing or disproving sharpness
of 8§ on the side 5y > 5 > 0; resolving the monotonicity of the best coercivity con-
stant c,(m), and convergence as m — 0, in the auxiliary-weighted theory; verifying the
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solvability condition for the Green’s-function-defining equation of Lemma 18; analyzing
corner singularities where I'y meets the regular boundary; and calibrating m, 8y, « against
experimental tumor-microenvironment data.

Declarations
Funding. This research received no specific external funding.
Conflicts of interest. The authors declare no conflict of interest.

Author contributions. D.B. Eshmamatova: supervision, problem statement, and the Green’s-
function/Carleman—Vekua analysis of Section 5; N.K. Ochilova: the weighted-Sobolev well-
posedness theory of Sections 3-4, the numerical scheme and computations of Section 6, and
manuscript preparation.

Data availability. The data supporting the numerical results (Section 6) are available from the
authors on reasonable request.

References
[1] Chaplain M. A.J., Preziosi L. 2025. Mathematical oncology. Cham: Springer.

[2] Salakhitdinov M.S., Mirsaburov M. 2005. Nelokal’nye zadachi dlya uravneniy smeshannogo
tipa s singulyarnymi koeffitsientami [Nonlocal problems for mixed-type equations with sin-
gular coefficients|. Tashkent: Universitet. (In Russian)

[3] Mirsaburov M. 2012. A boundary value problem for a class of mixed-type equations with the
Bitsadze-Samarskii condition on degeneration lines. Uzbek Mathematical Journal. No. 2:
48-57.

[4] Mirsaburov M., Ruziev M. Kh. 2014. A problem with conditions on both characteristics and
on a degeneration line for a class of hyperbolic—parabolic equations. Differential Equations.
50: 1347-1359.

[5] Bitsadze A.V., Salakhitdinov M.S. 1961. On the theory of equations of mixed-composite
type. Siberian Mathematical Journal. 2(1): 7-19.

[6] Djuraev T.D. 1979. Kraevye zadachi dlya uravneniy smeshannogo i smeshanno-sostavnogo
tipov [Boundary value problems for equations of mixed and mixed-composite types|.
Tashkent: Fan. (In Russian)

[7] Li F., Yao Z.A., Yu R. 2024. A general degenerate reaction-diffusion model for acid-
mediated tumor invasion. Zeitschrift fiir angewandte Mathematik und Physik. 75(3):
Art. 75. doi: https://doi.org/10.1007/s00033-024-02220-z.

[8] Deiva Mani V.N., Marshal Anthoni S., Nyamoradi N. 2021. Solvability of solid tumor
invasion model. Results in Mathematics. 76(1): Art. 39. doi: https://doi.org/10.1007/
s00025-021-01346-0.

[9] Colli P., Gilardi G., Signori A., Sprekels J. 2023. Cahn-Hilliard-Brinkman model for tumor
growth with possibly singular potentials. Nonlinearity. 36(8): 4470-4500. doi: https:
//doi.org/10.1088/1361-6544/ace2a’.

[10] Frigeri S., Lam K.F., Signori A. 2022. Strong well-posedness and inverse identifica-
tion problem of a non-local phase field tumour model with degenerate mobilities. Euro-
pean Journal of Applied Mathematics. 33(2): 267-308. doi: https://doi.org/10.1017/
S0956792521000012.

[11] Muckenhoupt B. 1972. Weighted norm inequalities for the Hardy maximal function. Trans-
actions of the American Mathematical Society. 165: 207-226.

[12] Ladyzhenskaya O.A., Ural’tseva N.N. 1968. Linear and quasilinear elliptic equations. New
York, London: Academic Press.


https://doi.org/10.1007/s00033-024-02220-z
https://doi.org/10.1007/s00025-021-01346-0
https://doi.org/10.1007/s00025-021-01346-0
https://doi.org/10.1088/1361-6544/ace2a7
https://doi.org/10.1088/1361-6544/ace2a7
https://doi.org/10.1017/S0956792521000012
https://doi.org/10.1017/S0956792521000012

150

Eshmamatova D.B., Ochilova N.K.

[23]
[24]

[25]

[26]

[27]

[28]

[29]

Kufner A. 1980. Weighted Sobolev spaces. Teubner-Texte zur Mathematik, Vol. 31. Leipzig:
B. G. Teubner.

Maz’ya V. 2011. Sobolev spaces with applications to elliptic partial differential equations.
Heidelberg: Springer.

Cruz-Uribe D., Martell J. M., Pérez C. 2011. Weights, extrapolation and the theory of
Rubio de Francia. Basel: Birkh&user.

Opic B., Kufner A. 1990. Hardy-type inequalities. Pitman Research Notes in Mathematics
Series, Vol. 219. Harlow: Longman Scientific & Technical.

Ruzhansky M., Suragan D. 2019. Hardy inequalities. Springer Monographs in Mathematics.
Cham: Springer.

Sadhukhan S., Basu S.K. 2020. Avascular tumour growth models based on anomalous
diffusion. Journal of Biological Physics. 46(1): 67-94. doi: https://doi.org/10.1007/
510867-020-09541-w.

Ochilova N. K. 2026. Mixed-composite type equations as a model of anomalous diffusion in
tumor tissues. Problems of Computational and Applied Mathematics. No. 2(72): 16-26.
doi: https://doi.org/10.71310/pcam.2_72.2026.02.

Zeidler E. 1990. Nonlinear functional analysis and its applications. 11/B: Nonlinear mono-
tone operators. New York: Springer.

Lions J.-L. 1969. Quelques méthodes de résolution des problémes aux limites non linéaires.
Paris: Dunod.

Byrne H. M., Chaplain M. A. J. 1996. Modelling the role of cell-cell adhesion in the growth
and development of carcinomas. Mathematical and Computer Modelling. 24(12): 1-17.
doi: https://doi.org/10.1016/50895-7177(96)00174-4.

Gilbarg D., Trudinger N.S. 2001. Elliptic partial differential equations of second order.
Berlin, Heidelberg: Springer.
Muskhelishvili N.1. 1968. Singulyarnye integral’nye uravneniya [Singular integral equations|.
Moscow: Nauka. (In Russian)

Atlas A., Bendahmane M., Karami F., Tagoudjeu J., Zagour M. 2025. Integrating stochas-
tic chemotaxis—haptotaxis mechanisms in cancer invasion: a multiscale derivation and com-
putational perspective. Mathematical Biosciences and Engineering. 22(10): 2641-2671.
doi: https://doi.org/10.3934/mbe.2025097.

Wang J., Mo Y. 2026. Effects of diffusion on dynamics of a competition system between
drug-sensitive and drug-resistant cancer cells. Acta Mathematica Scientia. 46(1): 459-504.

Kumar P., Surulescu C., Zhigun A. 2022. Multiphase modelling of glioma pseudopalisading
under acidosis. Mathematics in Engineering. 4(6): 1-28. doi: https://doi.org/10.3934/
mine.2022049.

Alabdrabalnabi A.S., Ali I. 2024. Stability analysis and simulations of tumor growth model
based on system of reaction-diffusion equation in two-dimensions. AIMS Mathematics. 9(5):
11560-11579. doi: https://doi.org/10.3934/math.2024567.

Fornoni M. 2024. Maximal regularity and optimal control for a nonlocal Cahn—Hilliard
tumour growth model. Journal of Differential Equations. 410: 382-448. doi: https:
//doi.org/10.1016/3.jde.2024.07.036.

Perthame B., Villa C. 2026. Existence, regularity and stability in a strongly degenerate
nonlinear diffusion and haptotaxis model of cancer invasion. STAM Journal on Mathematical
Analysis. 58(3): 2948-2964. doi: https://doi.org/10.1137/24M1722079.


https://doi.org/10.1007/s10867-020-09541-w
https://doi.org/10.1007/s10867-020-09541-w
https://doi.org/10.71310/pcam.2_72.2026.02
https://doi.org/10.1016/S0895-7177(96)00174-4
https://doi.org/10.3934/mbe.2025097
https://doi.org/10.3934/mine.2022049
https://doi.org/10.3934/mine.2022049
https://doi.org/10.3934/math.2024567
https://doi.org/10.1016/j.jde.2024.07.036
https://doi.org/10.1016/j.jde.2024.07.036
https://doi.org/10.1137/24M1722079

BoIpoK 1eHHO-CUHTYJISPHBIE 3JLUTHITHIECKUE OIEPATOPHI. . . 151

VIIK 519.63

BBIPO2K/IEHHO-CUHTI'VJIAPHBIE SJIJINIITUYECKUE
OITIEPATOPBI: TOUHHAYA KOSPIIUTUBHOCTDL, BECOBA4A
KOPPEKTHOCTDHb N1 METOAbI ®YHKIINUU I'PUHA J1JId

MO/JAEJIEN JN®P®Y3UU B OIIYXOJIEBBIX TKAHIX

L29wmamamosa d.B., * Ouunosa H.K.
*ochilovanozimab1@gmail.com
I Tankenrexumit rOCYyZIapCTBEHHBIA TPAHCIIOPTHBIA YHUBEPCUTET,
100167, ¥Y3bexkucran, r. Tamrent, 1-it mpoe3x Temupitysaunap, 1;
2NucruryT MaremaTuku uvenn B. WM. Pomanosckoro AH PVY3,
100174, Y3bekucran, r. TamkenT, ya. YHuBepcurerckasi, 9

N3ydeno cemeficTBO BBIPOXKIEHHO-CHHTYJIAPHBIX KPAEBBIX 337034 BTOPOTO U TPEThe-
T0 TIOPSATKA, JIJIA JITUTTUIECKUX YPABHEHWH, MOAEIUPYIONINX aHOMAIbHYIO TudPy3uio B
reTeporeHHOl OIMyX0/1eBOil TKaH!; BCe 3aa49n MOCTPOEHBI Ha OCHOBE OTHOTO audpdepen-
IMAJLHOTO OIIEPATOPa CO CTENEHHBIM BBIPOXKIEHUEM II0 OJHON MepeMeHHON U CHHTYJIAD-
HBIM MM 9IEHOM II0 ApyToii. B ann3oTponno B3semenHoM mpoctpanctse CobosieBa,
COTJIACOBAHHOM C HAINPABICHUEM BBIPOXKICHUS, JOKA3AHBI CYIIIECTBOBAHUE W €IMHCTBEH-
HOCTH CJIADOTO Perenyst HeJTMHENHOM 3aJa91 TTPH MAJIBIX TTOKA3ATEIAX BHIPOKICHUS 1 STB-
HBIX YCJOBUAX MaJIOCTU HA, CUHTYJIAPHBIA KOO(M@UITHEHT U HA POCT MOHOTOHHOI'O PEAKIIN-
OHHOI'O JIeHa, & TaK2Ke BHYTPEHHsISI PeryJIgapHOCTD pelrennd. Bo BCmoMorareIbHOM B3Be-
IIIEHHOM 9HEPTreTHYIECKOM IPOCTPAHCTBE YCTAHOBJIEH MOPOT KOIPIUTUBHOCTH /IS CHHIY-
JIAPHOTO K03pHuIinenTa, CrpaBe iuBbIii mpu 000nx 3HAKAX KOI(POUIIMEHTa 1 Ipu JI0O0M
TMoKa3aTesie BRIPOXKIAEHNS; JOKA3aHA TOUYHOCTH OTPUIATEHLHOTO TTOPOTa C TMTOMOIIBIO STB-
HOIl MUHMMUBUPYIOIIEH ITOCIeI0BATEILHOCTH I COOTBETCTBYIOIIEr0 HEPABEHCTBA, Xap-
IIH, TIOJIYIeHbI KOPPEKTHOCTD U OIEHKH YCTONIUBOCTH perneHus. Jst cooTBeTCTBYIOIIETO
VPaBHEHHSI TPETHETO MOPSIKA CHOPMYIUpOBAHLI aHagorn 3agad lwpuxiae n Hefimana,
JIOKA3aH HOBBIN MPUHIIAI SKCTPEMyMa, JAI0MUi €IMHCTBEHHOCTb PEIIEHUS, & CYIIECTBO-
BaHWE CBEJAEHO MeTOnOM peryiapuiaruu Kapiemana — Bekya k ypasuenwio @penrosabma
BTOPOTO poja ¢ apHo pyuknwmeit ['puna. PasnocTHas cxema, mpoBepeHHas Ha MOIETLHOM
TOYHOM PEIEHHN CO BTOPBIM IOPSIIKOM CXOIUMOCTH, IOATBEPIK/IAET IIOBEIEHNE PEIIeHn
BOM3H MM BBIpOXKIeHus. O0cyxKmaerca OMOMEIUIUHCKAS WHTEPIpeTannd — Iud-
dy3usa KuCI0POIa, JIEKAPCTBA U/ CUTHAIBHON MOJIEKY/Ibl U€PE3 HEKPOTUUECKYIO, C/1abo
BACKy/IIPU3UPOBAHHYIO OYXOJIEBYIO TKAHbD.

KrfotieBble CJI0BA: BBIPOXKICHHOE STHITHYECKOE YPABHEHWE, BECOBOE MPOCTPAHCTBO
CobosneBa, Bec Makenxaynra, HepaBeHCTBO Xapju, dyHKiusa 1'puHa, perynspusanud
Kapimemana — Bekya

Huruposanue: Jwmamamosa /.5., Ovurosa H. K. BEIpOXK IeHHO-CHHTYISPHBIE SJITAT-
TUYIECKUE OIEPATOPDI: TOYHAA KOIPIUTUBHOCTD, BECOBAasS KOPPEKTHOCTh U METO/IbI (PYHK-
un ['puna syis Mogeneit auddysnu B onyxosebix Tkansx // IIpobieMbl Bbrauc/uTesb-
HO¥t 1 mpukaaHoi Maremaruku. — 2026. — Ne4(74). — C.133-151.
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