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English VersionNumerical integration in Sobolev spaces often relies on optimal
quadrature formulas in the sense of Sard to minimize the calculation error. While many
standard formulas exist, constructing optimal rules that incorporate a specific combina-
tion of data—such as function values at nodes, first-order derivatives at interval bound-
aries, and third-order derivatives at nodes—presents a complex mathematical challenge,
as previous studies lack an explicit framework for deriving exact analytical coefficients.
The primary objective of this study is to construct optimal quadrature formulas in the
sense of Sard by minimizing the error functional with these mixed derivative data. The
study employs a variational method to construct the formula: an analytical expression
for the norm of the error functional is first derived, the Lagrange multiplier method is ap-
plied to generate a Wiener—Hopf type system of linear equations, and the Sobolev method
is utilized to extract the exact analytical form of the optimal coefficients. Through the
applied approach, precise analytical expressions for optimal quadrature coefficients are
successfully obtained, and the coefficients for the spaces L§4)(O, 1) and L(25)(07 1) are fully
calculated as an exact application. The explicit solution confirms that the newly found
coefficients strictly minimize the error functional, significantly enhancing the mathemat-
ical toolkit for numerical integration in Sobolev spaces.
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1 Introduction

Many practical problems in applied sciences and mathematical physics are expressed
in the form of integrals. Numerical integration methods are sometimes referred to as
quadrature rules, as they are used to approximate the integrals of single-variable functions.
Because quadrature rules enable the high-precision estimation of an integral’s true value
even in the most complex problems, the numerical evaluation of integrals using these
methods continues to be a primary direction of mathematical research. These formulas
are used to calculate the area of a region defined by a function that is integrable over a
finite or infinite interval. If the integrable function cannot be integrated analytically, or if
it lacks a precise mathematical expression and its values are only given in tabular form,
then numerical integration is the only solution [1-4].

In some cases, classical quadrature formulas do not fully account for the properties of
the function under the integral. Therefore, the issues of further improvement of quadrature
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formulas, increasing their accuracy and minimizing errors are becoming relevant. Deriva-
tive quadrature formulas involve not only the values of a function but also its first-order
or higher-order derivatives. Formulas of this type yield effective results in the numerical
solution of differential equations, variational calculus, and the approximate integration of
smooth functions.

The effectiveness of quadrature rules is typically determined by the degree of accuracy
and the order of convergence. Therefore, achieving a high degree of accuracy and order
of convergence in numerical integration formulas is one of the primary tasks in the field
of numerical analysis.

There are numerous methods for constructing optimal quadrature and cubature for-
mulas for the approximate calculation of definite integrals of functions defined in Banach
spaces. These include the Sobolev method [1,2], the spline-function method, and the
p-function method. In recent years, a number of new approaches have been proposed
in this field to enhance computational efficiency and adapt to special classes of func-
tions. In particular, K.P. Lovetskiy et al. [5] proposed a specific approach based on the
Levin algorithm for computing integrals of highly oscillatory functions. J.A. Rivera and
co-authors [6] analyzed various quadrature problems, including Monte Carlo methods,
through 1D numerical examples while solving partial differential equations using neural
networks. Furthermore, M. Gnewuch et al. [7] demonstrated that quasi-Monte Carlo
(QMC) integration based on arbitrary (¢,m, s)-nets yields optimal convergence rates in
various function spaces. Quadrature rules are also widely used in the approximate solution
of integral equations. For instance, S. Micula [8] conducted a thorough analysis of iterative
methods for Fredholm—Hammerstein integral equations with modified arguments. Aiming
to improve the computational efficiency—in terms of both time and cost—of traditional
methods, S. Mahesar et al. [9] developed new and efficient quadrature rules based on the
combinations of the function and its first derivative evaluations at equally spaced data
points. Building upon the recent studies mentioned above and the traditional approaches
of scholars such as S.L. Sobolev, S.M. Nikolskiy, N.P. Korneichuk, and A.A. Zhensyk-
baev, scientists in our republic have also achieved significant results. Specifically, Kh.M.
Shadimetov [10,11], A.R. Hayotov [12], F.A. Nuraliev [13-16], and others [17-19] have
conducted extensive research on constructing optimal quadrature and cubature formulas
for the error functional in various spaces, such as Lém)

The remainder of the article is organized as follows. Section 2 describes the problem
of constructing a quadrature formula. In Section 3, a general expression for the norm
of the error functional is derived using an extremal function. In Section 4, a system of
linear equations of the Wiener—Hopf type is obtained for the coefficients of the quadrature
formula under consideration in the Lém)((), 1) space. In Section 5, analytical expressions
for the optimal coefficients of the quadrature formula with derivatives are found for the
cases of m =4 and m = 5.

2 Problem statement

In this work, we consider the problem of constructing a quadrature formula as follows

N

(f(0) = (1) + > KBl (hB), (1)

5=0

h2

[ o= S Kalslrh) + 45
0 p=0
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where Ky[f] = {hh/27ﬁ :ﬁ% K;[B] are unknown coefficients of the quadrature

formula (1), f € LY(0,1), N is a natural number, h = = LY™(0,1) is the space of
quadratically integrable functions with a generalized derivative of order m.

The difference between the exact value of the integral and the approximate value
obtained from the quadrature formula is called the error of the quadrature formula and
its is determined as follows

N

[ 1wrie =3 alsl ) - 100 - )= 2 A5 =
J = 2)
— /ZN(x)f(m)dx = (In, f)-

0
The following error functional corresponds to the difference (2)

N

In(a) = so(e) — S Kolf)3 (z — ) + 1= (9(2) = /(& — 1))+
3=0
v )
+3 Ki8l" (e h),
8=0

where 6(z) is Dirac’s delta-function, e qj(x) is the characteristic function of the interval
[0,1].
The norm in the space Lgm)(O, 1) is defined as follows

1

m 2

0

Furthermore, the error functional (3) is required to satisfy the following conditions
(Iy,z%) =0, a=0,m—1. (4)
Based on the Cauchy—Schwarz inequality, the error (2) is estimated as follows

s D<A N o - Nl - (5)

The error functional depends on the coefficients K;[3], 8 = 0,1, ..., N and the node
points hf3. We find the minimum of the norm of the error functional (3) with respect
to the coefficients K;[3] while the node points are fixed, that is we find the following

quantity

The coefficients satisfying equality (6) are called optimal coefficients, and the corre-
sponding quadrature formula is called the optimal quadrature formula.

First, let us consider the following problem.

Problem A. To determine the general form of the norm of the error functional [y (x)
of type (3).

el

*(m)
2
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In the following section, our main task is to determine the norm of the error functional,
that is, to solve problem A.

3 The norm of the error functional

To determine the general form of the norm of the error functional, we use the Riesz
representation theorem concerning the general form of a linear, continuous functional in
a Hilbert space [1,4]. For any linear, continuous functional [y (x) defined in the space
Lgm)((), 1), there exists an element ¢, (x) € Lém)(O7 1) such that the following equalities
hold for all f € Lém)((), 1)

(lef) = <7vblN7f>a
1INl e = ¥l g

where
1

i) = [ 0@ £ @)
0
According to Riesz’s theory, to determine the general form of the norm for the error
functional (3), we need to define the function ;,(x). To achieve this, we will use the
concept of an extremal function, introduced by S.L. Sobolev [1]. In the space LY™(0,1),
the extremal function v, (x) corresponding to the error functional Iy(z) has the following
form

x> Lsign o

Vi () = (=1)"In(2) * 2m— 1)

where P,,_1(z) is an algebraic polynomial of degree (m — 1).

+ Pm—1($)> (7)

The following equality holds for the norm of the error functional in the space L (O 1)
2m—1

il = Gong) = (1ol (1" tvte) G T8 4 P} ). (9

After some calculations, for the square of the norm of the error functional (8), we have
the following

||ZN||2 = (_1)m {_ ; ; Kl [B]Kl[’}/] (h;(;mhé),?)‘_ Sign(hfy _ hﬁ)_
+2 Bz:% Ki[f] ; Ko[v] (hf(;mhj)@! sign(hf — hy)+
3 133—h 2m—4 s
+2;%K1[5]/(2(2m—6_>4)!81gn(x—h5 Ydx — 2 - _ZKI (%_5)'_

(9)
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Consequently, problem A is completely solved.

Now we come to the following problem.

Problem B. Finding the coefficients K1[f], 5 =0,1,2,..., N that yield the minimum
value of the quadratic function (9).

Now we will deal with finding the unknown coefficients K;[5], 5=0,1,2,...,N.

4 The system for optimal coefficients

In this section, a system is derived that allows for the determination of optimal coef-
ficients.
From equality (9), the square of the norm of the error functional ||lN||i<m)* is a
2

quadratic function of N + 1 variables with respect to the coefficients K;[8], § =
=0,1,,....,N. To find the extremum of this function, we use the Lagrange method of
undetermined multipliers. Taking condition (4) into account, we construct the following
Lagrange function

3
L

A (KL 0], Ky [1], . KA [N, A o A1) = )P +2(=D™ ) Aa(ly, ), (10)

0%

Il
w

where \,, a = 3, m — 1 represents the unknown multipliers. Here, the cases a = 0,1, 2
are satisfied by the values of the function and the coefficients in the first-order derivative.
By setting the partial derivatives of the function (10) with respect to the \,, a = 3,m — 1
unknown multipliers and the K;[3], 3 = 0, N coefficients to zero, we obtain the following
system of linear algebraic equations

2m—7
Z Kily hﬁ hj)ﬂ! sign(hf8 — hy) + P_4(hB) =

2mz7 hﬁ 2m—T—j Bj+4h]+4 J (_1)]Bj+4_ih3+4fz ﬁ B O_N
S CmeT- G 2G4t |

hoz+4fi

al . !Ba —1 N A
;;Klwhﬁ)“:—z;o‘i!(aj‘:él_i)! . a=0,m—4, (12)

where P,,_4(h$) is an unknown polynomial of degree m —4, B;, i = 1,2, ... are Bernoulli
numbers. .

In the solution K 1[3], 8 =0,N, A\, @ =3, m — 1 of the system (11)-(12), the func-
tion (9) reaches its minimum value at this point because the quadratic form, composed of
the second-order partial derivatives of the Lagrange function with respect to all variables,
is positive definite. Therefore, by finding the solution to the system (11)—(12), we will
have determined the optimal coefficients that give the minimum value to the norm of the
error functional (3). In the system of equations (11)—(12), the coefficients K,[3], 8 =0, N
and the polynomial P,,_4(h() are unknowns. This system of equations will have a unique
solution that yields the minimum value for the norm HZN|]L<m

5 Calculating coefficients of optimal quadrature formula

Now we solve the system of equations (11)—(12) in the space Lém)(O, 1) for cases m =4
and m = 5 and have the following theorem.
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Theorem 1. The coefficients of the quadrature formula with derivatives of the form (1)
in the spaces Lé4)(0, 1), L§5)(0, 1) are as follows

h4
KI[O]__ﬁ(y
h
1[N = =5

Proof. Let us consider the proof of this theorem for the space L§5)(0, 1). Let us rewrite
the system (11)—(12) for m =5

ZKl hﬁ (kB — hy)” sign(hf — hy) + Pi(hB) =

4 2 3 6 14
o (1_(h6)+(hﬁ) _(hﬁ)>+30’;40(h5_%>, soow. Y

> Ki[8] =0, (15)
5=0
> KlA08) = o (16)
8=0

where P;(h/f3) is an unknown polynomial of degree 1.
To solve the system (14)—(16), we use the discrete analog of the differential operator
4
L (see [10])

¢ [ 6v3d7, 18 = 2,
Dy(hf) = F 1(:)[— 12V/3, 1Bl =1, (17)
6v/3 — 8, B=0.

Here ¢ = v/3 — 2. For the values 3 < 0 and 3 > N, K,[3] = 0.
Let us rewrite equation (14) in a convoluted form

5]+ " sign(hg) + P15 =
hto (1 (hB) | (hB)? (hB) h 1 v (18
1440(6_ 2 T2 T3 >+3024o(hﬁ_§)’ﬁ_0’ '

Let us denote the left and right sides of equation (18) as follows

u(h3) = 5]« 12

(1 (h hB)?  (hB)? RS 1 _
w(hi) = <é_<25)+(§>_(:f))+30240(hﬁ_§>’5:0’]v'

sign(hB) + Pi(hp),




126 Nuraliev F.A., Edilbekova R.M.

Considering the properties of the differential operator Dy(hf3) (see [10]), we obtain the
following

(hB)’
6

Ky [B] = Dy(h3) * u(hf3) = Da(hf3) + (Kl 6] * sign(hf3) + Pl(h5)> =

~ Ki[f] (Da(hﬁ) ) sign(hm) = K, [6] # 6(13) = K 5]

Now, let’s determine the values of the function u(hf5) for all integer values of 5. When
B =0,N, uhfB) =whf). When 8 < 0 we have

u(h) = =05 k) + P25 iy () -
09 S KBl )+ 35 3 K bl )+ Fi0) = Q7 1)
At >N
u(ng) = "5 ke ) - PO Sk )
DS g ) (e Z Ky 3] (h)° + PL(hB) = QF (1)
Thus, the function u(h5) has the follovvmg form
Q1 (hp), B <0,
u(h®) = { w(hs), B=0.X, (19)
Qf (hB), B> N,

where Q7 (h3), Qf(hf) are unknown polynomials of degree 1.
First, we will find the values of K;[f], f#=1,2,..,N —1

o

K\ [B] = Dy(hB) x u(hB) = Z Dy(hB — hy)u(hy) =

y=—00

—1 00

= > Dy(hB = hy)u(hy) + > Da(hB — hy)u(hy)+ Y Da(hB — hy)u(hy) =

Y=—00 ’YZN-"-].

= Da(hB + hy)u(—hy) + Da(hB)w(hB) + > Da(hB — h(y + N))u(h(y + N)).

=1
From the last equality, taking into account the form (17) of the differential operator
Dy (h3) and equality (19), we have

_ ﬂz%f T (@ (=h) - w(=h) +
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+higN 5236\/_617 (h(y+ N)) —w(h(y+ N))).

From this, we obtain the followmg result

Ki[B) = h* (ag” +b¢""7), B=T,N -1, (20)
where .
0 =3V (G () — w(—hm),
v=1
— 36v/3¢"
b=> Z;q (@F (h(y + N)) = w(h(y + N))).
y=1
Now, we will find a and b. To do this, we can write the sum in equation (14) as follows
ZK WD o P s ) - sahe). ()
S g (8=’ (hB — )’
Si(hB) = Kl =——F—= Z Wt (aq” +bg" ) e =
y=1 y=1
W (g o -5 8 N-8
=5 2 (ad” 7 +bq )7 —anq "y’ +bg qu
y=1

To calculate the value of S;(hf), we use the follovvmg formula [20]

n—1 1 k i qn k q 7
Z l—gq* 1 —q l—¢q Z; l—¢q
After some calculations, we get the following result

Z h5)3 TRt Jn ag + bgNi(—1)"!
p ]) p (q . 1)1—0—1

Now let’s calculate Sy (hf5).

Si(hB) = A0 (22)

500 = 3 ki IS e Zo (hB)Qj!a(;hj){(‘—na _

J)!

(23)

Using (21), (22), (23) in equation (14), we obtain

mm ° mm3%ﬁ4jcm+me D™ hAhB)
MO e & e Y e

—hBE:K’ E:Ki P+ Pi(B) = (24)
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In equation (24), we equate the coefficients of (h3)°. As a result, we obtain the value
K, [0]

h* aq — bg"
K0 = —— + ' —F—. 25
0] = =255 q—1 (25)
In equation (24), we equate the coefficients of (h3)?
W (hB)* bN (=1 L RARA)® hA(hB)?
U YRS Voial & VNI N 0
2 & (¢ 2830 2880
From here )
PP CD g =0 (26)
i=0 (q - 1)
Taking into account (20), (25) in equality (15), we find the value of K;[N].
N
Z Kily] =
v=0
h*  aq—bgV pliy
M-+ ——— | + 4 7+ bg" ) + K1 [N] = 0.
( 0 g1 )+ ;(aq R
Here we calculate the following
N-1 N N-1 N
o q - q N—’y — q - q 27
Considering (27), for K;[N]| we have the following
h* ag™ — bg
Ki[N] = — — p*——=. 28
1IN =755 qg—1 (28)
Equality (16) is written using equality (20), (28) as follows
h* aq” — bq ply h*
Kily e bg" ) (h
Z (D) = 25 WS R (e b)) =25
From here
h! soq — % aq’ + quH( D™
= _ Aol —
R 1 Z G 0
! +4 P N+i )it 4 (29)
—rl=-ple (-9 720
In equality (29), we write out the cases for p = 0 and p = 1 separately.
At Y ag" 1 Z ag' + qu+Z( )Z+1Ai01_h4 ag™ —bq
q— 1 o )H-l 1— q
N+i i+1 (30)
5Zaq +bCI( 1) Aip! = 0.

— (1 . q)z—i-l
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From equations (26) and (30), it follows that a = b = 0.
From equations (20), (25), (26), we obtain the following result

h4
1[0] = 790’
KB]=0, B=1,N—1,
=0, p=1 -

For the space Lgl) (0,1), the theorem is proved in the same way.

Theorem 1 is completely proven.

6 Numerical results

To validate the theoretical results obtained in the previous sections and demonstrate
the computational efficiency of the proposed optimal quadrature formula (1), we perform
numerical evaluations for test integrals. Specifically, we consider the following integral:

1
Il = / fl(l,’)dl’,
0
where the integrand function is given by

fi(z) = sin(2?) + e *.

The numerical calculation of I is performed in the space Lgl)((), 1). The computations
are carried out for various numbers of grid subdivisions, namely N = 10, 50, 100, and 150.
To illustrate the accuracy of our approach, the absolute errors obtained by the proposed
optimal quadrature formula (denoted as OQF3) are compared with the results of existing
optimal formulas from the literature [13,14] (OQF1 and OQF2).

Table 1 Comparison of absolute integration errors for I; in Lgl)(O, 1) across different optimal

quadrature formulas.
N I (exact value) |[; —OQF1| |, —OQF2| |, — OQF3]

10 0.942388860552 1.331 x 1077 8982 x 1078  2.883 x 107°
50  0.942388860552 3.985 x 10711 2.741 x 10711 1.857 x 10713
100 0.942388860552 1.234 x 10712 8.531 x 10713 3.108 x 1071°
150 0.942388860552 1.620 x 10713 1.122 x 10713 1.110 x 10716

As observed from Table 1, the proposed quadrature formula OQF3 achieves signifi-
cantly smaller absolute errors compared to OQF1 and OQF2 for all selected grid nodes,
confirming its higher accuracy and faster convergence rate in the corresponding Sobolev
space.

7 Conclusion

The quadrature formula considered in this research paper describes the integration
process by approximating the values of the function at the nodes, as well as the values of
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its derivatives up to the third order at the nodes. In the process of determining the optimal
coefficients, the problem of minimizing the value of the norm of the error functional in the
Sobolev space Lgm)(O, 1) was posed. A system of equations was obtained that allows for
the determination of optimal coefficients using the orthogonality condition, the general
form of the error functional norm, and the Lagrange undetermined multipliers method.
Using Sobolev’s method based on the discrete analogue of the differential operator, the
values of the optimal coefficients in the spaces LéA‘)(O, 1) and LgS)(O, 1) were determined,
and the corresponding theorem was proven.

In conclusion, it should be noted that the quadrature formulas with derivatives of the
form (1), constructed in the L$(0,1) and L{¥(0,1) spaces, have the same form and are
optimal in these spaces.
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*raximaedilbekova@gmail.com
"Mucruryr maremarnxu nvenn B. . Pomasosckoro AH PV3,
100174, ¥Y3bekucran, r. Tamkent, ya. Yuupepcurerckas, 9;
2 TalKeHTCK it MEKIYHAPOIHBII YHUBEPCUTET,
100084, Ysbexucran, . Tamkent, yi. Kuunk xasnka ityanm, 7

YwucsienHoe wHTErpUpOBaHue B pocTpancTBax Cobo/ieBa 1acTO OCHOBBIBAETCS Ha OTI-
TuMaJIbHBIX 110 Cap/y KBaJpaTypHBIX (OpMy/Iax, HO3BOJILIONINX MUHUMUBUPOBATH II0-
I'PEITHOCTD BBIUNCAEHUN. XOTs CYIIECTBYET MHOXKECTBO CTAHJIAPTHBIX (POPMYJ, MOCTPO-
€HHUe ONTUMAJIbHBIX MPABUJI, UCIOJB3YIOMNX KOMOUHAIINIO 3HAUYeHu! (DYHKIIUK B y3J1aX,
IIepPBO LIPOU3BOAHON HA KOHIIAX UHTEPBAJIa U TPEeThbel IIPOU3BOAHONA B y3Jax, IIpeacras-
JigeT CoDOM CIOXKHYIO 3334y W3-338 OTCYTCTBHUS SIBHOTO AITapaTa Jid BHIBOMA AHAJIN-
Taecknx KoadduruerTor. OCHOBHAS Ie/Ih JAHHOTO MCCJIEI0BAHNS — MOCTPOUTH TaKHUE
ontuMasibHble 110 Capiy (hopMysbl IIyTeM MUHUMU3ANNKN (DYHKITMOHAJA HOTDPEITHOCTH.
15T 3TOTO IPUMEHSETCS BAPUAITMOHHLIN TTOIXO0: BHIBOJIUTCS aHAJUTHYIECKOE BhIPaXKeHme
JUIst HOPMBI (DYHKIIMOHAI& [IOTPEITHOCTH, METOIOM MHOkKHUTe el Jlarpamxka dopmupyer-
ca cucreMa ypaBaenuii Tuna Burepa — Xonda, a 3arem meromom CobosieBa HAXOAUTCS
TOYHBIN AHAJATHIECKUNH BUJ ONITUMAIBHBIX KO3(M@uimeHToB. C TOMOIIBIO TPeII0KeH-

HOT'O MeToja ObLIM YCIEITHO ITOJIy4deHbl (GOpMyJIbl g KO3(MMUIMEHTOB U TOJHOCTHIO
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PACCYMTAHBI UX 3HAYCHH JI/IS IPOCTPAHCTB Lgl) (0,1) n LgS)(O, 1). fBHoe perenue 10/-

TBEPKIAET, UTO HalimeHuble KO3(PDUIMEHTH CTPOr0 MUHUMUBHUPYIOT (DYHKIIMOHAI TI0-
TPENTHOCTH, PACIIAPAA CYIIeCTBYIOINNUN MaTEMATUYECKNA annapaT YuCJIeHHOTO WHTErPu-
poBanus B npocrpancreax CobojieBa.

JIIDYEBBIE CJIOBA: IPOCTPAHCTB JIEBA, ONTUMAJIbHAST KB TypHast MyJI
Kurouiesbie ciioBa octpancTeo CoboJjieBa, 0 aJbHa aapa asg o a,
QYHKIINST TOTPEITHOCTH, SKCTPEMATbHAS (DYHKIUS, ONTUMAJIbHBIE KOIDDUTTHEHTRI

HurupoBanue: Hypasues P.A., FEdurberosa P.M.Ournmasnbhas kBajgparypras Gop-
MmyJia B ipocrpancTse auddepenuupyembix dyukimit // Ipobiembl Bbraucure bHON u
npukJaHoit Maremaruku. — 2026. — Ne4(74). — C. 120-132.
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