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Brinkman—Darcy flow equations with advection—diffusion-reaction equations describing
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1 Introduction

Filtration and transport processes in porous media play an important role in many in-
dustrial, environmental, and technological applications, including water treatment, chem-
ical separation, membrane filtration, and purification systems. The efficiency of these
processes depends on the properties of the porous medium, flow conditions, and trans-
port mechanisms occurring inside the filter. In cylindrical porous filters, the interaction
between fluid flow and mass transport leads to complex distributions of pressure, velocity,
and concentration.

Mathematical modeling provides an effective approach for investigating these processes
and predicting the behavior of porous filtration systems. The filtration flow can be de-
scribed using the Brinkman—Darcy equations, while the transport of dissolved substances
is commonly represented by advection—diffusion—reaction equations. The numerical so-
lution of these coupled equations requires the selection of an appropriate computational
method capable of providing accurate and stable results.

Among the numerical approaches used for solving filtration and transport problems,
the Finite Difference Method (FDM) and the Finite Volume Method (FVM) are widely
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applied. The finite difference approach approximates the differential equations directly
at discrete grid points and provides a relatively simple computational implementation.
The finite volume approach is based on the integration of governing equations over con-
trol volumes and provides a conservative formulation of the transport and flow processes.
Previous studies have investigated filtration and transport processes in cylindrical porous
media using finite difference and finite volume approaches separately. However, the nu-
merical characteristics of these methods may differ depending on the computational grid,
discretization procedure, and conservation properties. Therefore, a direct comparison un-
der identical mathematical and computational conditions is necessary to evaluate their
applicability to cylindrical porous filtration problems.

The aim of this study is to compare the Finite Difference Method and the Finite
Volume Method for the numerical simulation of filtration in a cylindrical porous filter.
Both methods are applied to the same mathematical model based on the axisymmetric
Brinkman—Darcy equations and transport equations under identical initial and boundary
conditions. The obtained numerical results are compared in terms of pressure and velocity
distributions, concentration fields, numerical accuracy, stability, conservation properties,
grid convergence, and computational efficiency. The results of the study provide a basis for
evaluating the advantages and limitations of both methods and selecting an appropriate
numerical approach for modeling filtration and transport processes in cylindrical porous
media.

The study [1] develops a mathematical and computational model for describing filtra-
tion flow, solute transport, adsorption, and membrane fouling in a cylindrical porous filter.
The model integrates axisymmetric Brinkman—Darcy equations with advection—diffusion—
reaction processes, Langmuir adsorption, and linear driving force (LDF) kinetics. Changes
in porosity, particle deposition, cake-layer formation, osmotic pressure, and increasing
membrane resistance are also incorporated. Numerical simulations are performed using
a finite difference scheme with CFL-based stability control. The results indicate that
adsorption and particle accumulation decrease the porosity and permeability of the filter,
resulting in higher hydraulic resistance and a gradual reduction in filtration flux. The
developed model can be used to analyze fouling behavior and support the optimization
of porous filtration systems.

A mathematical and computational model for the filtration of liquid solutions in a
cylindrical porous filter was proposed in [2|. The model is based on the Brinkman—
Darcy equations to describe fluid flow through the porous medium, while the relationship
between porosity and permeability is determined using the Kozeny-Carman equation.
The transport of dissolved substances is described by an advection—diffusion—reaction
model coupled with the linear driving force (LDF) kinetic approach and the Langmuir
adsorption isotherm. In addition, particle deposition and colmatation are considered,
resulting in a gradual reduction of filter porosity over time. The numerical solution is
obtained using a finite difference scheme based on a combined gradient approach with an
iterative pressure-correction procedure, while numerical stability is controlled according
to the Courant—Friedrichs-Lewy condition.

The study [3| investigates the numerical modeling of filtration flow and dissolved com-
ponent transport in a cylindrical porous medium. The mathematical model is based on
the axisymmetric Brinkman-Darcy equations for describing fluid motion and a system
of convection—diffusion—adsorption equations for mass transport in the porous structure.
The numerical solution is obtained using the Finite Volume Method, which ensures the
conservation of governing quantities within each control volume. A computational algo-
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rithm is developed to determine the pressure distribution, velocity field, and concentration
of dissolved components. The study also analyzes the influence of the porous structure
on the adsorption kinetics and the overall characteristics of the filtration process.

Work [4] presents an analytical solution to a filtration problem in a sandwich-type
collector system, with particular attention given to determining the pressure distribution
within a low-permeability layer. The study also proposes a generalized approach for the
management of well galleries. The developed mathematical framework can be applied to
the design and evaluation of vertical drainage well systems, flood prevention in irrigated
and non-irrigated areas, groundwater protection from pollution, and the development of
strategies for isolating contaminated zones.

In work [5], a mathematical model and an efficient numerical algorithm were developed
to investigate the technological processes involved in the filtration of liquid and ionized
solutions. The model considers variations in filtration rate and suspension concentration
within the filter column and at the outlet, as well as the formation of a sediment layer
on the filter surface and the accumulation of gel particles inside the pores. Changes in
pressure within both the filtration column and the sediment layer, together with other
physical and mechanical properties of the filtered liquid, are also taken into account.
Computational experiments were performed, and the results were presented graphically
to examine the operating behavior of the filtration system under different suspension
characteristics and external conditions.

Study |6] presents a numerical approach for the simultaneous simulation of seepage
flow in porous media and Navier-Stokes flow in a pure fluid region. The method is based
on the Darcy-Brinkman equations, which provide a continuous representation of the flow
velocity across the interface between the porous and fluid domains. Spatial discretiza-
tion is performed using the Finite Volume Method, while a fractional-step approach is
applied to simulate incompressible fluid flow. The coupling between the two flow regions
is achieved by interpolating pressure and velocity at the interface, where permeability and
porosity exhibit discontinuities. The proposed interpolation schemes improve numerical
stability and eliminate the need to explicitly resolve the thin transition zone near the
interface. Numerical tests involving one-dimensional uniform flow, lid-driven cavity flow,
and pipe flow in porous media demonstrated that the method provides stable, accurate,
and physically realistic results.

Work |7] investigates a hybrid-dimensional model of compressible fluid flow in fractured
porous media from both theoretical and numerical perspectives. The flow is described by
the Brinkman model within the fracture and the Darcy model in the surrounding porous
medium. A finite volume scheme with a minimal number of nodal points is developed to
solve the coupled model on non-matching computational grids. Second-order error esti-
mates for pressure and velocity are derived with respect to different mesh sizes. Numerical
experiments confirm the accuracy and efficiency of the proposed approach, while addi-
tional simulations examine the effects of permeability, fracture width, effective viscosity,
and other model parameters on fluid flow behavior in the fractured porous system.

The study [8| addresses the numerical simulation of single-phase flow coupled with
reactive transport in porous media, which involves solving a highly nonlinear system
of coupled differential equations. A fully implicit Finite Volume Method based on a
direct substitution approach is proposed to improve the accuracy and efficiency of the
numerical solution. The method is implemented within the parallel open-source DuMuX
platform and can handle different coupling strategies for reactive transport problems.
Several two- and three-dimensional numerical experiments are conducted to evaluate the
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performance of the proposed approach, including benchmark problems and simulations of
long-term COs storage. The results also compare the direct substitution and sequential
iterative approaches and investigate the parallel scalability of the method for different
computational grid resolutions.

Study [9] proposes a high-order numerical method for solving the two-dimensional
semilinear compressible Darcy—Brinkman equation in porous media. The spatial dis-
cretization combines block-centered and compact finite difference techniques, while time
integration is performed using an implicit—explicit fourth-order backward differentiation
formula (IMEX-BDF4). The stability and error properties of the scheme are theoretically
analyzed for both the solution and flux. Numerical experiments demonstrate fourth-order
convergence in space and time, confirming the high accuracy and computational efficiency
of the proposed method.

Work [10] investigates a coupled slightly compressible Darcy—Brinkman flow and trans-
port problem in fractured porous media at relatively high Reynolds numbers. The model
describes Brinkman flow within fractures coupled with advection—diffusion transport
throughout the porous medium. A reduced two-layer model is introduced by representing
the fracture as a lower-dimensional interface. The resulting system is solved using a finite
difference method with a second-order backward differentiation scheme and a modified
upwind discretization on staggered nonuniform grids. The theoretical analysis establishes
the existence and uniqueness of the solution and demonstrates second-order convergence
under mass-conservative transmission and Beavers—Joseph—Saffman interface conditions.
Numerical experiments confirm the accuracy and efficiency of the method and illustrate
fluid flow and solute transport in porous media containing intersected, embedded, and
L-shaped fractures.

Study [11] presents a coupled model for simulating Brinkman flow and reactive trans-
port in fractured porous media. The Brinkman equation is used to describe fluid flow
within fractures, accounting for porous resistance and viscous shear effects at the fracture
walls. The model is coupled with advection—diffusion-reaction transport and includes the
evolution of porosity, fracture aperture, and precipitation concentration caused by chem-
ical reactions. A space—time algorithm based on the Finite Volume Method is developed
to solve the resulting hybrid-dimensional coupled system. The algorithm sequentially
decouples the governing ODEs and PDEs at each time step and can effectively handle
discontinuities in pressure, concentration, and reaction terms. Theoretical error analysis
demonstrates second-order accuracy in both space and time, while numerical experiments
confirm the accuracy and efficiency of the proposed method for porous media with variable
fractures.

Study [12]| investigates the application of a cell-centered Finite Volume Method for
coupled hydromechanical processes in porous media. The proposed approach provides a
compatible finite volume discretization for both fluid flow and mechanical deformation,
avoiding the need for separate computational grids or mixed finite-volume-finite-element
formulations. Particular attention is given to the treatment of coupling terms between
flow and deformation. The method also allows fractured and heterogeneous porous media
to be represented through internal boundary conditions. Numerical examples are used
to examine the convergence properties of the coupled scheme and to demonstrate its
applicability to fractured and heterogeneous porous media.

Work [13] presents a systematic comparison of the Stokes—Brinkman and Darcy-Darcy
models for simulating steady-state creeping flow in fractured porous media. The two
approaches are evaluated in terms of numerical accuracy and computational efficiency.
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Sensitivity analyses are performed to investigate the effects of fracture orientation and
size, mesh resolution, and local grid refinement. The accuracy of the numerical solutions
is assessed using the R2 coefficient and the 1.2 norm. The results show that both models
produce similar pressure and velocity fields under certain flow conditions, while their com-
putational performance and sensitivity to mesh resolution differ. The Stokes—Brinkman
model is found to be more sensitive to mesh resolution, whereas local grid refinement im-
proves its accuracy on coarse meshes. The study provides a useful methodological basis for
comparing numerical models according to accuracy, mesh convergence, and computational
efficiency.

Study [14] examines how different numerical formulations of governing partial dif-
ferential equations can affect the accuracy of simulations for unsaturated flow in porous
media. The results show that the standard head-based form of the Richards equation may
produce significant mass-balance errors and inaccurate predictions of infiltration depth.
In contrast, the mixed formulation provides better mass conservation and improves the
overall numerical solution without additional computational cost. The study also em-
phasizes the importance of properly discretizing the time derivative, demonstrating that
the use of a diagonal time matrix helps satisfy the maximum principle and produces
smooth, nonoscillatory infiltration profiles. These findings highlight the importance of
conservation properties and numerical discretization in obtaining accurate solutions for
flow problems in porous media.

Work [15] provides a fundamental theoretical framework for understanding groundwa-
ter flow and contaminant transport in porous media. It discusses key processes such as
Darcy flow, mass conservation, advection, diffusion, and dispersion, together with math-
ematical formulations and numerical approaches for their analysis. The book therefore
serves as an important theoretical reference for studying filtration and solute transport in
porous media and for developing numerical models using the Finite Difference and Finite
Volume Methods.

2 Problem formulation

Below are the equations for a cylindrical porous filter.
Equations for hydraulics (Brinkman—Darcy):

R o
() 5 ) 2w
e G (50) + 58) - 3o @
x(e) = % (4)

Here: r is the radial coordinate [m|, z is the vertical coordinate |m], u, is the radial
velocity component |m/s|, u, is the vertical velocity component |m/s|, the angular coor-
dinate is taken as zero due to symmetry, u = p(7") denotes the dynamic viscosity [Pa-s|,
s () is the permeability [m?], p is the pressure |Pal, ¢ is the porosity, (0 <& < 1), d; is
the filter particle diameter [m)].
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Here, (1) is the conservation of mass equation and represents the uncompressibility of
water. It ensures the balance of incoming and outgoing volumes, ensuring mass preser-
vation regardless of the internal pressure in the filter. Equation (2) corresponds to the
radial balance of momentum, which describes the radial velocity under the influence of
the pressure gradient and the resistance of the porous medium. When there is a pressure
difference between the center and the wall, the fluid moves radially, and the resistance of
the pores slows down this movement. The next equation controls the axial pulse, which
controls the flow in the main direction from top to bottom. Here, the pressure difference
drives the motion, while the viscosity and porosity resistance reduce the flow rate. As a
result, the flow rate depends on the applied pressure gradient. The last equation is the
Kozeny-Carman relation, which relates the internal structure of the filter, in particular
its porosity, to its permeability. A more porous or coarse-grained medium allows fluid to
pass through more easily and increases overall permeability.

For liquids, the viscosity is approximated as

f=a-107%. (5)

Where again T' is absolute temperature and a, b and ¢ are experimentally determined
constants.

For substance transport (for each ¢ = 1,..., N), the following equations (6)—(9) are
expressed:

0 S;z) + V- (ue;) = V- (eDiVe;) — ™ — ari™, (6)
dgi
* Qi,maxbici
q; = ——, .
L+ 30 b (8)
9q;
T surf = psﬁ_qt (9)

where ¢ is time [s], NV is the number of components, ¢; — concentration of the i-th
component in water [mol/m? or kg/m?|, D; .4 — effective diffusion coefficient [m?/s], r; pun
— bulk reaction rate in solution [mol/(m?:s)], as — surface area per unit volume [m?/m?|,
7 surt — surface loss rate [mol/(m?-s)|, ¢; — capture quantity in the solid phase [mol/kg], k.
— LDF (linear driving force) kinetic coefficient [1/s], ¢f — equilibrium adsorption quantity
[mol/kg|, ¢i max — maximum adsorption capacity [mol/kg|, b; — Langmuir affinity coefficient
[m? /mol|, ps — density of adsorbent particles [kg/m3|.

Equation (6) is the advection—diffusion-reaction (ADR) equation, which describes how
the concentration of each pollutant in the water changes. It accounts for changes due to
transport by flow (advection), dispersion by diffusion, elimination by reaction, and reduc-
tion by adsorption. This equation is used to evaluate the quality of filtered water at the
outlet. Equation (7) represents a linear kinetic model of adsorption, which determines the
rate of contaminant retention by filter particles. With a large number of adsorption sites,
absorption is fast, but as the particles become saturated, the adsorption rate decreases.
The next equation is the Langmuir isotherm, which describes the adsorption state un-
der limited surface conditions. Due to limited adsorption sites, pollutants compete for
free space, and filtration efficiency gradually decreases over time. The latter equation
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describes the rate of change of the surface load, shows how adsorption in the solid phase
develops and reduces the concentration in the liquid phase. This term relates the transfer
of pollutants between the liquid and solid phases through the process of adsorption.

The colmatation equations (10)—(11) are defined as follows:

Jd(ec,) 10 0 10 dc, 0 dec,
ot * ror (repur) + 0z (epuz) = ror (rer or * 0z €Dy 0z Kaepcp, (10)

o g e (11)

where ¢, — concentration of particulate matter in water [kg/m?*|, D, — diffusion co-
efficient of particles [m?/s], kqep — deposition coefficient [1/s], vgep — volume fraction of
deposition [-], paep — density of settled particles [kg/m?|.

In this situation, larger particles such as sand and clay clog the pores, leading to a
reduction in the filter’s permeability. Consequently, the flow rate gradually decreases over
time.

Ji = (1 — Ui) Ci,avg Jv — Ps,i ACZ‘, (12)
Ap
Jy=—— 13
N(Rm + RC) ( )
R. = a.i., (14)
a(Sc Jv Cpm
— em 15
ot Pe (15)

Here: G, — inlet surface (from above, z = 0), G, — outlet surface (from below,
z = H), J, — volumetric flow through the membrane (permeat flux) [m/s|, L, — mem-
brane hydraulic permeability [m/(Pa-s)|, Ap — transmembrane pressure difference [Pal,
o; — reflection coefficient [-|, m; — osmotic pressure [Pal, J; — membrane flow of the i-th
component [mol/(m?-s)], ¢; ayg — average concentration near the membrane [mol/m?, P;;
— salt permeability [m/s|, /0On — normal derivative operator (at the membrane level),
R,, — internal membrane resistance [1/m|, R, — cake resistance [1/m], . — specific cake
resistance |[m/kg|, d.(r,z,t) — cake thickness [m|, ¢, — particle concentration on the
membrane [kg/m?|, p. — cake density [kg/m3|.

2.1 Boundary and initial conditions

The computational domain is an axisymmetric cylindrical domain
Q={(r,z):0<r<R, 0<z< H}. (16)

To close the system of equations (1)-(8), the following boundary and initial conditions
are specified.
At the filter inlet (2 = 0), a uniform axial flow of liquid and known concentrations of
components are set:
U, (1,0) = Uiy,
u, (r,0) =0, (17)
C; (T, 0) = Cmn, l = 1, ceey N
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Neumann’s condition is used for pressure:
dp
0z l2=0

At the filter outlet (z = H), a fixed pressure is set, and for the remaining values, the
conditions of zero longitudinal gradient are met:

—0. (18)

(p(T, H) = Pout;
ou,
= Jva
02 z=H
ou, _0 (19)
07: z:H_ ’
801-
=0,:=1, ..., N.
0z l.=H ! T

Axis of symmetry (r = 0): Due to the axisymmetric nature of the solution, the
following conditions are satisfied:

(u, (0,2) =0,
ou,
or
9p
or
0ci

\ Or

Side surface of the filter (r = R): On the side wall of the filter, the adhesion conditions
for the velocity and the absence of diffusion flow of substances are set:

= O,
r=0

= O’
r=0

(20)

—0,i=1,..,N.
r=0

(u, (R, 2) =0,
u, (R, z) =0,
w o, 1)
or lr=Rr
805 .
=0, 1=1,...,N.
orleep 0 1T

Membrane level (if applicable, G,,,) boundary conditions

N
Uy, = Jy, Jy =1L, (Ap — ZUiAm) ,

¢

i=1
A
PR
p(Rm + Re) (22)
—EDieﬁ%—{—U”Ci:Ji izl,...,N,
= on

Ji = (1 - Ui) Jvci,avg - Psﬂ-Aci.

\

Initial conditions (¢ = 0). For a non-stationary problem, the initial conditions are
given in the form:

ur (1,2,0) = upp (1, 2), us (r,2,0) =u,o(r,2), p(r,z,0) =po(r,2), (23)
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¢ (r,2,0) = ¢,

qi(r,z,0)=0, i=1, ..., N,
e(r,z,0)=¢eq(r,2), 0.(r,z0) =0,
R.(r,z,0)=0, J,(r,0) = J,p.

(24)

At the initial stage, the filter is considered free of sediment, without particle accumu-
lation, and adsorptionally unsaturated. As a result, both the cake layer thickness and
the additional hydraulic resistance are taken to be zero. The initial velocity and pres-
sure distribution is determined by solving the hydrodynamic equations stabilized under
membrane non-contamination conditions. Accordingly, the velocity and pressure fields
are initialized using a stationary hydrodynamic solution.

3 Solution of the problem

The mathematical model described above consists of a coupled system of flow and
mass transport equations governing the filtration process in a cylindrical porous medium.
Due to the nonlinear coupling between the flow variables, solute transport, adsorption,
particle deposition, and changes in the porous structure, an analytical solution of the
complete problem is not available. Therefore, numerical methods are employed to obtain
the distributions of the pressure, velocity, concentration, and porosity.

In the present study, the problem is solved using two different numerical approaches:
the Finite Difference Method (FDM) and the Finite Volume Method (FVM). To ensure an
objective comparison, both methods are applied to the same mathematical model under
identical physical parameters, computational domain, initial conditions, and boundary
conditions. The numerical solutions are subsequently analyzed to evaluate the differences
in the obtained results and to assess the accuracy and convergence characteristics of each
approach.

The following subsections describe the main principles of the two numerical methods
and the procedure used to compare their results.

3.1 Computational domain and grid

The filtration process is considered in an axisymmetric cylindrical porous filter. The
computational domain is described in the radial and axial coordinates (r,z) as

0<r<R 0<z<H,

where R and H denote the radius and length of the porous filter, respectively. Owing
to the assumption of axisymmetry, the three-dimensional problem is reduced to a two-
dimensional computational domain in the (r, z) plane.

For a consistent comparison between the Finite Difference Method and the Finite
Volume Method, the same computational domain and spatial resolution are employed
in both numerical approaches. The domain is discretized into N, intervals in the radial

direction and /N, intervals in the axial direction. The corresponding spatial steps are
defined as

The computational nodes are defined by

r; =1iAr, i=0,1,..., N,,
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and

zj =70z, j=0,1,...,N..

The same spatial discretization is used as the basis for both numerical schemes in order
to eliminate the influence of differences in the computational domain and grid resolution.
Thus, any differences observed in the numerical results can be primarily attributed to the
discretization principles of the Finite Difference and Finite Volume Methods.

For the transient filtration process, the time interval 0 < t < T is divided into discrete
time levels,

t"=nAt, n=0,1,..., N,

where At is the time step and T is the total simulation time. The same time step
is used for both numerical approaches to ensure a consistent comparison of the transient
evolution of the pressure, velocity, concentration, and porosity fields.

3.2 Finite difference method

The Finite Difference Method is based on the direct approximation of the derivatives
appearing in the governing equations at discrete grid points. The pressure, velocity com-
ponents, concentrations, and other dependent variables are evaluated at the nodes of the
computational grid defined in the (r, z) domain.

For a general variable ¢, the first-order derivatives in the radial and axial directions
are approximated using finite differences. The central difference approximations can be
written as

8_90 ~ Pitly — Pi-ly
o). 2Ar ’

and

8_g0 ~ Pigtl — Pij-1
0z ), ; 2Az '

The corresponding second-order derivatives are approximated as

52_<P ~ Pitli — 20 + Pi-1
or* ), Ar? ’

and

Py o Pigtl — 2P+ Pijo1
022 ), . Az? '

J

For the convective transport terms, an upwind approximation is employed to account
for the direction of the flow, while the diffusion terms are discretized using central differ-
ences. The resulting discrete equations are solved sequentially at each time level.

The pressure and velocity fields are obtained using an iterative pressure-correction
procedure to satisfy the continuity equation. After determining the pressure field, the
velocity components are corrected, and the transport equations are subsequently solved
using the updated flow field. The adsorption, particle deposition, and porosity evolution
equations are then evaluated at each time step. The time increment is selected to maintain
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the numerical stability of the explicit transport calculations according to the Courant—
Friedrichs-Lewy condition. Thus, the Finite Difference Method provides a node-based
numerical representation of the coupled filtration process, which serves as one of the two
approaches considered in the present comparative study.

3.3 Finite volume method

In the Finite Volume Method, the governing equations are solved by dividing the
computational domain into a set of control volumes. Unlike the Finite Difference Method,
which approximates derivatives directly at discrete grid points, the Finite Volume Method
is based on the integral form of the conservation equations. This approach ensures that the
balance of mass and other transported quantities is satisfied within each control volume.

For a general transport variable ¢, the governing equation can be expressed as

9
8—f+v-(ugo):v.(pw)+s¢,

where u is the velocity vector, D is the diffusion coefficient, and S, represents the cor-
responding source or reaction term. Integrating this equation over an arbitrary control
volume V' gives

4 gpdV—i—/ ugo-ndA:/ Dch-ndA—F/S(pdV.
dt Jv ov ov v

where 0V denotes the boundary of the control volume and n is the outward normal
vector.

For the axisymmetric cylindrical geometry, the control volumes are constructed in the
(r,z) plane while accounting for the variation of the volume and face areas in the radial
direction. The convective and diffusive fluxes are evaluated at the faces of each control
volume. The convective terms are approximated according to the local flow direction,
whereas central approximations are used for the diffusive fluxes.

The pressure and velocity fields are determined using a pressure-correction procedure
that enforces the continuity condition. After the flow field is obtained, the transport equa-
tions are solved using the corresponding face fluxes. The adsorption, particle deposition,
and porosity evolution equations are subsequently updated at each time step.

Thus, the Finite Volume Method provides a locally conservative formulation of the
coupled filtration problem. Using the same computational domain, physical parameters,
initial and boundary conditions, and time step as in the Finite Difference Method allows
the differences between the two approaches to be evaluated on a consistent basis.

4 Comparison of the numerical methods

To evaluate the numerical performance of the Finite Difference Method and the Fi-
nite Volume Method, both approaches are applied to the same mathematical model un-
der identical physical and computational conditions. The comparison is based primarily
on the convergence of the numerical solutions under grid refinement. This procedure
makes it possible to examine how the solutions obtained by each method approach a
grid-independent result as the spatial resolution is increased.

4.1 Grid convergence analysis

The accuracy of a numerical solution depends on the spatial discretization of the
computational domain. Therefore, a grid convergence analysis is performed for both the
Finite Difference Method and the Finite Volume Method. The computational domain
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is successively refined while maintaining the same filter geometry, physical parameters,
initial conditions, boundary conditions, and simulation time.

Let the characteristic grid size be denoted by h. For the two-dimensional axisymmetric
domain, the grid resolution can be defined according to

(NT?NZ) = (N1£1)7Nz(1)> I (Nﬁz)aNz('z)) ) (N7€3)7Nz(3)> 9t

For example, a sequence of progressively refined grids may be written as

25 x 50, 50 x 100, 100 x 200, 200 x 400.

The corresponding spatial steps are

AT = E, AZ = E
For each grid, the complete numerical problem is solved independently using both
methods. The resulting pressure, velocity, concentration, and porosity fields are then
compared to determine the sensitivity of the solution to grid refinement.
Let ¢; denote the numerical solution obtained on a grid with characteristic size h,
where ¢ represents any of the calculated variables, such as

C)O e {p7 uT’7uZ7C7€}'

As the grid is refined, a convergent numerical method should satisfy

Ph — P, h_>07

where ¢ represents the grid-independent numerical solution. In the present study, the con-
vergence behavior of the two methods is evaluated by examining the differences between
solutions obtained on successive grids.

For two consecutive grids with sizes h and h/2, the relative difference can be calculated
as

o _ ool
lonzall,
where || - ||2 denotes the discrete Ly norm. For a two-dimensional computational domain,

this norm is defined as

1/2

N, N,
um:hz%mJ

i=1 j=1

where AV ; is the volume associated with the corresponding computational location. In
the axisymmetric geometry, the volume weighting accounts for the radial dependence of
the cylindrical control region.

The maximum difference between the solutions on successive grids can also be evalu-
ated using the L., norm,

Eoo = max |¢nij — Ons2ij| -
17]

A decreasing value of these quantities with increasing grid resolution indicates that
the numerical solution is approaching a grid-independent result.
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To estimate the order of convergence, three successively refined grids can be considered.
Assuming a refinement ratio

hcoarse

)
hﬁne

the observed order of convergence may be estimated as

In ( )

For a uniform refinement in which the spatial step is reduced by a factor of two,

r =

Ph—Ph/r
sOh/Ti('O}L/'r'Q

Pobs = Inr

and therefore

r=2,
In < Ph—Ph/2 )
Ph/2—Ph/4
In2 '

The grid convergence analysis is performed separately for the Finite Difference and
Finite Volume methods. The calculated convergence errors and observed orders are then
compared for the principal variables of the numerical model.

It should be noted that grid convergence alone does not provide the exact error unless
an analytical or highly accurate reference solution is available. Nevertheless, when the
solutions become insensitive to further grid refinement, the finest-grid solution can be used
as a numerical reference for the subsequent quantitative accuracy analysis. The relative
Ly error and NRMSE of both methods with respect to the reference solution at different
times are given in Table 1.

Here Rel. L, is Relative Ly error.

The Relative L, error measures the overall difference between the numerical solution
and the reference solution.

Pobs =

> (eig =)
4,J
Relative Ly = x 100%.

S ()’

i7j

where ¢ is the solution being tested (FDM or FVM), ™ is the reference solution,
and i, are the grid indices. A smaller Relative Ly value means the numerical result is
closer to the reference solution.

For the pressure at t = 100 s the values are

Method Relative Ly, %

FDM 0.1601
FVM 2.0294

Therefore, according to this measure, FDM is more accurate for p at t = 100 s.
NRMSE means Normalized Root Mean Square Error. First, the RMSE is calculated
as
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Table 1 Verification of FDM and FVM against the reference solution: relative Lo error and
NRMSE.

FDM FVM FDM FVM
Time, s Variable Rel. Lo, % Rel. Lo, % NRMSE, % NRMSE, % Better
100 P 0.1601 0.2294 0.0276 0.3494 FDM
100 Uy 142.0945 373.9049 63.826 168.096 FDM
100 Uy 1127.3890  3041.7732 464.9247 1254.434 FDM
100 c 51.3937 122.0187 20.4090 48.4549 FDM
100 € 0.2700 1.3089 0.2488 1.2058 FDM
500 P 0.0457 2.0026 0.0079 0.3448 FDM
500 Uy 34.1220 91.2612 15.3405 41.0291 FDM
500 Uy 259.7437 691.2568 107.1111 285.0530 FDM
200 c 11.3193 26.8159 4.4950 10.6489 FDM
500 € 0.2764 1.3228 0.2544 1.2172 FDM
1000 p 0.0336 2.0005 0.0058 0.3444 FDM
1000 Uy 21.2223 56.2285 9.5411 25.2791 FDM
1000 Uy 149.5183 411.3822 61.6572 169.6427 FDM
1000 c 6.3901 15.2981 2.5376 6.0751 FDM
1000 € 0.2814 1.3085 0.2587 1.2027 FDM
2000 P 0.0294 2.0014 0.0051 0.3446 FDM
2000 Uy 15.1539 41.7600 6.9053 18.7147 FDM
2000 Uy 99.1459 264.8455 40.8550 109.2187 FDM
2000 c 3.8794 9.4408 1.5406 3.7400 FDM
2000 € 0.2851 1.3141 0.2617 1.2059 FDM

1
RMSE = /= Z (i — o).
,J

Then it is normalized. For example, if normalized by the range of the reference solu-
tion,

RMSE
NRMSE = — " x 100%.
wigax - ir?in

A smaller NRMSE means better agreement with the reference solution.
For the pressure:

Method NRMSE, %

FDM 0.0276
FVM 0.3494

Thus, FDM is again closer to the reference solution. The RMSE and NRMSE values
in absolute units are summarized in Table 2.
MAE means Mean Absolute Error.

1 N
MAE = N;I% -]

For the two-dimensional solution,
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Table 2 Verification of FDM and FVM against the reference solution: RMSE and NRMSE.

FDM FVM FDM FVM
Time, s Variable RMSE RMSE NRMSE NRMSE Better
100 P 4.997716 x 1073 6.332328 x 1072 3.966767 x 102 2.702509 x 10~2 FDM
100 Uy 3.039235 x 1073 7.973990 x 1073 2.412872 x 103 6.370256 x 102> FDM
100 Uy 2.988440 x 1073 8.086939 x 10~2 2.387710 x 10~ 6.442519 x 10~ FDM
100 c 5.033488 x 1073 1.150249 x 102 4.033100 x 10~2 9.532990 x 10— FDM
100 € 9.913855 x 10™* 4.805595 x 1072 7.877276 x 10~* 4.069580 x 10~ FDM
500 P 4.971987 x 1073 2.179322 x 10~ 3.919204 x 10~* 7.883104 x 10~3 FDM
500 U, 3.017636 x 10~3 8.070829 x 1073 2.407738 x 103 6.412237 x 102 FDM
500 Uy 3.036265 x 1073 8.804204 x 10~2 2.226674 x 102 6.411153 x 10~ FDM
500 c 5.028125 x 1073 1.191175 x 1072 3.992288 x 10~3 9.524755 x 10~ FDM
500 € 1.000607 x 10~3 4.780018 x 10~3 7.993324 x 10~* 4.003784 x 103 FDM
1000 P 5.004582 x 103 2.978019 x 10~ 3.983857 x 10~3 1.049114 x 102 FDM
1000 Uy 3.015186 x 1073 7.988712 x 10™3 2.401960 x 10~2 6.375095 x 10~ FDM
1000 Uy 3.001346 x 1073 8.245522 x 10~ 2.387019 x 103 6.570815 x 10~ FDM
1000 c 5.049133 x 103 1.208709 x 102 4.051030 x 10~2 9.686012 x 10— FDM
1000 € 1.004187 x 1073 4.686896 x 10~3 8.189080 x 10~* 3.917969 x 103 FDM
2000 P 4.975390 x 1072 3.825440 x 10~ 3.970512 x 10~ 1.186533 x 1072 FDM
2000 U, 2.985003 x 1073 8.115756 x 1073 2.380884 x 10~2 6.505738 x 10~ FDM
2000 Uy 3.010776 x 1073 8.042816 x 10~ 2.404136 x 10~3 6.398908 x 10~ FDM
2000 c 4.924556 x 1072 1.194216 x 10~2 3.955092 x 10~2 9.549248 x 10~ FDM
2000 € 9.970235 x 10~* 4.594210 x 10~2 7.973561 x 10~* 3.835241 x 10~ FDM

MAE =

N,

3

z

1 N,
N.N. Z Z ’%‘,j - @?,ej'f .

i=1 j=1

Smaller MAE means a more accurate solution. Unlike RMSE, MAE treats all errors
proportionally. A larger error does not receive extra weight through squaring.

Figure 1 presents the Ly error of the FDM and FVM methods for different grid spac-

ings. As the grid is refined and the grid spacing decreases, the numerical error decreases
for both methods, indicating convergence toward the reference solution. The FDM and
FVM curves show very similar trends, with only a small difference in error, demonstrating
comparable numerical accuracy and convergence behavior.

Figure 2 compares the computational efficiency of the FDM and FVM methods by
showing the runtime for different numbers of grid cells. The computational time increases
as the number of grid cells increases for both methods. At the smaller grid size, the FVM
method requires slightly less runtime, while at the larger grid size, the FDM method is
slightly faster. Overall, both methods show similar computational performance, with only
small differences in runtime.

Figure 3 shows the final concentration distribution along the axial position from z =
= 0.10 to 0.15m. Both FDM and FVM predict a similar decrease in concentration along
the filter. The FDM values are slightly higher than the FVM values, but the difference is
very small. This indicates that both numerical methods provide closely matching results
and comparable accuracy for the 100 x 100 grid.

Figure 4 shows the final concentration distribution along the axial position from z =
= 0.10 to 0.15m using the 200 x 200 grid. Both methods predict a similar decreasing
concentration trend, particularly near the end of the selected region. The FDM results
remain slightly higher than the FVM results, with a small but more visible difference than
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FDM versus FVM grid convergence
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s
]
Eh
6x 1072
2x1073 3x1073 4x1073
Grid spacing h [m]
Figure 1 FDM versus FVM grid convergence.
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Figure 2 Computational efficiency of FDM and FVM.

in the 100 x 100 grid. Overall, both methods provide consistent results and demonstrate
comparable numerical behavior.

5 Conclusion

This study presented a comparative numerical investigation of the Finite Difference
Method (FDM) and the Finite Volume Method (FVM) for simulating filtration and
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Final concentration profile: 100 x 100
Zoomed region: z = 0.10-0.15 m
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Figure 3 Final concentration profile comparison between FDM and FVM for the 100 x 100 grid.
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Figure 4 Final concentration profile comparison between FDM and FVM for the 200 x 200 grid.

mass transport processes in a cylindrical porous filter. Both methods were applied to
the same axisymmetric Brinkman—Darcy flow model coupled with advection—diffusion—
reaction equations under identical physical parameters, computational domains, initial
conditions, and boundary conditions. The numerical model also accounts for adsorption,
particle deposition, porosity variation, and changes in the permeability of the porous
medium, allowing the main physical processes occurring during filtration to be repre-
sented.

The numerical results demonstrate that both FDM and FVM provide stable and con-
vergent solutions. Grid refinement leads to a reduction in the numerical error for both
methods, confirming their convergence toward the reference solution. The pressure, ve-
locity, concentration, and porosity distributions obtained by the two approaches show
generally similar behavior. The concentration profiles predicted by FDM and FVM are
also in close agreement, although small differences become visible for finer computational
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grids. The computational efficiency analysis further shows that both methods have compa-
rable runtime performance, with only minor differences depending on the grid resolution.
However, the quantitative error analysis based on the Relative 1.2 error, NRMSE, RMSE;,
and MAE indicates that, for the considered reference solution and simulation conditions,
the FDM produced lower errors than the FVM for the investigated variables.

Overall, both numerical approaches are suitable for modeling filtration processes in
cylindrical porous media. The FDM demonstrated higher accuracy for the present com-
putational problem, while the FVM retains the important advantage of local conservation
through its control-volume formulation. Therefore, the selection of the numerical method
should depend on the specific objectives of the simulation, including the required accu-
racy, conservation properties, computational efficiency, and complexity of the filtration
model. The developed comparison provides a useful basis for further studies involving
more complex porous structures, nonlinear filtration conditions, and additional physical
processes such as membrane fouling and long-term changes in filter properties.
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