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As a devastating fungal disease that seriously threatens potato production, the trans-
mission process of potato early and late blight is significantly affected by environmental
fluctuations. To accurately reveal the epidemic regularity of this disease, a stochastic
SICR transmission model for potato early and late blight was constructed in this paper.
Through dynamical analysis, first, it was proved that the system has a unique global
positive solution, which ensures the biological rationality of the model; second, based on
Has’minskii’s theory, the sufficient conditions for the existence of the ergodic stationary
distribution of the model were derived, clarifying the dynamical mechanism underlying
the persistent epidemic of the disease; third, the threshold conditions for disease ex-
tinction and persistence in mean were established, identifying the key nodes for disease
prevention and control. The results show that when Rj > 1, the model has an ergodic
stationary distribution and the disease persists; when Ry < 1, the disease will eventually
become extinct. This study provides important theoretical support for the risk early
warning and precise prevention and control of potato early and late blight.
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1 Introduction

Potato, the world’s fourth major staple crop, underpins the steady development of food
security and agricultural economy [1]. Among various potato diseases, early blight and
late blight are the most prevalent and destructive, which are caused by Alternaria solan:
and Phytophthora infestans, respectively |2, 3]. These diseases are highly contagious and
prone to large-scale outbreaks, directly reducing potato yields by 20% to 50% in most
cases, and even resulting in total yield loss in severely affected fields [4-6]. The epidemic
spread of the diseases is governed by multiple factors. It is influenced by intrinsic biological
factors such as pathogen infectivity and host resistance, as well as external fluctuations
of environmental variables including temperature, humidity and precipitation [7-9]. For
this reason, traditional deterministic models cannot accurately predict their transmission
patterns.
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Mathematical modeling serves as a core method for researching the transmission dy-
namics of infectious diseases and plant diseases. In recent years, dynamic models have
become a mainstream tool for analyzing disease transmission mechanisms [10]. Song et
al. established a viral infection dynamic model incorporating the saturated infection rate
parameter [11]. Li et al. investigated the dynamic behaviors of the hepatitis B virus
infection model where hepatocytes follow the logistic growth pattern [12]. Given the dis-
tinct staged characteristics of disease transmission, Qiao et al. first proposed the SICR
epidemic model, which divides the population into susceptible, acutely infected, pathogen-
carrier and recovered groups. This work provides a new paradigm for the modeling and
analysis of staged diseases [13]. Although this model has been successfully applied to
various diseases with latent infection and pathogen carriage [14,15], it has not yet been
adopted in the research on potato early blight and late blight.

The transmission of potato early blight and late blight follows distinct staged patterns.
Once healthy susceptible plants are exposed to pathogens, they will develop typical acute
symptoms and enter the acutely infected stage. Some infected plants then turn into la-
tently infected individuals and become pathogen carriers. In addition, many diseased
plants can gradually recover with the help of their own immunity or manual prevention
and control measures. The above evolutionary process of the diseases is highly consistent
with the framework of the SICR model. Under field conditions, meteorological factors
such as temperature, humidity and rainfall fluctuate randomly, which directly affects the
infectivity and spreading rate of pathogens [16-21]|. The traditional deterministic SICR,
model fails to take such random disturbances into account, thus leading to deviations in
simulation and prediction results. Therefore, introducing random perturbation terms to
establish a stochastic transmission model for potato early blight and late blight can effec-
tively improve the prediction accuracy of disease epidemics and has important research
significance.

Drawing on the ideas and achievements of existing epidemic transmission models, this
paper addresses the limitations of traditional deterministic models. By incorporating
random environmental fluctuations into the research on the spread of potato early blight
and late blight, a stochastic SICR transmission model is established. Dynamic analysis is
adopted to clarify the dynamic laws such as disease extinction and persistent prevalence
under variable environmental conditions, which provides an important theoretical refer-
ence for the formulation and optimization of subsequent epidemic prevention and control
strategies.

The overall structure of this paper is organized as follows. Section 2 establishes the
stochastic SICR model for potato early blight and late blight, and verifies the existence
and uniqueness of its global positive solutions. Section 3 discusses the existence of the
ergodic stationary distribution of the model. Section 4 further derives the criteria for
disease extinction and persistence in mean. Section 5 summarizes the research findings
and presents prospects for future studies.

2 Model construction and existence of a global positive solution

2.1 Model assumptions and construction
Combined with the transmission characteristics of potato early and late blight, the

following assumptions are made:

— the potato population is divided into four categories: susceptible plants (S(t)), acutely
infected plants (I(t)), pathogen-carrying plants (C(t)), and recovered plants (R(t)),
among which recovered plants have immunity;
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— u represents the natural growth rate and mortality rate of the total population;

— 7 represents the recovery (or detachment) transition rate of acutely infected plants;

— y represents the transition rate from pathogen-carrying plants to recovered plants;

— [ represents the contact rate between susceptible plants and acutely infected plants
or pathogen-carrying plants;

— «a € |0, 1] represents the increased transmission rate of acutely infected plants com-
pared with pathogen-carrying plants;

— g € [0, 1] represents the proportion of acutely infected plants transitioning to pathogen-
carrying plants.

Based on the above assumptions, the SICR model is established as follows:

dfh(f ) _ o BSHI(t) — aBSE)C(t) — uS(t),
MO _ bs)1(t) + aBSWCW) ~ 1)~ uI(0) 0
%Et) — I (t) — C(t) — pC(t),

\ C“z_it) = (1= @)1 I(t) +12C(t) — uR(t),

Since the fourth equation of system (1) is decoupled (it does not affect the dynamics
of the first three equations), we can simplify system (1) to the following subsystem:

'di( ) _ = 1 — BSWMI(t) — aBSH)C(t) — uS(t),
{1—“ = BSOI(t) + aBSH)C) = nl(t) — pl(?), )
dfzi ) _ o, I(t) — 7 C(t) — pC(t),

The initial condition of system (2) is (5(0), 1(0),C(0)) € R,3.

According to the theory in [13], system (2) has the following properties. The set
I = {(S@t),1(t),C(t)) € Ry : S(t) + I(t) + C(t) < 1} is positively invariant for (2).
The disease-free equilibrium Ey = (Sp, lo, Cy) = (1,0,0), which always exists, is globally
m af <1

+ <
Qe Ze el (Reh B
When Ry > 1, system (2) has a unique positive equilibrium E* and it is globally

asymptotically stable. However, in practical ecological environments, all biological math-
ematical models are inevitably disturbed by random environmental noise [22-26], which
cannot be ignored in real-world modeling. Therefore, establishing epidemic dynamic mod-
els based on stochastic differential equations can more accurately and objectively reflect
the evolutionary rules of infectious diseases and improve the reliability of dynamic pre-
diction. Against this research background, many scholars at home and abroad introduce
random perturbations into classical deterministic models to describe the effects of natural
environmental fluctuations on disease transmission. For instance, Zhang, Jiang, Hayat
and Ahmad systematically investigated the dynamic behaviors of the stochastic SVIR
model [19]. Wang, Jiang, Alsaedi and Hayat studied a stochastic HIV model with Logis-
tic target cell growth and a nonlinear immune response function. They not only derived

asymptotically stable if Ry =
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the criteria for virus extinction, but also proved the existence of the ergodic stationary
distribution [27]. For more relevant studies, readers may refer to [28-35].

Inspired by the aforementioned research work, this paper introduces stochastic per-
turbations into Model (2). Considering the uncertainty of environmental factors such as
temperature, humidity, and precipitation in the field, white noise is used to simulate such
environmental perturbations, and these stochastic perturbations are proportional to the
variables S(t),I(t),C(t) in System (2). Thus, the stochastic version corresponding to
System (2) has the following form:

dS(t) = [ — BSO)I(t) — afS)C(t) — pS(t)]dt + 015(t)dBi (1),
dI(t) = [BS)I(t) + afSE)C(t) = nl(t) — pl(t)]dt + o21(t)dBs(t), (3)
dC(t) = [gnl(t) — 12C(t) — pC(t)]dt + o3C(t)dBs(t),

where B;(t), i = 1,2,3, are the white noises, representing the impact of temperature,
humidity, and precipitation fluctuations on the fungal transmission rate. For example,
late blight spreads extremely rapidly when humidity exceeds 90%, and such environ-
mental fluctuations are reflected as random terms in the model. In other words, B =
= (Bi(t), Ba(t), B3(t)), t > 0, is a vector of mutually independent standard Brownian
motions defined on a complete probability space (2, F, P) with a filtration {F;},;>0 satis-
fying the general conditions (i.e., it is increasing and right continuous while Fy contains
all P-null sets), o1, 09, 03 stand for the intensities of the white noise, o; > 0 (i = 1,2, 3).
All the other parameters have the same meaning as that of the system (2).

2.2 Existence and uniqueness of the global positive solution

This section aims to prove that the solution of system (3) is globally existent and pos-
itive for any given initial value. In general, to verify that a stochastic differential equation
has a unique global solution without explosion in finite time for arbitrary initial values,
the coefficients of the system are required to satisfy both the local Lipschitz condition and
the linear growth condition [36]. Although the coefficients of system (3) satisfy the local
Lipschitz continuity, they fail to meet the linear growth condition, which implies that
the solution may blow up in finite time theoretically. In view of this, we will rigorously
prove that system (3) admits a unique global positive solution for all initial values in the
following content.

Theorem 1. For any initial value (5(0),1(0),C(0)) € R.3, there is a unique positive
solution (S(t),I1(t),C(t)) ont > 0 for system (3); further, the solution will remain in R >
with probability one, in brief, (S(t), I(t),C(t)) € R, for all t > 0 almost surely (a.s.).
Proof. Since the coeflicients of system (3) satisfy the local Lipschitz condition, system
(3) has, for any initial value, a unique local solution (S(t), I(t), C(t)) on t € [0, 7.), where
7. is the explosion time [37,38]. Next, to show that this solution is global, we need to
verify that 7. = oo a.s. Let ko > 1 be large enough such that S(0), 1(0), C(0) all lie within
the interval [k—lo, ko]. For each integer k > kg, define the stopping time

Th :inf{te 0,7.) : S(t) ¢ (%k) or I(t) ¢ (%k) or C(t) ¢ (%k)}

where throughout this paper, we set inf @ = oo (as usual & is the empty set). Clearly 7y is
increasing when £ — oo. Let 7, = klim Tk, Whence 7., < 7. a.s. If we can show 7, = o0,
— 00

then 7. = oo, and (S(¢),I(t),C(t)) € R.® as. for all ¢ > 0. That shows that we are
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requested to illustrate that 7., = oo, a.s. in order to finish the proof. If this assertion is
not true, then there is a pair of constants 7' > 0 and € € (0, 1) such that P{r, < T} > e.
Hence there is an integer k; > kg such that for all k > &

P{rn <T} >e. (4)
Define a C?-function V : R;® — R, by

V(S,1,C) = (S—b—bln%)Jr(I—l—lnI)JrfC,

where b, f are positive constants to be determined later. The non negativity of this
function can be attained from v — 1 —Inwu > 0 for any v > 0. Applying the It6 formula
to V, we get

- b 1 15 9 11 9
dV = (1—g)ds+(1—j)d[+fd0+§§(d5) —|—§ﬁ(d[) =

=(1— %)[(u — BST — aBSC — uS)dt + 01SdB;(t)] + %bafdwr
1 1
+(1 — 7)[(551 + aBSC — I — pl)dt + oo ldBs(t)] + §a§dt+

+fl(gnl — %C — pC)dt + 03CdBs(t)] =
= LVdt + 01(S = b)dBi(t) + 05(I — 1)dBs(t) + fosCdBs(t).

where LV is defined by

b 1 1
LV = (1- §>(ﬂ — BST — aBSC — uS) + §bo—f + (1 - f)(ﬁSH
|
+afSC =l = pl) + 505+ fgnl =120 — pC) =
b afBSC 1 1
L

+(bB + fann = — ) + (baB — fy2 — fu)C <

1 1
< (b+2)u+n+ =bot + =05+ (b3 + fann — v — wI + (baB — fya— fu)C.

2 2
(1 + )2 + 1) a(y +p)
We choose b = and f= —" " gyuch that (b8 + oy —
B(v2 + 1+ agqn) Y2+ p+ oy b6+ fam =
— )l =0 and (baf — fyo — fu)C = 0, then we can attain
Lo, 1,
LV < (0+2)p+m + 5boi + 50y = K. (6)

where K is a positive constant. So we have

Integrating (7) from 0 to 7, AT and then taking the expectation on both sides, further
according to Theorem 1.5.8 (ii) in [36, 37|, we can obtain:

EV(S(me AT), I(ry AT),C(m AT)) < V(S(0), 1(0), C(0)) + K E(r, AT).
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Therefore,
EV(S(me AT), I(ts NT),C(mx ANT)) < V(5(0),1(0),C(0)) + KT. (8)

Set Qi = {7, < T'} for k > ki and by means of (4), we can obtain P () > €. Notice that

for every w € U, there exists that S(7,w) or I(7,w) or C(74,w) equals either k or ;.

Therefore, V(S (7, w), I(7i, w), C(7k,w)) is no less than either k —1 —1Ink or + —1+Ink.
Consequently, we have

V(S(mg,w), [ (1, w), C(T,w)) = (k—1—1Ink) A (% -1+ lnk) = H(k).

According to (8), we can attain:
V(5(0),1(0),C(0)) + KT > E(Io, (w)V(S(e AT), (1o NT),C(1i, NT))) >
P

P(Qy(w)) H (k) >
> eH(k)

where Iq, stands for the indicator function of €. Letting & — oo, then
oo > V(5(0),1(0),C(0))+ KT > eH(k) — oo,
which leads to a contradiction. Thus the proof is completed.

3 Existence of an ergodic stationary distribution of system (3)

In the study of epidemic dynamics of potato plants, it is the core objective to clarify
the outbreak timing and persistent transmission rules of early blight caused by Alternaria
solani and late blight induced by Phytophthora infestans in farmland. Within the frame-
work of deterministic dynamic models, analyzing the dynamic properties of the endemic
equilibrium is the key to exploring the evolutionary laws of disease prevalence. Specifically,
rigorous theoretical derivation can be adopted to verify the global asymptotic stability and
global attractivity of the positive equilibrium of the system, so as to reveal the prevalence
and persistence mechanism of potato early blight and late blight.

However, the stochastic system (3) has no endemic equilibrium in the classical sense.
Accordingly, based on the theory proposed by Has'minskii [38|, this section derives the
conditions for the existence of the ergodic stationary distribution of the model. We first
introduce the fundamental theory related to stationary distributions, which serves as an
important basis for the subsequent proofs. For details, see [39-41].

Assume that X () is a regular time-homogeneous Markov process in the d-dimensional
space Ej satisfying the stochastic equation

k
dX(t) = b(X)dt + > g, (X)dB,(t).
r=1
Then the diffusion matrix has the form

AX) = (ay(@),  aylz) =) gi(2)gi ().
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Lemma 2 (see [42,43|). The Markov process X (t) has a unique ergodic stationary dis-
tribution m(-) if there exists a bounded domain D C E, with regular boundary I such
that

(H1) there exists a constant M > 0 satisfying

d

Z n)&é > MIEP,  zeD, {eRY

(H2) there is a C?-function V' > 0 such that LV is negative for any © € E4\ D.
Then

llmsup—/ f(X : f(x)w(dx)} =1

T—o0

for all x € E4, where f(-) is a function integrable with respect to the measure .

Theorem 3. Assume that

s Bu afqyp
RO T 1_2 1_2 +
(w+500)(n +p+503)  (p+ 01)(71+M+ 02)(72+M+ 03)

> 1,

then system (3) has a unique stationary distribution 7(-) and the ergodicity holds.

Proof. In order to prove Theorem 3, we need to verify the conditions of Lemma 2. First,
we verify that condition (H2) of Lemma 2 is valid. Define

V= —lnI—(a1+b1)1nS—b21nC+MC

Yo+ p
Vo= —mS—-mC+ -2 ¢
Yo +
1
Vo= ——(S+1+C)°,

0+1

where ay, by, by are positive constants to be determined later. 6 € (0, 1) satisfy
_ Q 2., 2\, -2
i 2(01 Vo Vos) > 0.

Applying the It6 formula, we obtain

I+

afSC 1 s Qipl bl,u aﬂq%(al +by)
LVi = ~02— o — =+ Blar+b
! I 2 S ﬁ( “ ) Yo + W

1 b I 1
—l—,u(al + bl) + 5(@1 + b1)0'2 — 2?1 + bQ’}/Q + bg/ub + §bQO'§ =

aifh 1 aBSC by bagnl 1
:—58—1?+a1(u+201)—7—1?— 201 + i+ o)+
1 1 b
102y 4t §+5(01+ 1)(y2 + p+ agm)

2 27 Yo+

1 ) 1
—2v/Bayp + ar(p + 503) — 3V aBqy1pbiby + by (1 + §Uf)+

B(ar + b1)(v2 + p + o)
Yo+ p

b2 (72 + 1+ I <

I.

1 1
+b2(72+,u+§a§) +m +M+§U§+



34 Zhang H., Varlamova L.P., Wu B.

Let

_ Bu b — aBqyip b — aBqyip
Q1= 771 3 = 2 =

’ 1 ’ '
PESTSE (1 + 2022(72 + i + 302) (1 +301) (2 + 1+ 303)?

Then we have

LV < — @f afgmp
pt 501 C(p+ 501) (2 + 1+ 503)
1 +b + A+
ot o2 g Bl )t ptagy)
2 Yo + [ (9)
L, B(ay 4 b1)(v2 + p+ agm)
—m+p+zoy)(Ry—1)+ I =
(71 + p 5 2) (1R —1) P
_ oy Bl b)fetetagn)
Y2t
where '
A=(n+p+505)(R5—1) > 0.
Also, we have
pwooqnl | Blye+p+agy) 0?4+ 032
LVo=-5 "+ I+ +2u+ . 10
? S C Yo+ U 72 H 2 ( )

LVs=(S+1+C)Yu—uS+I1+C)—(n—qn)l -0+
_%@41+m9%‘§+% +035C%) <

<u(S+I+C)9—M(S+J+C)9+1+g(S+I+C)" Yo1S? + o2I* + 02C?) <

0 11
<M(S+I+O)"—[u—§(ava§vJ§)](S+l+0)9+1< )

1 0
<B=gli—5vaival(S+1+0)" <
1 0
< B = gln—5ef Vo va(stt + 17+ ¢,
where
1 0
B= sw {M(SJFIJFC)G—— u——(Uf\/ongg)} (S+I+C)9+1} < o0.
(S,1,C)eRL3 2 2

Define a C2-function V(S,1,C) : R,3 — R as follows:
V(S,1,C) = MVy+Va+ Vs,
where M is a positive constant to be determined later. It is obvious that

lim inf V(S,I,C)=
k—}oo,(S,I,C)ERJr?’\Uk

where Uy, = (3, k) x (3, k) x (,1~C7 k). So V(S,1,C) is a continuous function which possesses

a minimum point (Sp, Iy, Cp) in the interior of R >,
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Therefore, we can define a non-negative C?-function V(S,I,C) : R,> — R as follows
V(S,1,0)=V(S,I,C)—V (S, Iy,Cp).
From (9), (10) and (11), we have that
anl | Bl +u+agy)(May + Mb +1)

1
LV < —Max—H I+ 72 + 2u+
g C ~2+ i V2 M
ot + o3 1 0. 5, 2y, avico+1 , 7041 0+1
+T+B_§[M_§(U1VU2V03)](S + I+ 07T =
I M Mb 1
_ b _ond  Bletptagy)(Mar + Mb, + )IJFQ(S?LO)?
S C Y2+ p
where
U%—l-ag

1 6
— + B - 5[;; — 5(0% VoosVa)](SPT 4 19T 4 o).

Let M be a positive constant satisfying

MM+ F < -2, (12)

where

F= sup Q5I,C)< .
(S,I,C)ER+3

Now, we define a bounded closed set as

1 1 1
DEZ{(S,I,O)eRﬁ:ggSg—,eglg—,52<0<—2}.
19 g 9

where € > 0 is a sufficiently small positive constant satisfying the following inequalities:

g
M Mby + 1
g Betptam)Ma+ My +Y) oo (149)
V2t [
M g, (15)
g
1 0 1
- [M SV v@%,)} ST TGS (16)
1 2 2 2 1
1 0 1
—Zh—ﬂﬁVﬁVﬁﬂg@3+N<“L 1e)

Therefore, R,®\ D, can be divided into six domains:
D, ={(S,I,C) eR>0< S<e}, Dy={(S,1,0) eR,*0<1I<e},
1
DS - {(37170) E]R—l—370 <C <€2,I> 5}7 D4 = {<S7I7C) €R+3,S> 2}7

1 1
D5 ={(8,1,0) e R*, T > -}, D ={(5,1,C) € R*,C > 5}
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In the following we show that LV (S, I,C) < —1 for any given (S,1,C) € R,3\ D..
Case 1. 1f (S,1,C) € Dy, then we have that

LV < —M\— % - qg[+
19)
M Mb 1 (
POerutog)Mat M+ 1), g 7oy < 21y
Yo+ 1 €
where
M Mb 1
U= sup {B(’h‘i‘ﬂ“‘aq/h)( a + 1+ )]+Q(S,],0)}<OO (20)
(S,1,0)€R 3 Y2+ 1

It is easy for us to see that LV(S,I,C) < —1 for any given (S,1,C) € Dy by means of
(13).
Case 2. It (S,1,C) € D, then we get that

V< —Mr—Fy Blye + p+ agy)(Mar + Mb +1)

I+Q(S,1,C) <

S Y2+ p
M M 1
< _pxy Pet ot agn)Man + Mb 41 (21)
Yo + @
< _MA_i_5(72+M+QQV1)(M@1+MI)1+1)€+F_
Yo+ 1

According to (14), the conclusion that LV (S, I,C) < —1 for any given (S,1,C) € Dy is
true.
Case 3. 1f (S,1,C) € Ds, then we see that

_anl | BOetu+agy)(May + Mby +1)
C Y2+ p
By means of (15), we obtain the conclusion that LV(S,I,C) < —1 for any given
(S,1,C) € Ds.
Case 4. If (S,1,C) € Dy, then we attain that

LV <

1+Q(S,1,0) < —q—gl YU (22)

1 0
LV < —= {u — —(d?VaaV Og)] SO+l

4 2
1 8 2 2
3 [ﬂ— 501V o3 fo?)] §0 oy 4 ou+ D%
M Mby + 1 1 0
EiGE +“+aqz;)i ual ML, g 5 {u — 5ot val vﬁ)} (I 4 0%+
1 0 2 2, | oo 1 0 2 2, 2] 1
g_é_l ,u—é(al\/JZ\/aS) S +G<_Z u—§(01VUQVU3) 59T+G’
(23)
where
1 9 2 2
G = sup {—— p— =(0lVosVol) 50+1+72+2,u+m+
(S,1,0)er, 3 & 4 2 2
M Mby +1
+/3(72—|—,u—|—ozq31)4(_ﬂa1+ 1+ )I—i— (24)
2

1 7
+B — — {u — 5(0% VosV 032))] (17 + CQH)} < 0.
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It is obvious that LV(S,1,C) < —1 for any given (S, 1,C) € D, in virtue of (16).
Case 5. 1f (S,1,C) € Ds, then we arrive at

1 0
LV < ~21 [,u — 5(0% VosV ag)] Jo+1_

1 4 2 2
1 [u—§<ava§w§)] IQ+1+%+2/~L+UI;%+
M Mb; +1 1 0
+5<72+M+aq11)_(|_”a1+ 1+ )I+B—§ {u—ﬁ(af\/dg\/ag)} (89+1+(J‘9+1) <
2
1 0 2 9 9 0+1 1 0 2 2 2 1
<_Z ,u—ﬁ(al\/a?\/a?)) I +H<_Z ,u—§(01\/02\/03) ﬁ+H
(25)
where
1 0 2 2y | ro+1 o} + 03
H = (Slng 3{—1 w— 5(01 Voy Vo) I + v +2u+ +
LG eER
M Mb, + 1
+5(72+,u—|—ozq7yl)—(i_ﬂa1+ 1+ )[—l— (26)
2
1 0 2 2, 2 0+1 0+1
+B—§ H_5(01\/02V‘73) (ST +C )}<oo

With the aid of (17), the result that LV (S,1,C) < —1 for any given (S,1,C) € Ds is
right.
Case 6. If (S, 1,C) € Dg, then we have a conclusion as follows

1 0
et [N ~Jetvav ggﬂ o+

1 6 2 2
~1 [,u - 5(0% Vo2 \/032,)] O g +2u + %%—
M Mb; +1 1 0
+5(72+M+04W1)( a; + Mby + >I+B—— 4= 202V a2V a?)| (8 + 17+ <
Y2+ 2 2
<—1 u—g(oz\/az\/a2) C’ngl—l—N<—1 M_Q(Uszsz2) L—i—N
ST 5\01 2 vV 03 STy g \"1 2 0 T3 g2(6+1)
(27)
where
1 0, 2, 2, o Ao of + 03
N = sup {—— p—=(o;Voy3Vo3)| CO7 + v +2u + +
(5,1,0)er. 3 L 4 2
+p+ May + Mby +1
+5<'72 p+ agy)(May 1 )]+ (28)
Y2+ p
1 7
+B — 5 {u— 5(0%\/03\/03)} Clan —1—1'9“)} < 0.

where U, G, H, N are all positive constants defined by (20), (24), (26), (28). We draw the
conclusion that LV(S,I,C) < —1 for any given (S, I,C) € Dg by virtue of (18).
From the discussion of a series of cases above, we come to a conclusion that

LV(S,1,0) < —1, (S,I,C)eR,3\ D..
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Next, the diffusion matrix of system (3) is

028% 0 0

A= 0 o> 0
0 0 o2C?
Let ¢ = min  {0}5?,021% 03C?}, then we can have

(S,I,C)EDCR43

3 —_
> ai(2)6& = 015 + 03176 + 030G = ¢, (S.1,C) € Dy, £ € R
ij=1

Hence condition (H1) of Lemma 2 is verified.
As a result, according to Lemma 2, there exists a unique ergodic stationary distribu-
tion. The proof is finished.

4 Extinction and persistence of system (3)

For convenience, we introduce the notation (f(t)) = 1 [ f()ds, where f(t) is an
integrable function on [0, +00), and the following lemmas.

Lemma 4 (Strong law of large numbers, see [38]). Let M = {M,;}~o be a real-valued
continuous local martingale vanishing at t = 0. Then

. . M,
tliglO(M,]\/[)t:oo a.s. = tllglom:O a.s.

Also
(M, M)

. .M,
lim sup "< as. = lim—=0 as.
t—o00 t—oo 1

Lemma 5. Let (S(t),1(t),C(t)) be the solution of system (3) with the initial value
(5(0),1(0),C(0)) € Ry>. Then

limsup(S(t) + I(t) + C(t)) < 00  a.s.

t—o0
as well as
lim S =0, lim 1) =0, lim ¢ =0, a.s. (29)
t—o0 t t—o0 t t—o0 t
1 In/l 1
tim P50 g g IO g, OO g (30)
t—o0 t—o0 t—o0 t
and
t t t
S(¢)dB 1(c)dB C(s)dB
g BSOIB) _  BIOIB) 0 BOOIB) g
—00 —00 — 00

Proof. From system (3) we have

dS+I1+C)=p—pu(S+I1+C)—(1—qmnl—Cldt+

32
+O'15dBl (t) + UQIdBQ(t) + O'3Cng(t) ( )
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By solving equation (32), we can get
t
S(t)+I(t)+ C(t) = 1+ (S(0) + 1(0) + C(0) — L)e™™ — (1 — g)n / e "I (¢)ds—
0
t t
—72/ e =)0 (¢)ds + 01/ e M79S(<)dBy () +
0 0

t t
+0, / e MmII(Q)dBy(s) + o3 / e M79C(¢)dBs(s) <
0 0

<1+ (S(0)+1(0)+C(0) —1)e ™™+ N(t) a.s.,
(33)

where
t t t

N(#) = oy / 0= §()dB) () + s / =) [()dBy(s) + 05 / 1= (<) dBs(<).
0 0 0

It is apparent that N(t) is a continuous local martingale having the property of N(0) = 0.
Let
X(t) = X(0)+W(t) — P(t) + N(t),

where
X(0)=S0)+I1(0)+C(0),W(t)=1—e* P(t)=[S0)+1(0)+C(0)](1—e"). (34)
By means of (34), we can get that
St +I(t)+C1t) < X(t) as., t>0.

From the expressions of W (t) and P(t), it is easy to see that W (¢) and P(t) are continuous
increasing processes with W (0) = P(0) = 0. So, according to Theorem 3.9 in [44, 45|, we
obtain tlim X(t) < oo a.s. Therefore

—00

limsup(S(t) + 1(t) + C(t)) < oo a.s.

t—o00

Tet
Ni(t) = / S(Q)dBy(<), No(t) = / 1(6)dBals), Ny(t) = / O(<)dBs(s).

Then we can obtain

Ny, N
limsupM < sup S?(t) < oo.
t—o00 t=0
t
S(s)dB
So, according to Lemma 4, we have tlim M = 0 a.s. In a similar way, we
—00
obtain . .
I(¢)dB C(s)dB
lim 0 L©B() o S GBS o
t—ro0 t—o0
Next, because S(t), I(t), C(t) are bounded and positive, we have
I
1im&20, limﬁzo, hmwzo a.s.
t—oo T t—oo ¢ t—oo T
and In S(t In (¢ InC(t
li n()zo, 1mn():0, 1mn ():O a.s.
t—o00 t t—o0 t t—o00 t
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This finishes the proof.

4.1 Disease extinction
In this subsection, we derive in detail the condition for the extinction of the disease.

Theorem 6. Assume that (S(t),1(t),C(t)) is the solution of the system (3) having the
initial value (S(0),I(0),C(0)) € Ry3. If

5 680+ )+ pt agn)
RO — o2 aqu’yg < ]_,
(n+ 1o + o+ 3) AN 2EE
then
gyl + (n +p)C] _ (1 + (e + p+ 5) A ZEE
lim sup < 22 2 (Ry—1) <0
t—o0 t 2(,}/1 +H)

as well as

limsup(S(t)) =1 a.s.

t—o00

Proof. Let Vi(t) = In[gy11(t) + (71 + 1)C(t)]; applying the Ito formula to Vj(¢), we have

_ (qnBSI+ qnaBSC — (4 p) (e +1)C  @rios? + (v + p)?o3C?
dVy(t) = { . }dt+
gy + (4 p)C 2[gml + (n + p)CP?
o 1 o + u)C

gyl + (i +p)C gl + (1 +w)C
cBnt+utagm)s [(71 )+ 1w)C PR3l 4 (v + p)?a3C?

h Y1+ gl + (i + p)C 2[gn I + (m + p)CP?
ogaq 1 o3(y1 +p)C

gl + (m +p)C gl + (m +p)C
Pontptoag)s, (1 + 1)2(e + p+ Z) A LR (12 + C?)
7t p lgnI + (1 + p)C)?
I C

02471 dB (t) + 0-3(’}/1 + ,U)
gl + (m +p)C gnl + (m+p)C

By + p+ agn)s 1 2 o5, . 05}
< dt — ————|(n + + +—A—]dt+

o 2 (v 4+ ) (y2 + 5 ) 5
o2q711 o3(y1+pn)C

By(t) + dBs(t).
gnl + (m+p)C 2(1) gl + (m+p)C 3(?)

]dt+

By(t) +

dBs(t) <

dt+

dBs(t) <

In addition, according to system (3), we get

dS+1+C)=[p—p(S+I1+C)—(n—gn)l—Cld+
+0’15dB1 (t) + JQ[ng(?f) + Ugchg(t) < (36)

Integrating both sides of (36) from 0 to ¢ and dividing by ¢, then taking the limit superior
of both sides of (36), and finally using (33) of Lemma 5, we obtain

limsup(S(t) + I(t) + C(t)) <1 as.

t—o00
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Therefore, from this inequality we conclude that

limsup(S(¢)) <1 as. (37)

t—o0

Integrating both sides of (35) from 0 to ¢ and dividing by ¢, then taking the limit superior
of both sides, and using (37) together with the assumption Ry < 1, we conclude that

Infgy1 I + (91 + p)C]

lim sup " <
< 2 J,;M:Maqm T2 i 1) [+ 1) (2 + e+ %) A 2(]2%] = (3
RURYICLTAS T
From (38), it is obvious that
tlgglo I(t) =0, tlgrolo C(t)=0 as. (39)
Next, integrating both sides of system (3), we obtain
_ ' S(<)dB,
SO =50 _ 5oy 10 - ap(SOCW) - pl5(0) + 0y P,
MO 1O sis101) + apisOCM) ~ (o + i1 0) + 022 B
CO—CO gy 1(0) ~ (a + (1) + 0 2]

Adding up the three equalities of (40) yields

t + t t -
= p—p(S(t) — (1 +p = gy){I(1)) — (2 + p)(C(t))+ (41)
o I8 S(g)tdBl (<) o IN I(c)tde(g) o IN C(qing(g) |

By (29), (31), (39), (41), we draw the conclusion

limsup(S(t)) =1 as.

t—o0

The proof is finished.

4.2 Persistence in mean

In this subsection, we derive the condition for the persistence in mean of the disease;
first, we introduce the definition of persistence in mean.

Definition 1. System (3) is said to be persistent in mean if

1 t
lim — [ I(s)ds >0 as.

t—oo t 0
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Theorem 7. For a given initial value (S(0),1(0),C(0)) € I, if

RS — Bu + aBqyip -1
O (pt i)t u+iod)  (u+ i) mAptiod)(etput+iod) T
then Ly
+ +u+1i02) (R -1
lminf(1(r)) > 2Ot pt )~
t—o0 B(ar + b1)(v2 + p + agm)
where
Bu alBgrp

1= 71 99 1= .
(1 + 501)? (14 30%)2(y2 + p + 303)
In other words, the disease will prevail if R > 1.
Proof. Using the same function as in the proof of Theorem 3, let

Vi(S,1,C)=—InI — (a1 +b;)InS — by InC + MC,

Y2 + p

where aq, by, by are the same as in the proof of Theorem 3. Applying the It6 formula to
V1, we obtain

af(a; + by)

d‘/l = L‘/ldt — O'QdBQ(t) - (CLl + bl)O'ldBl(t) — bgO’gng(t) + ’y T 0
2

From the proof of Theorem 3, we get

LV < — B afgyip

pt+zot (n+507) (2 +p+ 503)

1 +b + o+
Tt it so3 g Bt )t ptaam) (43)
2 Yo + p
1, B(ay + b1) (2 + p + agy)
— (4 u+ =02 (R —1) + I.
(71 % 202)( 0 ) ot

Next, based on (43), integrating both sides of (42) from 0 to ¢ and dividing by ¢, we obtain

Vi(5(), 1(t), C(t)) — Vi(5(0), 1(0), C(0))

1
. S —n+p+503)(Rg = 1)+

2

44
Blan + )+ ek o) g 2l o
+ (I(t)) = —=
Y2+ ¢
where
b
0(t) = 02dBs(t) + (a1 + b1)ord By (t) + baosd Bs(t) — %agcd&@).
2
According to Lemma 4 and (30) of Lemma 5, we see that
t
lim sup ﬂ) =0 a.s.

t—o00

Next, using (30), (44) and the assumption R§ > 1, and taking the limit inferior of both
sides of (44), we have

. (v2 4+ 1) (1 + p+ 303)(Rs — 1)
liminf(I(t)) > )
minf{z(t)) B(ar + b1)(y2 + w1+ agy)
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The proof is completed.

5 Conclusion

Based on the transmission characteristics of potato early blight and late blight, this
paper constructs a stochastic SICR transmission model with environmental noise and con-
ducts a comprehensive analysis of its dynamic behaviors. The research proves that the
model possesses a unique global positive solution, which guarantees its biological rational-
ity. When the parameter R > 1, the model has an ergodic stationary distribution, and
the diseases will prevail continuously. When R, < 1, the diseases will die out eventually.
This study provides theoretical support for the early warning, prediction, prevention and
control of potato early blight and late blight.

This study has some limitations. On the basis of the current results, further in-depth
research can be carried out from multiple perspectives in the future. Firstly, time-delay
factors can be introduced to explore the effects of pathogen incubation period and disease
detection delay on the transmission dynamics. Secondly, a stochastic dynamic model with
periodic coefficients can be established to reflect the seasonal variation of field temper-
ature, humidity and other environmental factors, so as to improve the model’s practical
fitting performance. Finally, combining with conventional agricultural prevention meth-
ods, multiple control measures including chemical treatment, planting of disease-resistant
varieties and crop rotation can be integrated into the model framework. A stochastic epi-
demic model embedded with control strategies will provide more direct and comprehensive
theoretical references for the precise prevention and scientific management of potato early
blight and late blight.
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YIK 519.21:632.4

JTMHAMUNYECKUN AHAJIN3 CTOXACTUYECKON
SICR-MOJIEJIN IEPEJIAYN PAHHET'O U IIO3/IHET'O
OPUTODPTOPO3A KAPTO®EJIA

L2 Yocan X., ¥ Bapaamosa JIII., 3y B.
*dimirel@gmail.com
'Hanumonassueiit yausepcurer Yabekucrana umenn Mupso Yiyroexa,
100174, Y3bekucran, r. TarkenT, yyi. Y HUBepcUTETCKAsI, 4;
2H31/IHHHCKH171 eJarorn4eCKuil YyHUBEPCUTET,
012000, KHP, Buyrpenunsas Mouroaud, r. Yaan-Yab, yia. I'yvaays Baitry, 59;
3Tlepas cpepusas mkosa 1[3ununa,
012000, KHP, Bayrpeuusas Mourosus, r. Yiaun-Hab

QurodTopo3 Kaprodesas PAHHErO U MO3/HEr0 IEPUO/Ia — PA3PYIIUTEIbHOE IPUOKO-
BOe 3a00/IeBaHIe, CEPBEIHO YIPOKATOTIEe TTPOM3BOACTBY KapTodes s, a TpoIece ero me-
peaun CyIeCTBEHHO 3aBUCHT OT Kojebanuit okpyKaroliieil cpegsl. [l TOYHOTNO BbISIB-
JIEHUSI 3aKOHOMEPHOCTEN S1uIeMun 3Toro 3aboJieBanus B paboTe MocTpoeHa CTOXacTude-
ckas SICR-monens nepenatn dutodroposa kaprodesisi paHHEro u mo3aaero nepuoja. C
TTOMOIIBIO TUHAMUYECKOTO aHAIN3a, BO-TTEPBBIX, JTOKA3AHO CYIECTBOBAHNE €IMHCTBEHHO-
TO TJI00ATBHOTO TIOOKUTETHHOTO PEITICHNST CHCTEMBI, ITO 00ECTIeUNBALT OMOTOTHIECKYTO
000CHOBAHHOCTH MOJIEJIH; BO-BTOPBIX, HA, OCHOBE TEOPUN XaChMWHCKOTO BBIBEIEHBI OCTa-
TOYHBIE YCJOBUSA CYIIECTBOBAHUS 3PrOJIMYECKOr0 CTAIMOHAPHOI'O PACIPEIEIeHUs MOjIe-
JIU, 4TO IPOSICHAET NTUHAMWYCCKUN MEeXaHU3M, JIC’KAIlUA B OCHOBE YCTONYUBON 3IUAEMIN
3aboJieBaHNsl; B-TPETHUX, YCTAHOBJICHBI TOPOTOBBIE YCJIOBUST BHIMUDAHUS U COXPAHEHUS
3ab0JIeBAHUST B CPEJHEM, UTO TO3BOJISIET OUPEJIEUTh KJIFOUEBble TOUKM Jjis TPOMUIaK-
TUKHU W KOHTPOJIA 3a00sieBanud. Pe3yapTaTsl moKa3eBaioT, 9To pn 1§ > 1 Mojens nmeer
SProJMUecKoe CTaIMOHAPHOE PacipejieIenre 1 3aboeBanye coxpansercs, a npn Ry < 1
3aboJieBaHne B KOHEYHOM UTOre ucuye3aeT. MccienoBanie npegocTaBasger TeOpeTUIecKyo
OCHOBY [Jis PAHHErO MPEIYIIPEXKICHUS O PUCKE W TOYHON NPOMUIAKTUKUA U KOHTPOJIA
durodTopoza Kaprodess PAHHEIO U TO3JHETO TEPHUOA.

KuroueBbie cioBa: dhurodTopo3 kKapTodesst paHHETO W MO3IHETr0 TMePUoIa, CTOXACTH-
veckast SICR-mofemms, cramuonapHoe pacrpeeneHne, BeIMUpaHue DOJIE3HN, COXpaHEHNE
bore3Hn
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