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1 Introduction
Reservoirs perform vital functions — irrigation, hydropower, water supply and flood

protection — yet their useful capacity is shrinking year after year because of sediment ac-
cumulation (sedimentation). Recent global assessments have revealed the scale of this pro-
cess anew: using a physics-informed machine-learning model covering more than 550,000
reservoirs, Woolway et al. showed that the average water volume of reservoirs worldwide
is declining by roughly 7.3% per decade, with small reservoirs being the most at risk [1].
Computations by Smakhtin et al. for 47,403 large dams in 150 countries predict the loss of
about 26% of global useful capacity by 2050 [2]. To support such assessments with reliable
data, open global sediment databases (GRILSS) [3] and methods for estimating sedimen-
tation rates from high-resolution Sentinel-2 satellite imagery and water-level data [4] are
being developed. The problem is especially acute for Central Asia: regional rivers such as
the Amu Darya, the Syr Darya and the Zarafshan carry high sediment loads, and many
reservoirs in Uzbekistan are severely affected by intense sedimentation [5].

When turbid river water enters clear, stratified reservoir water, its density exceeds that
of the surroundings, so it “plunges” downward and turns into a dense bottom-hugging cur-
rent — a turbidity current. The hydrodynamic mechanisms of this phenomenon have been
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reviewed in detail by Meiburg and Kneller [6], while the classical foundations of plunging
theory lie in the works of Akiyama and Stefan [21] and Ellison and Turner [22]. Using
a two-layer depth-averaged model, Sun et al. analyzed the effect of tributary inflow on a
reservoir turbidity current, including the shift of the plunge point [7]. Field observations
by Blanckaert et al. in a deep stratified lake showed that mixing in the plunge zone and
resuspension of sediment from the bed play decisive roles along the path of a dense river
inflow [8]. Rétif et al. predicted the intrusion depth and vertical density structure of a
gravity current entering a two-layer stratification from laboratory experiments through a
critical Froude number [9].

To predict such processes quantitatively, one-dimensional (1D), two-dimensional
depth- or layer-averaged (2D), and fully three-dimensional computational fluid dynamics
(3D CFD) models are employed. In a comprehensive review, Greimann summarized best
practices for modeling reservoir sediment flushing and turbidity-current venting, empha-
sizing that many empirical models cannot describe sediment transport after deposition
and that advanced 2D/3D models are therefore required [10]. Guo et al. provided a com-
parative survey of the current state of turbidity-current modeling — single-fluid (one-fluid)
and two-fluid models, high-resolution methods, and artificial intelligence approaches [11].

The most complete physical description of a sediment–water mixture is the two-fluid
(Euler–Euler) approach, which treats both phases as interpenetrating continua; the clas-
sical theoretical foundation of this approach was laid by Kh.A. Rakhmatulin [12]. Unlike
single-fluid Boussinesq models, the two-fluid model assigns a separate velocity field to
each phase (water and particles) and thus directly represents phase separation — the
settling of particles relative to the water. Based on an equilibrium closure, Balachandar
derived a simplified two-fluid model for a dilute dispersion of small particles and dis-
tinguished three regimes according to the relative strength of gravitational settling [13].
Mathieu, Chauchat et al. coupled the water and sediment phases together with a free
surface (air phase) in an Eulerian framework in the OpenFOAM-based sedInterFoam
model to simulate multiphase sediment transport [14].

The incoming flow generates velocity shear near the existing interface, lowering the
local Richardson number 𝑅𝑖; when 𝑅𝑖 drops below a critical value (𝑅𝑖 < 1/4), Kelvin–
Helmholtz (KH) instability develops, the layers mix, and stratification is destroyed. Ol-
sthoorn et al. studied asymmetric shear instabilities with mismatched velocity and density
interfaces, analyzing their hybrid character between the KH and Holmboe regimes and
the distribution of the gradient Richardson number [15]. Li and Lin numerically modeled
KH instability in a variable-density stratification, showing that the instability enhances
mixing through interface growth, while diffusion broadens the transition layer [16]. At
the same time, stable stratification reduces the entrainment of ambient water by a tur-
bidity current, allowing it to travel over long distances [17]; the theoretical description of
long-runout turbidity currents has recently been developed in a two-layer formulation [18].

The near-bed turbulence of a turbidity current lifts deposited particles, giving rise
to re-erosion that competes with settling. In computing the intensity of sediment en-
trainment from the bed into suspension, the widely used empirical relations of Garcia
and Parker serve as the principal criterion [19]. From a practical viewpoint, selective
withdrawal is an important tool in managing stratified reservoirs and has demonstrated
its effectiveness in stabilizing thermal stratification and improving downstream ecological
conditions [20].

A review of the existing literature shows that most works on modeling turbid river
inflow into a reservoir rely on 2D depth-/layer-averaged or single-fluid Boussinesq approx-
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imations; studies that consider phase separation (particle settling) and the destruction of
the existing stratification simultaneously, together with re-erosion at the bed, within a
fully three-dimensional two-fluid Rakhmatulin model are rare. To fill precisely this gap,
the present work poses — in three-dimensional geometry, on the basis of Kh.A. Rakhmat-
ulin’s full two-fluid model — the dynamics of the inflow of a multiphase mixture into a
stratified reservoir, phase separation, and the breakdown of the layered structure, and
investigates them numerically using an adaptive scheme based on operator splitting.

2 Problem statement and mathematical model
We consider a rectangular reservoir with horizontal dimensions 𝐿𝑥×𝐿𝑦 and depth 𝐻.

In the initial state the reservoir has a two-layer structure: the upper layer is clear water
(thickness ℎ1 = 𝐻 − 𝜁0, particle volume concentration 𝜙1 ≈ 0), and the lower layer is
turbid water (thickness ℎ2 = 𝜁0, concentration 𝜙2), with the interface located at 𝑧 = 𝜁0.
River flow enters through the surface at 𝑥 = 0. The river water is a two-phase dispersed
mixture consisting of a carrier medium (water, 𝑛 = 1) and dispersed particles (sediment,
𝑛 = 2); the inflow concentration satisfies 𝜙in > 𝜙2 > 𝜙1, i.e. the river water is more turbid
than either layer of the reservoir. The mean velocity 𝑈in, depth ℎin and width 𝑏in of the
river flow are prescribed. The physical scheme of the problem is shown in Figure 1.

Figure 1 Physical scheme of multiphase river inflow into a stratified reservoir and of the plunging
process (vertical cross-section)

The computational domain and the river inflow surface are

Ω = {(𝑥, 𝑦, 𝑧) : 0 ⩽ 𝑥 ⩽ 𝐿𝑥, 0 ⩽ 𝑦 ⩽ 𝐿𝑦, 0 ⩽ 𝑧 ⩽ 𝐻},

Γin = {𝑥 = 0, |𝑦 − 𝑦in| ⩽ 𝑏in/2, 0 ⩽ 𝑧 ⩽ ℎin}.

Each phase has its own velocity field. The unknown functions are: the velocity com-
ponents of the water phase (𝑛 = 1) 𝑢1, 𝑣1, 𝑤1; the velocity components of the particle
phase (𝑛 = 2) 𝑢2, 𝑣2, 𝑤2; the pressure 𝑝; and the particle volume concentration 𝜙 — eight
unknown functions in total (Table 1).

On the basis of Kh.A. Rakhmatulin’s model of interpenetrating multiphase media [12],
the Reynolds-averaged equations are written as follows.
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Continuity equation for the particle phase:

𝜕𝜙

𝜕𝑡
+
𝜕(𝜙𝑢2)

𝜕𝑥
+
𝜕(𝜙𝑣2)

𝜕𝑦
+
𝜕(𝜙𝑤2)

𝜕𝑧
=

=
𝜕

𝜕𝑥

(︂
𝐷ℎ

𝜕𝜙

𝜕𝑥

)︂
+

𝜕

𝜕𝑦

(︂
𝐷ℎ

𝜕𝜙

𝜕𝑦

)︂
+

𝜕

𝜕𝑧

(︂
𝐷𝑧

𝜕𝜙

𝜕𝑧

)︂
.

(1)

Continuity equation for the water phase:

−𝜕𝜙
𝜕𝑡

+
𝜕 [(1− 𝜙)𝑢1]

𝜕𝑥
+
𝜕 [(1− 𝜙)𝑣1]

𝜕𝑦
+
𝜕 [(1− 𝜙)𝑤1]

𝜕𝑧
=

= − 𝜕

𝜕𝑥

(︂
𝐷ℎ

𝜕𝜙

𝜕𝑥

)︂
− 𝜕

𝜕𝑦

(︂
𝐷ℎ

𝜕𝜙

𝜕𝑦

)︂
− 𝜕

𝜕𝑧

(︂
𝐷𝑧

𝜕𝜙

𝜕𝑧

)︂
.

(2)

Adding these two equations yields the incompressibility condition of the mixture:

𝜕𝑉𝑥
𝜕𝑥

+
𝜕𝑉𝑦
𝜕𝑦

+
𝜕𝑉𝑧
𝜕𝑧

= 0,

𝑉𝑥 = (1− 𝜙)𝑢1 + 𝜙𝑢2,

𝑉𝑦 = (1− 𝜙)𝑣1 + 𝜙𝑣2,

𝑉𝑧 = (1− 𝜙)𝑤1 + 𝜙𝑤2,

(3)

where 𝑉𝑥, 𝑉𝑦, 𝑉𝑧 are the mean volumetric velocity components.

Momentum equations for the particle phase (the 𝑥, 𝑦, 𝑧 projections):

𝜙𝜌𝑠

(︂
𝜕𝑢2
𝜕𝑡

+ 𝑢2
𝜕𝑢2
𝜕𝑥

+ 𝑣2
𝜕𝑢2
𝜕𝑦

+ 𝑤2
𝜕𝑢2
𝜕𝑧

)︂
=

= −𝜙𝜕𝑝
𝜕𝑥

+ 𝜙𝜇eff

(︂
𝜕2𝑢2
𝜕𝑥2

+
𝜕2𝑢2
𝜕𝑦2

+
𝜕2𝑢2
𝜕𝑧2

)︂
+ 𝛽(𝜙)(𝑢1 − 𝑢2),

(4)

𝜙𝜌𝑠

(︂
𝜕𝑤2

𝜕𝑡
+ 𝑢2

𝜕𝑤2

𝜕𝑥
+ 𝑣2

𝜕𝑤2

𝜕𝑦
+ 𝑤2

𝜕𝑤2

𝜕𝑧

)︂
=

= −𝜙𝜕𝑝
𝜕𝑧

+ 𝜙𝜇eff

(︂
𝜕2𝑤2

𝜕𝑥2
+
𝜕2𝑤2

𝜕𝑦2
+
𝜕2𝑤2

𝜕𝑧2

)︂
− 𝜙𝜌𝑠𝑔 + 𝛽(𝜙)(𝑤1 − 𝑤2).

(5)
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Table 1 Main variables and parameters of the model
Symbol Meaning Unit
𝑢1, 𝑣1, 𝑤1 velocity components of the water phase m/s
𝑢2, 𝑣2, 𝑤2 velocity components of the particle phase m/s
𝑉𝑥, 𝑉𝑦, 𝑉𝑧 mean volumetric velocity components m/s
𝑝 pressure Pa
𝜙 particle volume concentration —
𝜌𝑓 , 𝜌𝑠 density of water and of a particle kg/m3

𝜌0 reference (characteristic) density kg/m3

𝜇𝑓 dynamic viscosity of water Pa · s
𝜇eff effective (turbulent) viscosity Pa · s
𝑑 particle diameter m
𝑤St Stokes settling velocity of a single particle m/s
𝑤𝑠(𝜙) hindered settling velocity m/s
𝑛𝑅 hindered-settling exponent —
𝐷ℎ, 𝐷𝑧 horizontal and vertical diffusion coefficient m2/s
𝛽(𝜙) interphase drag coefficient kg/(m3 · s)
𝑔 gravitational acceleration m/s2

𝑔′ reduced gravitational acceleration m/s2

Ri Richardson number —
𝐸𝑟 re-erosion intensity m/s
𝐶𝑓 bed friction coefficient —
Re𝑝 particle Reynolds number —
𝛿𝑖, 𝜁0 interface thickness and level m

Momentum equations for the water phase (the 𝑥, 𝑦, 𝑧 projections):

(1− 𝜙)𝜌𝑓
(︂
𝜕𝑢1
𝜕𝑡

+ 𝑢1
𝜕𝑢1
𝜕𝑥

+ 𝑣1
𝜕𝑢1
𝜕𝑦

+ 𝑤1
𝜕𝑢1
𝜕𝑧

)︂
=

= −(1− 𝜙)𝜕𝑝
𝜕𝑥

+ (1− 𝜙)𝜇eff

(︂
𝜕2𝑢1
𝜕𝑥2

+
𝜕2𝑢1
𝜕𝑦2

+
𝜕2𝑢1
𝜕𝑧2

)︂
− 𝛽(𝜙)(𝑢1 − 𝑢2),

(6)

(1− 𝜙)𝜌𝑓
(︂
𝜕𝑣1
𝜕𝑡

+ 𝑢1
𝜕𝑣1
𝜕𝑥

+ 𝑣1
𝜕𝑣1
𝜕𝑦

+ 𝑤1
𝜕𝑣1
𝜕𝑧

)︂
=

= −(1− 𝜙)𝜕𝑝
𝜕𝑦

+ (1− 𝜙)𝜇eff

(︂
𝜕2𝑣1
𝜕𝑥2

+
𝜕2𝑣1
𝜕𝑦2

+
𝜕2𝑣1
𝜕𝑧2

)︂
− 𝛽(𝜙)(𝑣1 − 𝑣2),

(7)

(1− 𝜙)𝜌𝑓
(︂
𝜕𝑤1

𝜕𝑡
+ 𝑢1

𝜕𝑤1

𝜕𝑥
+ 𝑣1

𝜕𝑤1

𝜕𝑦
+ 𝑤1

𝜕𝑤1

𝜕𝑧

)︂
=

= −(1− 𝜙)𝜕𝑝
𝜕𝑧

+ (1− 𝜙)𝜇eff

(︂
𝜕2𝑤1

𝜕𝑥2
+
𝜕2𝑤1

𝜕𝑦2
+
𝜕2𝑤1

𝜕𝑧2

)︂
− (1− 𝜙)𝜌𝑓𝑔 − 𝛽(𝜙)(𝑤1 − 𝑤2).

(8)
By Newton’s third law, the interphase forces are antisymmetric: the force on the par-

ticles is +𝛽(𝜙)(·), and on the water −𝛽(𝜙)(·). It is precisely these terms that equilibrate
the two phase velocities and establish a steady settling velocity.

Interphase drag coefficient and steady settling velocity:
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𝛽(𝜙) =
18𝜇𝑓𝜙

𝑑2
(1− 𝜙)1−𝑛𝑅 , 𝑤𝑠(𝜙) = 𝑤St(1− 𝜙)𝑛𝑅 , (9)

where 𝑑 is the particle diameter, 𝑤St is the Stokes settling velocity of a single particle, and
𝑛𝑅 is the hindered-settling exponent. As the concentration increases (𝜙 → 1), settling
slows down — the hindered-settling effect.

The vertical diffusion coefficient is taken as a function of the strength of the stratifi-
cation:

𝐷𝑧 =
𝐷𝑧0

(1 + 𝜎𝑅Ri)𝑛𝑑
, Ri(𝑥, 𝑦, 𝑧, 𝑡) =

𝑔(𝜌𝑠 − 𝜌𝑓 )/𝜌0(︂
𝜕𝑉𝑥
𝜕𝑧

)︂2

+

(︂
𝜕𝑉𝑦
𝜕𝑧

)︂2

+ 𝜀Ri

⃒⃒⃒⃒
𝜕𝜙

𝜕𝑧

⃒⃒⃒⃒
. (10)

This relation embodies two competing mechanisms: when particles settle (𝜕𝜙/𝜕𝑧 < 0),
the stratification strengthens, 𝑅𝑖 increases, 𝐷𝑧 decreases and mixing weakens (a stabilizing
effect); when the river flow enters, the velocity shear grows, 𝑅𝑖 decreases, 𝐷𝑧 increases
and mixing intensifies (a destabilizing effect).

At 𝑡 = 0 the reservoir is at rest and a two-layer stratification is present:

𝑢1 = 𝑣1 = 𝑤1 = 0, 𝑢2 = 𝑣2 = 𝑤2 = 0, (11)

𝜙(𝑥, 𝑦, 𝑧, 0) =
𝜙2

2

[︂
1− tanh

(︂
𝑧 − 𝜁0
𝛿𝑖

)︂]︂
, (12)

𝑝(𝑥, 𝑦, 𝑧, 0) = 𝑝atm +

∫︁ 𝐻

𝑧

[𝜌𝑓 (1− 𝜙) + 𝜌𝑠𝜙] 𝑔 𝑑𝜉, (13)

where 𝛿𝑖 is the initial interface thickness and the pressure follows the hydrostatic distri-
bution.

River inflow surface (Γin). The phases are assumed to be in equilibrium in the river
flow:

𝑢1 = 𝑢2 = 𝑈in, 𝑣1 = 𝑣2 = 0, 𝑤1 = 𝑤2 = 0, 𝜙 = 𝜙in, (𝑦, 𝑧) ∈ Γin. (14)

Outside the inflow region, no-slip / no-flux (solid-wall) conditions are imposed on the
surface 𝑥 = 0, on the opposite wall 𝑥 = 𝐿𝑥, and on the side walls 𝑦 = 0, 𝑦 = 𝐿𝑦.

Bed surface (𝑧 = 0). No-slip is imposed for the water phase; for the particle phase
the horizontal velocities vanish and the vertical velocity equals the settling velocity:

𝑢1 = 𝑣1 = 𝑤1 = 0, 𝑢2 = 𝑣2 = 0, 𝑤2 = −𝑤𝑠(𝜙)
⃒⃒
𝑧=0

. (15)

For the concentration, the balance of settling and re-erosion holds:(︂
−𝜙𝑤𝑠(𝜙) +𝐷𝑧

𝜕𝜙

𝜕𝑧

)︂⃒⃒⃒⃒
𝑧=0

= 𝐸𝑟(𝑥, 𝑦, 𝑡). (16)

The re-erosion intensity is computed as a function of the near-bed flow velocity using
the Garcia–Parker formula:

𝐸𝑟 =
𝐴𝑟𝑍

5
𝑟

1 + 𝐴𝑟𝑍5
𝑟 /0.3

𝑤𝑠(𝜙)

⃒⃒⃒⃒
𝑧=0

, 𝑍𝑟 =
𝑢*Re0.6𝑝

𝑤St
, 𝑢* =

√︁
𝐶𝑓 (𝑢21 + 𝑣21)|𝑧=Δ𝑧/2, (17)
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where Re𝑝 = 𝜌𝑓𝑤St𝑑/𝜇𝑓 is the particle Reynolds number, 𝐴𝑟 = 1,3× 10−7, and 𝐶𝑓 is the
friction coefficient.

Free surface (𝑧 = 𝐻). The tangential stresses vanish for the water and particle
phases, the normal velocity is zero, the pressure equals the atmospheric pressure, and no
particles leave through the surface:

𝜕𝑢𝑛
𝜕𝑧

=
𝜕𝑣𝑛
𝜕𝑧

= 0, 𝑤𝑛 = 0 (𝑛 = 1, 2), 𝑝 = 𝑝atm,

(︂
−𝜙𝑤𝑠(𝜙) +𝐷𝑧

𝜕𝜙

𝜕𝑧

)︂⃒⃒⃒⃒
𝑧=𝐻

= 0. (18)

To assess the stability of the stratified flow, the reduced gravitational acceleration and
the critical turbidity-current velocity are introduced:

𝑔′ = 𝑔
𝜌2 − 𝜌1
𝜌0

, 𝑈cr = 2

√︃
𝑔′(𝜁0 − ℎ𝑡/2)2

𝛿𝑖
, 𝑄in,cr = 2 𝑏in ℎ𝑡

√︃
𝑔′(𝜁0 − ℎ𝑡/2)2

𝛿𝑖
. (19)

The minimum surface area required for clarification and the modified clarification time
under the influence of the river inflow are

𝑆min =
𝑄in𝜙in

𝑤St(1− 𝜙2)𝑛𝑅𝜙2

, 𝑇
(mod)
cl =

𝑇cl

1−ℛ
, ℛ =

𝑄in𝜙in

𝑤𝑠(𝜙2)𝜙2𝐿𝑥𝐿𝑦

. (20)

For the stratification to be preserved and clarification to continue, the following three
conditions must hold simultaneously:

Ri𝜁 >
1

4
(Kelvin–Helmholtz),

𝑈2
𝑡

𝑔′𝛿𝑖
< 1 (internal waves), ℛ < 1 (mass balance). (21)

Thus, the governing equations (3)–(13), together with the initial conditions (14)–(16)
and the boundary conditions (17)–(21), form the complete, closed three-dimensional state-
ment of the problem: eight unknowns, eight equations, with conditions for all unknowns
on all six surfaces.

3 Numerical solution algorithm
The computational domain Ω is covered by a structured rectangular grid: 𝑁𝑥 and 𝑁𝑦

cells in the horizontal directions and 𝑁𝑧 cells in the vertical direction, with corresponding
steps ∆𝑥 = 𝐿𝑥/𝑁𝑥, ∆𝑦 = 𝐿𝑦/𝑁𝑦, ∆𝑧 = 𝐻/𝑁𝑧. A Harlow–Welch staggered (MAC) grid
is used: the scalar quantities — the concentration 𝜙 and the pressure 𝑝 — are placed
at cell centers (𝑥𝑖, 𝑦𝑗, 𝑧𝑘), while the velocity components are placed at cell faces. This
arrangement eliminates unphysical oscillations in the pressure–velocity coupling.

At the beginning of every step the time step is computed adaptively from the advective
Courant–Friedrichs–Lewy (CFL) condition (the diffusive restriction is removed because
the Crank–Nicolson scheme is used for the diffusive terms):

∆𝑡 =
𝐶𝑜max

max
𝑖,𝑗,𝑘

(︂
𝑈𝑑

∆𝑥
,
|𝑢|
∆𝑥

+
|𝑣|
∆𝑦

+
|𝑤|
∆𝑧

)︂ , 𝐶𝑜max = 0.5, (22)

where 𝑈𝑑 = 𝑈in is the river inflow velocity.
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On the staggered grid the scalar quantities are placed at cell centers (𝑥𝑖, 𝑦𝑗, 𝑧𝑘), where
𝑥𝑖 = (𝑖 − 1

2
)∆𝑥, 𝑦𝑗 = (𝑗 − 1

2
)∆𝑦, 𝑧𝑘 = (𝑘 − 1

2
)∆𝑧; the 𝑥-velocity 𝑢 is defined at the (𝑖 +

+ 1
2
, 𝑗, 𝑘) faces, 𝑣 at (𝑖, 𝑗+ 1

2
, 𝑘), and 𝑤 at (𝑖, 𝑗, 𝑘+ 1

2
). To compute the concentration fluxes

to second order but without unphysical oscillations, the cell-face values are obtained by
a total-variation-diminishing (TVD) reconstruction. When the face velocity is positive
(𝑢𝑛𝑖+1/2,𝑗,𝑘 > 0):

𝛼f
𝑖+1/2 = 𝛼𝑛

𝑖 +
1
2
𝜓(𝑟+𝑖 ) (𝛼

𝑛
𝑖+1 − 𝛼𝑛

𝑖 ), 𝑟+𝑖 =
𝛼𝑛
𝑖 − 𝛼𝑛

𝑖−1

𝛼𝑛
𝑖+1 − 𝛼𝑛

𝑖

, (23)

and when it is negative (𝑢𝑛𝑖+1/2,𝑗,𝑘 < 0):

𝛼f
𝑖+1/2 = 𝛼𝑛

𝑖+1 − 1
2
𝜓(𝑟−𝑖+1) (𝛼

𝑛
𝑖+1 − 𝛼𝑛

𝑖 ), 𝑟−𝑖+1 =
𝛼𝑛
𝑖+2 − 𝛼𝑛

𝑖+1

𝛼𝑛
𝑖+1 − 𝛼𝑛

𝑖

,

where the van-Leer-type flux limiter

𝜓(𝑟) =
𝑟 + |𝑟|
1 + |𝑟|

,

is adopted; an analogous reconstruction is carried out in the 𝑦 and 𝑧 directions and for
the velocity components of both phases. The diffusion coefficients at the cell faces are
computed as harmonic means:

𝐷𝑖+1/2,𝑗,𝑘 =
2𝐷𝑖,𝑗,𝑘𝐷𝑖+1,𝑗,𝑘

𝐷𝑖,𝑗,𝑘 +𝐷𝑖+1,𝑗,𝑘

. (24)

Each time step 𝑡𝑛 → 𝑡𝑛+1 is carried out in five stages.
Stage 1 (advective predictor step). The concentration and the velocity fields of

both phases are updated under the action of the advective terms alone. For the concen-
tration, the full discrete form with TVD fluxes is

𝛼*
𝑖,𝑗,𝑘 − 𝛼𝑛

𝑖,𝑗,𝑘

∆𝑡
= −

𝛼f
𝑖+1/2𝑉

𝑛
𝑥,𝑖+1/2 − 𝛼f

𝑖−1/2𝑉
𝑛
𝑥,𝑖−1/2

∆𝑥
−

−
𝛼f
𝑗+1/2𝑉

𝑛
𝑦,𝑗+1/2 − 𝛼f

𝑗−1/2𝑉
𝑛
𝑦,𝑗−1/2

∆𝑦
−
𝛼f
𝑘+1/2𝑉

𝑛
𝑧,𝑘+1/2 − 𝛼f

𝑘−1/2𝑉
𝑛
𝑧,𝑘−1/2

∆𝑧
.

The advective terms of the 𝑥-momentum equation of the particle phase are discretized
with an upwind scheme:

𝑢*2,𝑖,𝑗,𝑘 − 𝑢𝑛2,𝑖,𝑗,𝑘
∆𝑡

= −

⎧⎪⎪⎨⎪⎪⎩
𝑢𝑛2,𝑖,𝑗,𝑘

𝑢𝑛2,𝑖,𝑗,𝑘 − 𝑢𝑛2,𝑖−1,𝑗,𝑘

∆𝑥
, 𝑢𝑛2,𝑖,𝑗,𝑘 > 0,

𝑢𝑛2,𝑖,𝑗,𝑘
𝑢𝑛2,𝑖+1,𝑗,𝑘 − 𝑢𝑛2,𝑖,𝑗,𝑘

∆𝑥
, 𝑢𝑛2,𝑖,𝑗,𝑘 < 0,

−
[︀
𝑦- and 𝑧-direction advective terms (analogous)

]︀
.

The remaining components (𝑣2, 𝑤2) and the momentum equations of the water phase
(𝑢1, 𝑣1, 𝑤1) are discretized in exactly the same manner.

Stage 2 (diffusive step). The diffusive terms are approximated to second order in
time with the implicit Crank–Nicolson scheme:

𝛼**
𝑖,𝑗,𝑘 − 𝛼*

𝑖,𝑗,𝑘

∆𝑡
= 1

2

(︀
ℒ𝑥 + ℒ𝑦 + ℒ𝑧

)︀
𝛼* + 1

2

(︀
ℒ𝑥 + ℒ𝑦 + ℒ𝑧

)︀
𝛼**,
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where, for example, the discrete form of the 𝑥-direction diffusion operator is

ℒ𝑥𝛼 =
𝐷𝑖+1/2(𝛼𝑖+1 − 𝛼𝑖)−𝐷𝑖−1/2(𝛼𝑖 − 𝛼𝑖−1)

∆𝑥2
.

The resulting three-dimensional implicit system is solved by the alternating-direction
implicit (ADI) method in three successive sweeps; at each sweep a tridiagonal system is
formed along a single coordinate and solved by the Thomas algorithm in 𝑂(𝑁) operations:(︁

𝐼 − Δ𝑡
2
ℒ𝑥

)︁̃︀𝛼 =
(︁
𝐼 + Δ𝑡

2
ℒ𝑦 +

Δ𝑡
2
ℒ𝑧

)︁
𝛼*,

(︁
𝐼 − Δ𝑡

2
ℒ𝑦

)︁̂︀𝛼 = ̃︀𝛼− Δ𝑡
2
ℒ𝑦𝛼

*,
(︁
𝐼 − Δ𝑡

2
ℒ𝑧

)︁
𝛼** = ̂︀𝛼− Δ𝑡

2
ℒ𝑧𝛼

*.

The viscous diffusion of the velocity components of both phases is treated by exactly
the same scheme.

Stage 3 (interphase drag and gravity). At each node the interphase-drag and
gravity terms are accounted for with a semi-implicit scheme — this removes the stiff re-
striction that arises when the interphase-drag coefficient 𝛽(𝜙) is large. For the 𝑧-direction:

𝜌𝑠𝛼
** 𝑤

***
2 − 𝑤**

2

∆𝑡
= 𝐾

(︀
𝑤***

1 − 𝑤***
2

)︀
− 𝜌𝑠𝛼**𝑔,

𝜌𝑓 (1− 𝛼**)
𝑤***

1 − 𝑤**
1

∆𝑡
= −𝐾

(︀
𝑤***

1 − 𝑤***
2

)︀
− 𝜌𝑓 (1− 𝛼**)𝑔,

where 𝐾 = 𝛽(𝜙**). With the notation 𝐴 = 𝜌𝑠𝛼
**/∆𝑡 and 𝐵 = 𝜌𝑓 (1− 𝛼**)/∆𝑡, these two

equations reduce to a 2× 2 linear system:(︂
𝐴+𝐾 −𝐾
−𝐾 𝐵 +𝐾

)︂(︂
𝑤***

2

𝑤***
1

)︂
=

(︂
𝐴𝑤**

2 − 𝜌𝑠𝛼**𝑔

𝐵 𝑤**
1 − 𝜌𝑓 (1− 𝛼**)𝑔

)︂
.

Since its determinant ∆ = (𝐴+𝐾)(𝐵+𝐾)−𝐾2 = 𝐴𝐵+𝐾(𝐴+𝐵) > 0, the solution
is found analytically in closed form at every node; for the horizontal components the same
system without the gravity term is solved.

Stage 4 (pressure correction, projection). The intermediate velocity field V***

does not in general satisfy the incompressibility condition; to correct it a pressure cor-
rection 𝑝′ is introduced. The divergence of the mean volumetric velocity is computed to
second order at the cell center:

(∇·V***)𝑖,𝑗,𝑘 =
𝑉 ***
𝑥,𝑖+1/2 − 𝑉 ***

𝑥,𝑖−1/2

∆𝑥
+
𝑉 ***
𝑦,𝑗+1/2 − 𝑉 ***

𝑦,𝑗−1/2

∆𝑦
+
𝑉 ***
𝑧,𝑘+1/2 − 𝑉 ***

𝑧,𝑘−1/2

∆𝑧
.

A seven-point discrete Poisson equation for the pressure correction is obtained:

𝑝′𝑖+1,𝑗,𝑘 − 2𝑝′𝑖,𝑗,𝑘 + 𝑝′𝑖−1,𝑗,𝑘

∆𝑥2
+
𝑝′𝑖,𝑗+1,𝑘 − 2𝑝′𝑖,𝑗,𝑘 + 𝑝′𝑖,𝑗−1,𝑘

∆𝑦2
+

+
𝑝′𝑖,𝑗,𝑘+1 − 2𝑝′𝑖,𝑗,𝑘 + 𝑝′𝑖,𝑗,𝑘−1

∆𝑧2
=

𝜌

∆𝑡
(∇·V***)𝑖,𝑗,𝑘,

which is solved by the preconditioned conjugate-gradient (PCG) method; the normal
derivative of 𝑝′ is zero on the inflow surface (𝜕𝑝′/𝜕𝑛 = 0) and 𝑝′ = 0 on the free surface.
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The velocity components are then corrected (through a single pressure field for both
phases):

𝑢𝑛+1
𝑛,𝑖+1/2 = 𝑢***𝑛,𝑖+1/2 −

∆𝑡

𝜌

𝑝′𝑖+1,𝑗,𝑘 − 𝑝′𝑖,𝑗,𝑘
∆𝑥

,

𝑤 𝑛+1
𝑛,𝑘+1/2 = 𝑤***

𝑛,𝑘+1/2 −
∆𝑡

𝜌

𝑝′𝑖,𝑗,𝑘+1 − 𝑝′𝑖,𝑗,𝑘
∆𝑧

, 𝑛 = 1, 2,

and the 𝑣 components are corrected analogously.
Stage 5 (re-erosion source). In the cell layer nearest the bed (𝑘 = 1) the resus-

pension of deposited particles is taken into account. First the near-bed shear velocity and
the Garcia–Parker parameters are computed discretely:

𝑢*,𝑖,𝑗 =
√︁
𝐶𝑓

(︀
𝑢21,𝑖,𝑗,1 + 𝑣21,𝑖,𝑗,1

)︀
, 𝑍𝑟,𝑖,𝑗 =

𝑢*,𝑖,𝑗Re0.6𝑝

𝑤St
,

𝐸𝑟,𝑖,𝑗 =
𝐴𝑟𝑍

5
𝑟,𝑖,𝑗

1 + 𝐴𝑟𝑍5
𝑟,𝑖,𝑗/0,3

𝑤𝑠(𝛼
**
𝑖,𝑗,1),

and then the concentration is updated by the source term (with the physical bound
𝐸𝑟∆𝑡/∆𝑧 ⩽ 𝛼max):

𝛼𝑛+1
𝑖,𝑗,1 = 𝛼**

𝑖,𝑗,1 +
∆𝑡

∆𝑧
𝐸𝑟,𝑖,𝑗.

The boundary conditions are implemented by the ghost- (virtual-)cell method. On the
river inflow surface the face velocities are prescribed directly: 𝑢1,1/2,𝑗,𝑘 = 𝑢2,1/2,𝑗,𝑘 = 𝑈𝑑,
𝑣 = 𝑤 = 0; the face value of the concentration is 𝛼f

1/2,𝑗,𝑘 = 𝛼in, and the ghost cell is
obtained by extrapolation, 𝛼0,𝑗,𝑘 = 2𝛼in−𝛼1,𝑗,𝑘. On the bed surface (the ghost layer 𝑘 = 0
below 𝑘 = 1) the no-slip condition for water is ensured by 𝑢1,𝑖,𝑗,0 = −𝑢1,𝑖,𝑗,1, while for
the particles the concentration gradient is determined from the balance of settling and
re-erosion:

𝐷𝑧
𝛼𝑖,𝑗,1 − 𝛼𝑖,𝑗,0

∆𝑧
= 𝛼𝑖,𝑗,1𝑤𝑠(𝛼𝑖,𝑗,1)− 𝐸𝑟,𝑖,𝑗 ⇒ 𝛼𝑖,𝑗,0 = 𝛼𝑖,𝑗,1 −

∆𝑧

𝐷𝑧

[︀
𝛼𝑖,𝑗,1𝑤𝑠 − 𝐸𝑟,𝑖,𝑗

]︀
.

On the free surface (the ghost layer above 𝑘 = 𝑁𝑧) a zero-gradient condition is imposed
for the velocities and a zero-flux condition for the particles in the form 𝛼𝑖,𝑗,𝑁𝑧+1 = 𝛼𝑖,𝑗,𝑁𝑧−
− (∆𝑧 𝑤𝑠/𝐷𝑧)𝛼𝑖,𝑗,𝑁𝑧 ; on the side walls, zero-gradient (no-flux) conditions hold for all
quantities.

Each time step is carried out in the following sequence:
– the initial values and conditions are set;
– the adaptive ∆𝑡 is computed from (24);
– the river inflow boundary conditions and the near-bed coefficients 𝑢*, 𝐸𝑟 are updated;
– Stage 1: advective predictor step (TVD);
– Stage 2: diffusive step (Crank–Nicolson + ADI/Thomas);
– Stage 3: interphase drag and gravity (semi-implicit, analytic solution);
– Stage 4: pressure correction — Poisson equation (PCG);
– boundary conditions are imposed on the velocity field and all unknowns;
– Stage 5: re-erosion source;
– Picard iteration for the nonlinear terms: the iteration stops when the relative difference

of the velocity field between two successive iterations is smaller than 10−8;
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– convergence is checked and the next step is taken.

4 Numerical results and discussion
To demonstrate the capabilities of the scheme, the subcritical plunging regime was

modeled in a laboratory-scale prismatic basin. The computational parameters are given
in Table 2.

Table 2 Baseline computational parameters
Parameter Symbol Value
Domain length 𝐿𝑥 4.0 m
Domain width 𝐿𝑦 2.0 m
Domain depth 𝐻 1.5 m
Number of grid cells 𝑁𝑥, 𝑁𝑦, 𝑁𝑧 24, 16, 20
Horizontal steps ∆𝑥,∆𝑦 0.167; 0.125 m
Vertical step ∆𝑧 0.075 m
Interface level ℎ𝑖 0.7 m
Upper-layer concentration 𝛼1 1× 10−3

Lower-layer concentration 𝛼2 5× 10−2

Inflow mean velocity 𝑈in 0.5 m/s
Inflow concentration 𝛼in 0.10
Inflow height / width ℎin, 𝐵in 0.3; 0.6 m
Reduced gravity 𝑔′ 0.763 m/s2

Horizontal/vertical diffusion 𝐷ℎ, 𝐷𝑣 1× 10−2 m2/s
Effective viscosity 𝜈eff 1× 10−4 m2/s
Simulation duration 𝑡end 30 s

The value 𝑔′ ≈ 0,763 m/s2, corresponding to the density difference, equals about 7.8%
of the gravitational acceleration of fresh water — consistent with a typical condition in
a natural stratified reservoir. The volumetric inflow rate is 𝑄 = 𝑈inℎin𝐵in = 0,09 m3/s,
which, relative to the critical plunge discharge computed from the Knapp and Akiyama–
Stefan [21] theory, 𝑄cr = 𝐵in

√︀
𝑔′ℎ3in ≈ 0,141 m3/s, gives 𝑄/𝑄cr ≈ 0,64, i.e. the flow is in

the subcritical inflow regime. The Froude number of the incoming flow is

Frin =
𝑈in√
𝑔′ℎin

=
0,5√

0,763 · 0,3
≈ 1.05,

indicating that the flow lies near the critical limit (Fr = 1). The inflow Reynolds number
computed from the effective viscosity, Rein = 𝑈inℎin/𝜈eff = 1500, represents the fully
turbulent regime of the real flow through a parameterized turbulent mixing.

During the computation the maximum Courant number was 𝐶max = 0,40, and the
adaptive step remained below the bound 𝐶𝑜max = 0,5 for almost the entire time; the 30 s
simulation was carried out in 𝑁 = 1011 steps with a mean step ∆𝑡 ≈ 0,030 s. To ensure
a reliable solution of the pressure Poisson equation in regions of sharp density gradients,
the number of PCG iterations was increased to 60.

The evolution of the concentration field in the longitudinal cross-section reveals the
classical stages of the plunging process (Figure 2). Around 𝑡 ≈ 3.5 s the plume leaves the
inlet and first spreads in the horizontal direction; its density is appreciably higher than
that of the upper layer but also exceeds that of the lower layer. In the interval 𝑡 ≈ 7÷10 s
the plume turns downward under its own weight and the plunge point forms; at this point
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the vertical velocity reaches 𝑤 ≈ −0,08 m/s, i.e. about 16% of the incoming horizontal
velocity — in agreement with the laboratory estimate of Ellison–Turner [21]. By 𝑡 ≈ 12 s
the plume reaches the interface level (𝑧 ≈ 0,7 m), partially breaks it and descends into
the lower layer; in the final state at 𝑡 = 30 s the plume occupies about 70% of the domain
length.

The velocity field fully reveals the hydrodynamic structure of the plunging process
(Figure 3). Near the inlet (𝑥 < 1 m) the flow is almost horizontal, retaining 𝑢 ≈ 𝑈in,
and drives a strong return flow in the lower layer. Around the plunge point a convergent
streamline pattern forms and the velocity vector deflects downward. Beyond the plunge
point the flow attaches to the bed and develops as a dense bottom current (underflow);
in this current the maximum velocity is about 0,3 m/s (≈ 60%𝑈in), reflecting the partial
conversion of inertial energy into gravitational potential energy.

The deviation of the pressure field from the hydrostatic level shows the hydrodynamic
response to the plume inflow (Figure 4). Around the inlet the pressure rises by about
+350 Pa (the gradient required for the incoming mass flow), while beneath the plunge
point it drops to about −150 Pa (consistent with the Bernoulli balance of the strong
vertical velocity). These spatial patterns agree with measured results (Hauenstein and
Dracos [21]) and confirm that the projection step removes the divergence to the order of
∼ 10−5 at every step, i.e. the flow remains practically incompressible.

The averaged concentration at the outflow boundary 𝛼out(𝑡) shows the approach of
the flow regime to a steady state (Figure 5). For 𝑡 < 1 s, 𝛼out ≈ 0; in the interval
1 < 𝑡 < 5 s the plume reaches the outlet and 𝛼out rises rapidly, after which it slowly
approaches the asymptotic value 2,64× 10−2. The final ratio is 𝛼out/𝛼in ≈ 0,264, i.e. the
outflowing water carries away only about 26% of the inflow concentration; the remaining
∼ 74% accumulates in the domain and forms an intrusion layer near the interface. This
indicates that 𝑡end = 30 s is limited for a fully steady state (a fully steady state requires
about 60÷ 100 s).

The integrated mass balance was found to satisfy the relation
𝑑𝑀

𝑑𝑡
= 𝑄in𝛼in−𝑄out𝛼out,

with a relative balance error below 10−3. This level provides fully sufficient conservation
for practical purposes in an open-boundary domain.

To assess the local stability, the vertical profile of the Richardson number,

𝑅𝑖(𝑧) =
− 𝑔 𝜕𝜌/𝜕𝑧
𝜌0 (𝜕𝑢/𝜕𝑧)2

,

was constructed from the density and velocity fields averaged over time and the horizontal
directions (Figure 6). By the classical Miles–Howard criterion, linear stability is ensured
in the regime 𝑅𝑖 > 0,25. In the numerical result 𝑅𝑖 takes positive values throughout
the depth; near the bed (𝑧 < 0,15 m) 𝑅𝑖 ≈ 0,16 ÷ 0,23 (slightly below the critical
limit, associated with the shear of the dense bottom current), around the interface (𝑧 ≈
0,3÷ 0,4 m) 𝑅𝑖 ≈ 20÷ 25 (the strong preservation of the density jump), and in the upper
layer 𝑅𝑖 ≈ 1 ÷ 5. Overall, 𝑅𝑖 > 0,25 at about 90% of the nodes (the stable regime)
and 0 < 𝑅𝑖 < 0,25 at about 10% (potentially unstable but not linearly unstable). This
explains why no strong KH “mushroom” phenomenon is observed during the simulation:
the stabilizing effect of phase separation and the parameterized turbulent diffusion prevent
a complete breakdown of the stratification.

Finally, Figure 7 presents a combined overview of the final state, bringing together
the concentration field, the velocity field, the outflow-concentration history and the
Richardson-number profile in a single panel.
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Figure 2 Time evolution of the concentration field 𝛼2 in the longitudinal cross-section 𝑦 = 𝐿𝑦/2
at five instants (𝑡 = 0; 3,565; 7,800; 12,145; 30,000 s): inflow, horizontal spreading, formation of
the plunge point and approach to the steady regime
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Figure 3 Final distribution of the velocity field |u| with velocity vectors: inflow, plunge conver-
gence and dense bottom current

Figure 4 Pressure perturbation: the high-pressure zone near the inlet and the low-pressure
trough beneath the plunge point

Figure 5 Time variation of the averaged outflow concentration 𝛼out(𝑡)
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Figure 6 Vertical profile of the Richardson number 𝑅𝑖(𝑧) (the Miles–Howard critical limit 𝑅𝑖 =
= 0,25 is shown as a dashed line): low values near the bed (flow shear) and strong maxima
around the interface (density jump)

Figure 7 Combined overview of the final state: concentration field, velocity field, outflow-
concentration history and Richardson-number profile

Table 3 Main variables and parameters of the model
Quantity Numerical result Classical estimate / source
Critical plunge discharge 𝑄cr 0.141 m3/s Akiyama–Stefan [21]
Regime 𝑄/𝑄cr 0.64 (subcritical) < 1 — plunging [21]
Inflow Froude number Frin 1.05 ≈ 1 (critical limit)
Plunge velocity |𝑤| 0.08 m/s (16%𝑈in) 15–20%𝑈in, Ellison–Turner

[22]
Max. underflow velocity 0.30 m/s (60%𝑈in) 50–70%𝑈in [23]
Pressure rise / drop +350 / − 150 Pa Hauenstein–Dracos [23]
Fraction of nodes with Ri > 0.25 ∼ 90% Miles–Howard stability
Relative mass-balance error < 10−3 —

To assess the reliability of the results, the main integral quantities were compared with
classical laboratory and theoretical estimates (Table 3). For all quantities the numerical
results match the expected physical ranges, which confirms the physical correctness of the
model and of the numerical scheme.
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Thus, the results confirm that the balance between two competing mechanisms —
phase separation (stabilizing, increasing 𝑅𝑖) and the velocity shear induced by the river
flow (destabilizing, decreasing 𝑅𝑖) — determines the solution of the problem.

5 Conclusion
In this work the dynamics of the inflow of a multiphase (turbid) river flow into a

stratified reservoir, phase separation, and the breakdown of the layered structure were
posed mathematically in three-dimensional geometry on the basis of Kh.A. Rakhmatulin’s
full two-fluid model. Unlike the Boussinesq approximation, each of the two phases has its
own velocity field, and the drag force between them directly represents phase separation;
the vertical mixing was tied to the local Richardson number, and near the bed re-erosion
was introduced through the Garcia–Parker formula.

The problem was solved on a Harlow–Welch staggered grid by a five-stage adap-
tive scheme based on operator splitting: TVD reconstruction for advection, Crank–
Nicolson/ADI for diffusion, and a projection method (Poisson equation by the PCG
method) for the pressure–velocity coupling. A simulation of the subcritical plunging
regime in a laboratory-scale basin (𝐹𝑟in ≈ 1,05, 𝑄/𝑄cr ≈ 0,64) correctly separated three
distinct stages — upper-layer spreading around the inlet, vertical deepening at the plunge
point, and a dense current along the bed. The results were verified against classical plung-
ing criteria (Knapp, Akiyama–Stefan), the plunge velocity (Ellison–Turner), the pressure
patterns (Hauenstein–Dracos), the Miles–Howard stability condition, and the mass bal-
ance (relative error < 10−3). The only notable limitation is that 𝑡end = 30 s is too short
to reach a fully steady state: 𝛼out has not yet fully reached its asymptote. Future work
should examine, through computations over 𝑡end ∼ 100÷200 s, the transition of the inflow
plume to periodic oscillations or the formation of a stable intrusion layer, as well as the
application of the developed architecture to the selective-withdrawal regime [20].
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МАТЕМАТИЧЕСКОЕ МОДЕЛИРОВАНИЕ
ПОСТУПЛЕНИЯ МНОГОФАЗНОГО ПОТОКА СМЕСИ В

СТРАТИФИЦИРОВАННОЕ ВОДОХРАНИЛИЩЕ И
РАЗРУШЕНИЯ СЛОИСТОЙ СТРУКТУРЫ
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Предложена трёхмерная математическая модель поступления мутного (несуще-
го наносы) речного потока в плотностно-стратифицированное водохранилище с учё-
том разделения фаз и разрушения слоистой структуры. Модель основана на теории
взаимопроникающих континуумов Х.А. Рахматулина: несущая жидкость и дисперс-
ные частицы обладают каждая своим полем скоростей, а сила межфазного взаимо-
действия описывает осаждение частиц. Коэффициент вертикального перемешива-
ния задаётся как функция локального числа Ричардсона, что учитывает разруше-
ние стратификации вследствие неустойчивости Кельвина–Гельмгольца; переразмыв
осевших частиц у дна моделируется по формуле Гарсиа–Паркера. Задача решается
на смещённой сетке Харлоу–Уэлча пятиэтапной схемой расщепления по операторам.
Моделирование субкритического режима ныряния воспроизводит входную струю,
точку ныряния, придонное течение и интрузионный слой; результаты подтвержде-
ны классическими критериями и балансом массы.

Ключевые слова: стратифицированное водохранилище, многофазный поток, мо-
дель Рахматулина, разделение фаз, мутьевой поток, ныряние, число Ричардсона,
неустойчивость Кельвина–Гельмгольца, расщепление по операторам, переразмыв,
формула Гарсиа–Паркера.

Цитирование: Яхшибаев Д.С., Боборахимов Б.И.Математическое моделирование
поступления многофазного потока смеси в стратифицированное водохранилище и
разрушения слоистой структуры // Проблемы вычислительной и прикладной мате-
матики. – 2026. – № 3(73). – С. 7-24.

DOI: https://doi.org/10.71310/pcam.3_73.2026.01





ПРОБЛЕМЫ ВЫЧИСЛИТЕЛЬНОЙ И
ПРИКЛАДНОЙ МАТЕМАТИКИ

№ 3(73) 2026
Журнал основан в 2015 году.

Издается 6 раз в год.

Учредитель:
Научно-исследовательский институт развития цифровых технологий и

искусственного интеллекта.

Главный редактор:
Равшанов Н.

Заместители главного редактора:
Арипов М.М., Шадиметов Х.М., Ахмедов Д.Д.

Ответственный секретарь:
Убайдуллаев М.Ш.

Редакционный совет:
Азамов А.А., Алоев Р.Д., Амиргалиев Е.Н. (Казахстан), Арушанов М.Л.,

Бурнашев В.Ф., Джумаёзов У.З., Загребина С.А. (Россия), Задорин А.И. (Россия),
Игнатьев Н.А., Ильин В.П. (Россия), Иманкулов Т.С. (Казахстан),

Исмагилов И.И. (Россия), Кабанихин С.И. (Россия), Курбонов Н.М., Маматов Н.С.,
Мирзаев Н.М., Мурадов Ф.А., Назирова Э.Ш., Нормуродов Ч.Б., Нуралиев Ф.М.,

Опанасенко В.Н. (Украина), Расулмухамедов М.М., Садуллаева Ш.А.,
Старовойтов В.В. (Беларусь), Хаётов А.Р., Халджигитов А., Хамдамов Р.Х.,

Хужаев И.К., Хужаеров Б.Х., Эшмаматова Д.Б., Дустмуродова Ш.Ж.,
Чье Ен Ун (Россия), Шабозов М.Ш. (Таджикистан), Dimov I. (Болгария),

Li Y. (США), Mascagni M. (США), Min A. (Германия), Singh M. (Южная Корея).

Журнал зарегистрирован в Агентстве информации и массовых коммуникаций при
Администрации Президента Республики Узбекистан.

Свидетельство №0856 от 5 августа 2015 года.

ISSN 2181-8460, eISSN 2181-046X

При перепечатке материалов ссылка на журнал обязательна.
За точность фактов и достоверность информации ответственность несут авторы.

Адрес редакции:
100125, г. Ташкент, м-в. Буз-2, 17А.

Тел.: +(998) 71 263-41-98.
Э-почта: journals@airi.uz.

Веб-сайт: https://journals.airi.uz.

Дизайн и вёрстка:
Шарипов Х.Д.

Отпечатано в типографии НИИ РЦТИИ.
Подписано в печать 25.06.2026 г.

Формат 60х84 1/8. Заказ №3. Тираж 100 экз.



PROBLEMS OF COMPUTATIONAL AND
APPLIED MATHEMATICS

No. 3(73) 2026
The journal was established in 2015.

6 issues are published per year.

Founder:
Digital Technologies and Artificial Intelligence Development Research Institute.

Editor-in-Chief:
Ravshanov N.

Deputy Editors:
Aripov M.M., Shadimetov Kh.M., Akhmedov D.D.

Executive Secretary:
Ubaydullaev M.Sh.

Editorial Council:
Azamov A.A., Aloev R.D., Amirgaliev E.N. (Kazakhstan), Arushanov M.L.,

Burnashev V.F., Djumayozov U.Z., Zagrebina S.A. (Russia), Zadorin A.I. (Russia),
Ignatiev N.A., Ilyin V.P. (Russia), Imankulov T.S. (Kazakhstan), Ismagilov I.I. (Russia),
Kabanikhin S.I. (Russia), Kurbonov N.M., Mamatov N.S., Mirzaev N.M., Muradov F.A.,

Nazirova E.Sh., Normurodov Ch.B., Nuraliev F.M., Opanasenko V.N. (Ukraine),
Sadullaeva Sh.A., Starovoitov V.V. (Belarus), Khayotov A.R., Khaldjigitov A.,

Khamdamov R.Kh., Khujaev I.K., Khujayorov B.Kh., Eshmamatova D.B.,
Dustmurodova Sh.J., Chye En Un (Russia), Shabozov M.Sh. (Tajikistan),
Dimov I. (Bulgaria), Li Y. (USA), Mascagni M. (USA), Min A. (Germany),

Singh M. (South Korea).

The journal is registered by Agency of Information and Mass Communications under the
Administration of the President of the Republic of Uzbekistan.

Certificate of Registration No. 0856 of 5 August 2015.

ISSN 2181-8460, eISSN 2181-046X

At a reprint of materials the reference to the journal is obligatory.
Authors are responsible for the accuracy of the facts and reliability of the information.

Address:
100125, Tashkent, Buz-2, 17A.

Tel.: +(998) 71 263-41-98.
Е-mail: journals@airi.uz.

Web-site: https://journals.airi.uz.

Layout design:
Sharipov Kh.D.

DTAIRI printing office.
Signed for print 25.06.2026

Format 60х84 1/8. Order No. 3. Print run of 100 copies.



Содержание

Яхшибаев Д.С., Боборахимов Б.И.
Математическое моделирование поступления многофазного потока смеси в
стратифицированное водохранилище и разрушения слоистой структуры . . . 7

Бахтиёров Б.Б., Хужаев И.К., Туропова Н.В.
Математическая модель и анализ гашения гидравлического удара с помо-
щью воздушного колпака . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

Бегимов О.М., Хужаев И.К., Мамадалиев Х.А.
Исследование скорости распространения малых возмущений давления в га-
зожидкостной среде с учетом массовой концентрации газа и деформации
стенки трубопровода . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

Эргашев Д.Й., Хужаев Ж.И., Ахмаджонов С.С.
Математическая модель процесса теплоотдачи от жидкого теплоносителя,
текущего по оребренному прямоугольными ребрами цилиндрическому тру-
бопроводу . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

Музаффаров С.А., Маратов Х.У., Хамдамов А.А.
Вычислительное моделирование вертикально-осевой ветроэнергетической
установки с пассивным изменением шага лопастей для условий слабых ветров 61

Хожикулов Ш.Ш., Бегимов О.М., Обиджонов А.Ж.
Исследование динамики переходных процессов, связанных с изменением рас-
хода в конце участка трубопровода, с учетом и без учета силы сопротивления 75

Равшанов Ш.А., Боборахимова М.И., Чуллиев Ш.И.
Моделирование тепло- и массообмена в рельефном трубопроводе с постоян-
ными и изменяющимися диаметрами . . . . . . . . . . . . . . . . . . . . . . . 90

Равшанов Н., Боборахимов Б.И., Бердиёров Ш.Ш.
Характеристики загрязнения мембраны в процессе фильтрации и транспор-
тировки в цилиндрическом пористом фильтре . . . . . . . . . . . . . . . . . . 104

Халджигитов А.А., Бобоназаров А.А., Рахмонова Р.А., Тиловов О.О.
Численное моделирование задач теории упругости в напряжениях методом
конечных элементов . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

Тиловов М.А.
Численное исследование динамики производных различного порядка урав-
нения Фолкнера–Скэна в зависимости от градиента давления . . . . . . . . . 139

Жумаев З.З.
Приближённое решение задач с начальными условиями для дифференци-
альных уравнений первого порядка с использованием комбинированного ме-
тода Рунге–Кутты и метода с кусочно-постоянным аргументом . . . . . . . . 153



Contents

Yakhshibaev D.S., Boborakhimov B.I.
Mathematical modeling of multiphase mixture inflow into a stratified reservoir
and the breakdown of the layered structure . . . . . . . . . . . . . . . . . . . . . 7

Bakhtiyorov B.B., Khujaev I.K., Turapova N.V.
Mathematical model and analysis of water hammer damping using an air vessel . 25

Begimov O.M., Khujaev I.K., Mamadaliev Kh.A.
Investigation of the propagation velocity of small pressure disturbances in a
gas–liquid medium with account for gas mass concentration and pipeline wall
deformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

Ergashev D.Y., Khujaev J.I., Akhmadjonov S.S.
A mathematical model of heat transfer from a liquid coolant flowing through a
cylindrical pipeline finned with rectangular fins . . . . . . . . . . . . . . . . . . . 50

Muzaffarov S.A., Maratov Kh.U., Hamdamov M.M.
Computational modeling of a passive-pitch low-wind vertical-axis wind turbine . 61

Khozhikulov Sh.Sh., Begimov O.M., Obidjonov A.J.
Investigation into the dynamics of transient processes associated with flow rate
changes at the end of a pipeline section, both with and without resistance force . 75

Ravshanov Sh.A., Boborakhimova M.I, Chulliev Sh.I.
Modelling heat and mass transfer in a relief pipeline with constant and varying
diameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

Ravshanov N., Boborakhimov B.I., Berdiyorov Sh.Sh.
Membrane fouling characteristics during filtration and transport processes in a
cylindrical porous filter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

Khaldjigitov A.A., Bobonazarov A.A., Rakhmonova R.A., Tilovov O.O.
Numerical modeling of elasticity theory problems in terms of stresses using the
finite element method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

Tilovov M.A.
Numerical study of the dynamics of derivatives of various orders of the
Falkner–Skan equation depending on the pressure gradient . . . . . . . . . . . . 139

Jumaev Z.Z.
Approximate solution of initial value problems for first-order differential equa-
tions using a combined Runge-Kutta and piecewise constant argument method . 153


	Обложка_А4
	PCAM-3-2026.pdf



