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1 Introduction

Reservoirs perform vital functions — irrigation, hydropower, water supply and flood
protection — yet their useful capacity is shrinking year after year because of sediment ac-
cumulation (sedimentation). Recent global assessments have revealed the scale of this pro-
cess anew: using a physics-informed machine-learning model covering more than 550,000
reservoirs, Woolway et al. showed that the average water volume of reservoirs worldwide
is declining by roughly 7.3% per decade, with small reservoirs being the most at risk [1].
Computations by Smakhtin et al. for 47,403 large dams in 150 countries predict the loss of
about 26% of global useful capacity by 2050 [2]. To support such assessments with reliable
data, open global sediment databases (GRILSS) [3| and methods for estimating sedimen-
tation rates from high-resolution Sentinel-2 satellite imagery and water-level data [4] are
being developed. The problem is especially acute for Central Asia: regional rivers such as
the Amu Darya, the Syr Darya and the Zarafshan carry high sediment loads, and many
reservoirs in Uzbekistan are severely affected by intense sedimentation [5].

When turbid river water enters clear, stratified reservoir water, its density exceeds that
of the surroundings, so it “plunges” downward and turns into a dense bottom-hugging cur-
rent — a turbidity current. The hydrodynamic mechanisms of this phenomenon have been
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reviewed in detail by Meiburg and Kneller [6], while the classical foundations of plunging
theory lie in the works of Akiyama and Stefan 21| and Ellison and Turner [22|. Using
a two-layer depth-averaged model, Sun et al. analyzed the effect of tributary inflow on a
reservoir turbidity current, including the shift of the plunge point [7]. Field observations
by Blanckaert et al. in a deep stratified lake showed that mixing in the plunge zone and
resuspension of sediment from the bed play decisive roles along the path of a dense river
inflow [8]. Rétif et al. predicted the intrusion depth and vertical density structure of a
gravity current entering a two-layer stratification from laboratory experiments through a
critical Froude number [9].

To predict such processes quantitatively, one-dimensional (1D), two-dimensional
depth- or layer-averaged (2D), and fully three-dimensional computational fluid dynamics
(3D CFD) models are employed. In a comprehensive review, Greimann summarized best
practices for modeling reservoir sediment flushing and turbidity-current venting, empha-
sizing that many empirical models cannot describe sediment transport after deposition
and that advanced 2D /3D models are therefore required [10]. Guo et al. provided a com-
parative survey of the current state of turbidity-current modeling — single-fluid (one-fluid)
and two-fluid models, high-resolution methods, and artificial intelligence approaches [11].

The most complete physical description of a sediment—water mixture is the two-fluid
(Euler—Euler) approach, which treats both phases as interpenetrating continua; the clas-
sical theoretical foundation of this approach was laid by Kh.A. Rakhmatulin [12]. Unlike
single-fluid Boussinesq models, the two-fluid model assigns a separate velocity field to
each phase (water and particles) and thus directly represents phase separation — the
settling of particles relative to the water. Based on an equilibrium closure, Balachandar
derived a simplified two-fluid model for a dilute dispersion of small particles and dis-
tinguished three regimes according to the relative strength of gravitational settling [13].
Mathieu, Chauchat et al. coupled the water and sediment phases together with a free
surface (air phase) in an Eulerian framework in the OpenFOAM-based sedInterFoam
model to simulate multiphase sediment transport [14].

The incoming flow generates velocity shear near the existing interface, lowering the
local Richardson number Ri; when Ri drops below a critical value (Ri < 1/4), Kelvin—
Helmholtz (KH) instability develops, the layers mix, and stratification is destroyed. Ol-
sthoorn et al. studied asymmetric shear instabilities with mismatched velocity and density
interfaces, analyzing their hybrid character between the KH and Holmboe regimes and
the distribution of the gradient Richardson number [15]. Li and Lin numerically modeled
KH instability in a variable-density stratification, showing that the instability enhances
mixing through interface growth, while diffusion broadens the transition layer [16]. At
the same time, stable stratification reduces the entrainment of ambient water by a tur-
bidity current, allowing it to travel over long distances [17]; the theoretical description of
long-runout turbidity currents has recently been developed in a two-layer formulation [18|.

The near-bed turbulence of a turbidity current lifts deposited particles, giving rise
to re-erosion that competes with settling. In computing the intensity of sediment en-
trainment from the bed into suspension, the widely used empirical relations of Garcia
and Parker serve as the principal criterion [19]. From a practical viewpoint, selective
withdrawal is an important tool in managing stratified reservoirs and has demonstrated
its effectiveness in stabilizing thermal stratification and improving downstream ecological
conditions [20].

A review of the existing literature shows that most works on modeling turbid river
inflow into a reservoir rely on 2D depth- /layer-averaged or single-fluid Boussinesq approx-
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imations; studies that consider phase separation (particle settling) and the destruction of
the existing stratification simultaneously, together with re-erosion at the bed, within a
fully three-dimensional two-fluid Rakhmatulin model are rare. To fill precisely this gap,
the present work poses — in three-dimensional geometry, on the basis of Kh.A. Rakhmat-
ulin’s full two-fluid model — the dynamics of the inflow of a multiphase mixture into a
stratified reservoir, phase separation, and the breakdown of the layered structure, and
investigates them numerically using an adaptive scheme based on operator splitting.

2 Problem statement and mathematical model

We consider a rectangular reservoir with horizontal dimensions L, x L, and depth H.
In the initial state the reservoir has a two-layer structure: the upper layer is clear water
(thickness hy = H — (o, particle volume concentration ¢; ~ 0), and the lower layer is
turbid water (thickness hy = (p, concentration s), with the interface located at z = (.
River flow enters through the surface at x = 0. The river water is a two-phase dispersed
mixture consisting of a carrier medium (water, n = 1) and dispersed particles (sediment,
n = 2); the inflow concentration satisfies p;, > @9 > 1, i.e. the river water is more turbid
than either layer of the reservoir. The mean velocity U;,, depth h;, and width b;, of the
river flow are prescribed. The physical scheme of the problem is shown in Figure 1.

Uin: Cbin f
T clear layer, ¢;
\ return flow
z plunge point "
.
turbid layer, o9
dense bottom current (underflow) ha=C(o
. r
« I >

Figure 1 Physical scheme of multiphase river inflow into a stratified reservoir and of the plunging
process (vertical cross-section)

The computational domain and the river inflow surface are

Q={(z,y,2): 0<r< L, 0Ky < Ly, 0< 2 < HY,

Fin = {.T - O; ’y - yin‘ < bin/zu 0<2< hin}-

Each phase has its own velocity field. The unknown functions are: the velocity com-
ponents of the water phase (n = 1) wuy, vy, wy; the velocity components of the particle
phase (n = 2) ug, v, wo; the pressure p; and the particle volume concentration ¢ — eight
unknown functions in total (Table 1).

On the basis of Kh.A. Rakhmatulin’s model of interpenetrating multiphase media [12],
the Reynolds-averaged equations are written as follows.
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Continuity equation for the particle phase:

Op  Olpua) | Olpva) | Olpws) _
ot Ox dy 0z

(1)
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Continuity equation for the water phase:

Op O —@)ui]  O[1—p)u] I[(1—u] _
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Adding these two equations yields the incompressibility condition of the mixture:

(1 — )us + pus,
(1 - @)Ul + YU, (3)
(1 — @)w + pw.,
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where V,, V,,, V, are the mean volumetric velocity components.

Momentum equations for the particle phase (the z,y, z projections):
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Table 1 Main variables and parameters of the model

Symbol ~ Meaning Unit
uy, v, w;  velocity components of the water phase m/s
Uz, Vo, we  velocity components of the particle phase  m/s
Ve, Vi, V. mean volumetric velocity components m/s

P pressure Pa

% particle volume concentration —

Pfs Ps density of water and of a particle kg/m”
£o reference (characteristic) density kg/m”
Iy dynamic viscosity of water Pa-s
Leff effective (turbulent) viscosity Pa-s
d particle diameter m

Wt Stokes settling velocity of a single particle m/s
ws(p) hindered settling velocity m/s
ngR hindered-settling exponent —
Dy, D, horizontal and vertical diffusion coefficient m?/s
B(p) interphase drag coefficient kg/(m? - s)
g gravitational acceleration m/ s2
g reduced gravitational acceleration m /s’
Ri Richardson number —

E, re-erosion intensity m/s
Cy bed friction coeflicient —
Re, particle Reynolds number —

0;, Co interface thickness and level m

Momentum equations for the water phase (the z,y, z projections):

(9u1 8u1 Gul aul .
(1—90)pf<at + uy Ee + vy 3y + wy 82) =
. ap (92u1 82U1 821,61
= (-4 (- o (G + G+ )~ Bl - o)

81}1 61}1 01}1 81}1
1 — — — — — p—
( “D)pf(at”laz”lay +wlaz)

op vy 0*v 0%
==L+ (1= o (G2 + T2+ T8 — e v
(9w1 8w1 (9w1 awl .
(1—g0)pf( BT + up pe + vy 3y + wq 8z>_

200 200 200
(=G (- o ( G+ G ) = (L 9o — BN~ w)
(8)
By Newton’s third law, the interphase forces are antisymmetric: the force on the par-
ticles is +5(¢)(+), and on the water —f(p)(-). It is precisely these terms that equilibrate
the two phase velocities and establish a steady settling velocity.
Interphase drag coefficient and steady settling velocity:
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Bp) = (1 ), () = ws(1 - @)™, )

where d is the particle diameter, ws; is the Stokes settling velocity of a single particle, and
ng is the hindered-settling exponent. As the concentration increases (¢ — 1), settling
slows down — the hindered-settling effect.

The vertical diffusion coefficient is taken as a function of the strength of the stratifi-
cation:

DzO

9(ps — pr)/po dp
(1 + O'RRi)nd ’

oV, 2+ v, 2+ |0z
0z 0z °Ri

This relation embodies two competing mechanisms: when particles settle (9p/0z < 0),
the stratification strengthens, Ri increases, D, decreases and mixing weakens (a stabilizing
effect); when the river flow enters, the velocity shear grows, Ri decreases, D, increases
and mixing intensifies (a destabilizing effect).

At t = 0 the reservoir is at rest and a two-layer stratification is present:

D, = Ri(x,y, z,t) = . (10)

U1:U1:w1:07 UQZUQZU}Q:O, (].1)
P2 z—Go
go(x,y, 2y O) - 7 1 — tanh 5 ) (12)
H
p(2,9,%,0) = patm + / [pr(1 =) + psp] g dE, (13)

where §; is the initial interface thickness and the pressure follows the hydrostatic distri-
bution.

River inflow surface (T'y,). The phases are assumed to be in equilibrium in the river
flow:

up=up=Uyp, vi=v=0, wi=wy=0, ¢=pi, (y,2) € [y (14)

Outside the inflow region, no-slip / no-flux (solid-wall) conditions are imposed on the
surface x = 0, on the opposite wall x = L,, and on the side walls y = 0, y = L,,.

Bed surface (z = 0). No-slip is imposed for the water phase; for the particle phase
the horizontal velocities vanish and the vertical velocity equals the settling velocity:

up =v; =w; =0, U = v9 = 0, wy = _ws(‘P)‘z:o' (15)

For the concentration, the balance of settling and re-erosion holds:

(~ouste) + D.57)

= E.(z,y,t). (16)

The re-erosion intensity is computed as a function of the near-bed flow velocity using
the Garcia—Parker formula:

A

u,Re%0
- r p
' 15 a,z503% )

Lz = Cowe= O )y (1T)

z=0 Wst
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where Re, = pjwsid/ iy is the particle Reynolds number, A, = 1,3 x 1077, and C} is the
friction coefficient.

Free surface (z = H). The tangential stresses vanish for the water and particle
phases, the normal velocity is zero, the pressure equals the atmospheric pressure, and no
particles leave through the surface:

— 0. (18)

z=H

8un o 81}n B B B B B a(p
0z 0z 0, w,=0(Mn=12), p=pam, < ows (@) + DZ%)

To assess the stability of the stratified flow, the reduced gravitational acceleration and
the critical turbidity-current velocity are introduced:

— / _ 2 2 / _ 2 2
d=g P2p P17 U, = 2\/M’ Qiner = 2bin ht\/M' (19)
0 ) )

The minimum surface area required for clarification and the modified clarification time
under the influence of the river inflow are

S Qin@in (mod) _ Ta R — Qin@oin
o wSt(l - 902>nR(102’ . 1-R’ ws(§02)§02L:pLy

(20)

For the stratification to be preserved and clarification to continue, the following three
conditions must hold simultaneously:

2

1 U,
Ri, > 1 (Kelvin-Helmbholtz), /:5 < 1 (internal waves), R < 1 (mass balance). (21)
g9

Thus, the governing equations (3)—(13), together with the initial conditions (14)—(16)
and the boundary conditions (17)—(21), form the complete, closed three-dimensional state-
ment of the problem: eight unknowns, eight equations, with conditions for all unknowns
on all six surfaces.

3 Numerical solution algorithm

The computational domain €2 is covered by a structured rectangular grid: N, and N,
cells in the horizontal directions and N, cells in the vertical direction, with corresponding
steps Ax = L, /N,, Ay = L,/N,, Az = H/N,. A Harlow-Welch staggered (MAC) grid
is used: the scalar quantities — the concentration ¢ and the pressure p — are placed
at cell centers (z;,y;, z), while the velocity components are placed at cell faces. This
arrangement eliminates unphysical oscillations in the pressure—velocity coupling.

At the beginning of every step the time step is computed adaptively from the advective
Courant—Friedrichs-Lewy (CFL) condition (the diffusive restriction is removed because
the Crank—Nicolson scheme is used for the diffusive terms):

C 0max
(Tl B Y
ik \Axz" Az Ay Az

where Uy = Uy, is the river inflow velocity.

At =

Comax = 0.5, (22)
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On the staggered grid the scalar quantities are placed at cell centers (x;,y;, 2 ), where
z; = (i —3)Az, y; = (j — 5)Ay, z = (k — 3)Az; the z-velocity u is defined at the (i +
+ %,j, k) faces, v at (1,5 + %, k), and w at (i, j, k+ %) To compute the concentration fluxes
to second order but without unphysical oscillations, the cell-face values are obtained by
a total-variation-diminishing (TVD) reconstruction. When the face velocity is positive

<“?+1/2,j,k > 0):

n n
Qp — G

£ _ 1,00 + _
Qg1 =05 + 3 P(r) (afy —af), Ty = — ) (23)
Qg1 — &
and when it is negative (u',; ;. < 0):
n n
£ 1 - - Qiyo — Qg
®ip1/2 = O~ g (ripa) (i — o), Tig1 = zn ln g

where the van-Leer-type flux limiter

T+ |r|

v = Topp

is adopted; an analogous reconstruction is carried out in the y and z directions and for
the velocity components of both phases. The diffusion coefficients at the cell faces are
computed as harmonic means:

D 2D,k Dita i

. 24
ik T Dig1jk (24)
Each time step t" — t"*! is carried out in five stages.
Stage 1 (advective predictor step). The concentration and the velocity fields of
both phases are updated under the action of the advective terms alone. For the concen-
tration, the full discrete form with TVD fluxes is

Ok~ Qe B azf+1/2‘/zrfi+1/2 - 0‘1{71/2 i—1/2 B
At N Az
O‘§'+1/2V;]?j+1/2 - Oég'—l/QV;}?j—l/Z 042+1/2V;’?k+1/2 - 042—1/2‘/;13—1/2
B Ay B Az ‘

The advective terms of the z-momentum equation of the particle phase are discretized
with an upwind scheme:

n n
g M2igk T Y2ic1gk o n =0
x n 1 ..
Ua,ijk — Y2k _ 2hdk Az Uik > Y
— i §
At no W2it15k T Y245k n 0
W23,k Ar ;o Uy <0,

— [y- and z-direction advective terms (analogous) |.

The remaining components (vq, ws) and the momentum equations of the water phase
(u1,v1,wy) are discretized in exactly the same manner.

Stage 2 (diffusive step). The diffusive terms are approximated to second order in
time with the implicit Crank—Nicolson scheme:

*k

Ok =k (2,4 £y 4 L)+ B (L + £y + £)a"
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where, for example, the discrete form of the z-direction diffusion operator is

Di+1/2(ai+1 - Oéi) - Dz'fl/Q(ai - 061‘71)

L. = =

The resulting three-dimensional implicit system is solved by the alternating-direction
implicit (ADI) method in three successive sweeps; at each sweep a tridiagonal system is
formed along a single coordinate and solved by the Thomas algorithm in O(V) operations:

(1-3L.)a = (1+5L,+ 4.,

The viscous diffusion of the velocity components of both phases is treated by exactly
the same scheme.

Stage 3 (interphase drag and gravity). At each node the interphase-drag and
gravity terms are accounted for with a semi-implicit scheme — this removes the stiff re-
striction that arises when the interphase-drag coefficient 5(y) is large. For the z-direction:

ok o
o Wo o — Wy

psa” = = K (uf™ —wi™) — p,a™y,
Hok wi™ —wy” sokok sokok Hok
pf(l_a )1A—tl:—K<w1 — Wy )_pf<1_a )gv

where K = 3(¢**). With the notation A = p;a™ /At and B = ps(1 — a**)/At, these two
equations reduce to a 2 x 2 linear system:

A+K -K w3 Aws" — psa™yg
( —K B+ K) <wT**> - (B wi* = pp(l— a**)g> '

Since its determinant A = (A+ K)(B+ K) — K? = AB+ K(A+ B) > 0, the solution
is found analytically in closed form at every node; for the horizontal components the same
system without the gravity term is solved.

Stage 4 (pressure correction, projection). The intermediate velocity field V***
does not in general satisfy the incompressibility condition; to correct it a pressure cor-

rection p’ is introduced. The divergence of the mean volumetric velocity is computed to
second order at the cell center:

kok sk kokok kokk kokk kok sk kokok

V.V, = x,i+1/2 T Vri—1/2 yg+1/2 — Vyi—1/2 2,k+1/2 z7k—1/2'
( Jisi Ax * Ay * Az

A seven-point discrete Poisson equation for the pressure correction is obtained:
/ / / / / /

Pisijk — 2Pijn + Picrjn | Pijrie — 2Pige + Pij1k

2 + 2

Ax Ay
/ / / —
Pijr+1 ~ 2Pijr T Pijr1 P
Az? At

+

_|_

(v . V***)i7‘j7k7

which is solved by the preconditioned conjugate-gradient (PCG) method; the normal
derivative of p’ is zero on the inflow surface (9p’/On = 0) and p’ = 0 on the free surface.
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The velocity components are then corrected (through a single pressure field for both
phases):

/ /
R At Piv1jk — Pijk
n7z+1/2 Tl,Z-‘rl/Q ﬁ A$ 9
/ /
Wit s Bt Pigker — Piga n—19
n,k+1/2 n,k+1/2 i Az ) )

and the v components are corrected analogously.

Stage 5 (re-erosion source). In the cell layer nearest the bed (k = 1) the resus-
pension of deposited particles is taken into account. First the near-bed shear velocity and
the Garcia—Parker parameters are computed discretely:

0.6
Uy 4 ‘Re
R 2 2 R L i
Usij = \/Cf (U1,z’7j,1 + Ul,i,j,l)v Lrij = ws )
t
5
E ... = ATZM}J' w (CM** )
7,2, - S 0.1.1
J 1+ATZ§l]/0,3 1,7,177

and then the concentration is updated by the source term (with the physical bound
E. At/ Az < pmax):
A
aﬁ,&l =+ A_Z Erj-

The boundary conditions are implemented by the ghost- (virtual-)cell method. On the
river inflow surface the face velocities are prescribed directly: wy1/2 5 = u21/2,% = U,
v = w = 0; the face value of the concentration is o{ ok = Ctiny and the ghost cell is
obtained by extrapolation, ayg i = 2ai, — ;5. On the bed surface (the ghost layer k = 0
below k& = 1) the no-slip condition for water is ensured by wuy;;0 = —u1,1, while for
the particles the concentration gradient is determined from the balance of settling and
re-erosion:

Q51— Qijo Az

A = aijaws(ign) — Erij = ®ijo = ij1— = |Qijiws — Bl

D,
D,

On the free surface (the ghost layer above k = N,) a zero-gradient condition is imposed
for the velocities and a zero-flux condition for the particles in the form «; ; v, 41 = v j N, —
— (Azws/D,) o, jn.; on the side walls, zero-gradient (no-flux) conditions hold for all
quantities.

Each time step is carried out in the following sequence:

— the initial values and conditions are set;

— the adaptive At is computed from (24);

— the river inflow boundary conditions and the near-bed coefficients u,, E, are updated;
— Stage 1: advective predictor step (TVD);

— Stage 2: diffusive step (Crank—Nicolson + ADI/Thomas);

— Stage 3: interphase drag and gravity (semi-implicit, analytic solution);

— Stage 4: pressure correction — Poisson equation (PCG);

— boundary conditions are imposed on the velocity field and all unknowns;

— Stage 5: re-erosion source;

— Picard iteration for the nonlinear terms: the iteration stops when the relative difference

of the velocity field between two successive iterations is smaller than 1075,
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— convergence is checked and the next step is taken.

4 Numerical results and discussion

To demonstrate the capabilities of the scheme, the subcritical plunging regime was
modeled in a laboratory-scale prismatic basin. The computational parameters are given
in Table 2.

Table 2 Baseline computational parameters

Parameter Symbol Value
Domain length L, 4.0 m
Domain width L, 2.0 m
Domain depth H 1.5m
Number of grid cells Nz, Ny, N, 24, 16, 20
Horizontal steps Ax, Ay 0.167; 0.125 m
Vertical step Az 0.075 m
Interface level h; 0.7 m
Upper-layer concentration aq 1x1073
Lower-layer concentration fa% 5x 1072
Inflow mean velocity Ui 0.5 m/s
Inflow concentration Olin 0.10

Inflow height / width hin, Bin 0.3; 0.6 m
Reduced gravity q 0.763 m/s?
Horizontal /vertical diffusion Dy, D, 1 x 1072 m?/s
Effective viscosity Veft 1 x 107 m?/s
Simulation duration tend 30 s

The value ¢’ ~ 0,763 m/s?, corresponding to the density difference, equals about 7.8%
of the gravitational acceleration of fresh water — consistent with a typical condition in
a natural stratified reservoir. The volumetric inflow rate is Q = UiphinBin = 0,09 m? /s,
which, relative to the critical plunge discharge computed from the Knapp and Akiyama-—
Stefan [21] theory, Q. = Biny/g'h3 ~ 0,141 m3/s, gives Q/Q. = 0,64, i.e. the flow is in
the subcritical inflow regime. The Froude number of the incoming flow is

Ui 0,5

Fin: = ~
e V0,763 0.3

1.05,

indicating that the flow lies near the critical limit (Fr = 1). The inflow Reynolds number
computed from the effective viscosity, Rey, = Unhin/Ver = 1500, represents the fully
turbulent regime of the real flow through a parameterized turbulent mixing.

During the computation the maximum Courant number was Ci,.x = 0,40, and the
adaptive step remained below the bound Co,,.« = 0,5 for almost the entire time; the 30 s
simulation was carried out in N = 1011 steps with a mean step At ~ 0,030 s. To ensure
a reliable solution of the pressure Poisson equation in regions of sharp density gradients,
the number of PCG iterations was increased to 60.

The evolution of the concentration field in the longitudinal cross-section reveals the
classical stages of the plunging process (Figure 2). Around ¢ ~ 3.5 s the plume leaves the
inlet and first spreads in the horizontal direction; its density is appreciably higher than
that of the upper layer but also exceeds that of the lower layer. In the interval ¢t ~ 7+-10s
the plume turns downward under its own weight and the plunge point forms; at this point
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the vertical velocity reaches w =~ —0,08 m/s, i.e. about 16% of the incoming horizontal
velocity — in agreement with the laboratory estimate of Ellison-Turner [21]. By t ~ 12 s
the plume reaches the interface level (z ~ 0,7 m), partially breaks it and descends into
the lower layer; in the final state at ¢ = 30 s the plume occupies about 70% of the domain
length.

The velocity field fully reveals the hydrodynamic structure of the plunging process
(Figure 3). Near the inlet (z < 1 m) the flow is almost horizontal, retaining u ~ Uy,
and drives a strong return flow in the lower layer. Around the plunge point a convergent
streamline pattern forms and the velocity vector deflects downward. Beyond the plunge
point the flow attaches to the bed and develops as a dense bottom current (underflow);
in this current the maximum velocity is about 0,3 m/s (=~ 60% Uy, ), reflecting the partial
conversion of inertial energy into gravitational potential energy.

The deviation of the pressure field from the hydrostatic level shows the hydrodynamic
response to the plume inflow (Figure 4). Around the inlet the pressure rises by about
+350 Pa (the gradient required for the incoming mass flow), while beneath the plunge
point it drops to about —150 Pa (consistent with the Bernoulli balance of the strong
vertical velocity). These spatial patterns agree with measured results (Hauenstein and
Dracos [21]) and confirm that the projection step removes the divergence to the order of
~ 107° at every step, i.e. the flow remains practically incompressible.

The averaged concentration at the outflow boundary cp,(t) shows the approach of
the flow regime to a steady state (Figure 5). For ¢t < 1 s, oy ~ 0; in the interval
1 <t < 5 s the plume reaches the outlet and «,, rises rapidly, after which it slowly
approaches the asymptotic value 2,64 x 1072, The final ratio is aou /i & 0,264, i.e. the
outflowing water carries away only about 26% of the inflow concentration; the remaining
~ 74% accumulates in the domain and forms an intrusion layer near the interface. This
indicates that te,q = 30 s is limited for a fully steady state (a fully steady state requires
about 60 = 100 s).

dM
The integrated mass balance was found to satisfy the relation o Qinin — Qout Xout

with a relative balance error below 1073, This level provides fully sufficient conservation
for practical purposes in an open-boundary domain.
To assess the local stability, the vertical profile of the Richardson number,

Rifz) = 2002
po (0u/0z)?

was constructed from the density and velocity fields averaged over time and the horizontal
directions (Figure 6). By the classical Miles-Howard criterion, linear stability is ensured
in the regime Ri > 0,25. In the numerical result R: takes positive values throughout
the depth; near the bed (z < 0,15 m) Ri ~ 0,16 + 0,23 (slightly below the critical
limit, associated with the shear of the dense bottom current), around the interface (z &
0,3+ 0,4 m) Ri =~ 20+ 25 (the strong preservation of the density jump), and in the upper
layer Ri ~ 1+ 5. Overall, Ri > 0,25 at about 90% of the nodes (the stable regime)
and 0 < Ri < 0,25 at about 10% (potentially unstable but not linearly unstable). This
explains why no strong KH “mushroom” phenomenon is observed during the simulation:
the stabilizing effect of phase separation and the parameterized turbulent diffusion prevent
a complete breakdown of the stratification.

Finally, Figure 7 presents a combined overview of the final state, bringing together
the concentration field, the velocity field, the outflow-concentration history and the
Richardson-number profile in a single panel.
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the plunge point and approach to the steady regime
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Figure 7 Combined overview of the final state: concentration field, velocity field, outflow-
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Table 3 Main variables and parameters of the model

Quantity

Numerical result

Classical estimate / source

Critical plunge discharge Q..
Regime Q/Qe

Inflow Froude number Fry,
Plunge velocity |w|

Max. underflow velocity
Pressure rise / drop

Fraction of nodes with Ri > 0.25
Relative mass-balance error

0.141 m?/s

0.64 (subcritical)
1.05

0.08 m/s (16% Us)

0.30 m/s (60% Uiy)
4350 / — 150 Pa
~ 90%

<107?

Akiyama-Stefan [21]

< 1 — plunging [21]

~ 1 (critical limit)

15-20% Uiy, Ellison—Turner
22]

50-70% Uy (23]
Hauenstein-Dracos 23]
Miles-Howard stability

To assess the reliability of the results, the main integral quantities were compared with
classical laboratory and theoretical estimates (Table 3). For all quantities the numerical
results match the expected physical ranges, which confirms the physical correctness of the
model and of the numerical scheme.
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Thus, the results confirm that the balance between two competing mechanisms —
phase separation (stabilizing, increasing Ri) and the velocity shear induced by the river
flow (destabilizing, decreasing Ri) — determines the solution of the problem.

5 Conclusion

In this work the dynamics of the inflow of a multiphase (turbid) river flow into a
stratified reservoir, phase separation, and the breakdown of the layered structure were
posed mathematically in three-dimensional geometry on the basis of Kh.A. Rakhmatulin’s
full two-fluid model. Unlike the Boussinesq approximation, each of the two phases has its
own velocity field, and the drag force between them directly represents phase separation;
the vertical mixing was tied to the local Richardson number, and near the bed re-erosion
was introduced through the Garcia—Parker formula.

The problem was solved on a Harlow—Welch staggered grid by a five-stage adap-
tive scheme based on operator splitting: TVD reconstruction for advection, Crank-—
Nicolson/ADI for diffusion, and a projection method (Poisson equation by the PCG
method) for the pressure—velocity coupling. A simulation of the subcritical plunging
regime in a laboratory-scale basin (F'ry, ~ 1,05, Q/Qc =~ 0,64) correctly separated three
distinct stages — upper-layer spreading around the inlet, vertical deepening at the plunge
point, and a dense current along the bed. The results were verified against classical plung-
ing criteria (Knapp, Akiyama—Stefan), the plunge velocity (Ellison—Turner), the pressure
patterns (Hauenstein—Dracos), the Miles—Howard stability condition, and the mass bal-
ance (relative error < 107%). The only notable limitation is that te,q = 30 s is too short
to reach a fully steady state: agy has not yet fully reached its asymptote. Future work
should examine, through computations over t.,q ~ 100200 s, the transition of the inflow
plume to periodic oscillations or the formation of a stable intrusion layer, as well as the
application of the developed architecture to the selective-withdrawal regime [20].
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CTPATUOUNIINPOBAHHOE BOOJOXPAHWJINUIIIE 1
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2Hay4HOo-1CC/Ie10BATeIbCKHIT HHCTHTYT PA3BUTHs IH(DPOBBIX TEXHOJIOTHI U HCKYCCTBEHHOIO
HHTEJIIEKTA,
100125, ¥Y36ekucran, 1. Tamkent, Mup3so-Yayroekckuit p-ox, M-B By3-2, 1. 17A.

[TpeiozkeHa TpéxMepHast MaTeMaTHIeCKash MOJIE/Ib TIOCTYILJIEHUsT MyTHOTO (HecyIe-
IO HAHOCBHI) PEIHOTO ITOTOKA B INIOTHOCTHO-CTPATH(MUIPOBAHHOE BOJIOXPAHIIIUIIE C YIé-
TOM pazjesenus a3 u paspylleHus CJIOUCTON CTPYKTYpbl. Mojiesib OCHOBaHA Ha TEOPUHU
B3AMMOTIPOHUKAIONNX KOHTUHYYMOB X.A. PaxmaTynnHa: HecyIast JKUIKOCThb U JTUCTIEPC-
HBbIE JaCTUIBI 00JIAJAI0T KaXKiash CBOUM II0OJIEM CKOPOCTEl, a cujia MeXK(a3HOro B3anMO-
JIECTBUSI OIUCHLIBAET OcaxKjeHue dactuil. KosadpduimentT BepTUKAIBLHOIO MIePEeMeNnBa-
HUS 3871a€TCs KaK (QYyHKIINs JOKAJBHOTO YUCaa PudapicoHa, 9TO yIUTHIBACT pa3pylie-
Hue crpatuduKaluu BesencTBue Heycroitunsoctu Kesbsuna—IebMrosibiia; nepepasMbib
OCEBINUX YACTHIL y JHA Mojeaupyercs 1o dopmyste apcua—Ilapkepa. 3ajmada perraercs
Ha CMEITEHHOM ceTKe XapJioy—Y/149a MATUITAITHON CXeMOl pacIeIIeHns 10 OITepaTopaM.
MopenupoBanue CyOKPUTUYECKOTO PEXKUMA HBIPSHUS BOCIIPOU3BOJUT BXOJHYIO CTPYIO,
TOYKY HBIPSIHUSI, IPUJIOHHOE Te'UeHNe U MHTPY3UOHHBIN CJION; pe3yJIbTaThl IOATBEPIK/Ie-

HBI KJIaCCUYICCKUMUN KPUTEPUAMA 1 0aJIaHCOM MAaCChI.

KuaroueBbie ciioBa: cTrpaTuduIIIPOBAHHOE BOIOXPAHUININE, MHOTO(A3HEIN IIOTOK, MO-
nesb Paxmaryiuba, pasziesnenue ¢pas, MyTbeBOH IIOTOK, HLIPSHHE, YHCJIO PudapiicoHa,
HeycToiiunBocTh KenbBruHa—IeIbMIo/ibila, pacilellIeHre 0 olleparopaM, IIepepasMbIB,
dopmyna apcua—Tlapkepa.
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MOCTYIIJIEHUsT MHOTO(A3HOTO MOTOKA CMECH B CTPATHMHUIMPOBAHHOE BOJOXPAHUIIUINE W

paspyIIeHns CJIOUCTON cTpyKTyphl // IIpo6ieMbl BBIYUCINTENBHOMN U IIPUKJIAHON MaTe-
maruku. — 2026. — Ne3(73). — C. 7-24.

DOI: https://doi.org/10.71310/pcam.3 _73.2026.01



Ne3(73) 2026 [SSN 2181-8460

HISOBLASH VA AMALIY

MATEMATIKA
MUAMMOLARI

OBJIEMbI BbIYHC) HTETBHON

H IPUKTATHON MATEMATHKH

PROBLEMS OF COMPUTATIONAL
AND APPLIED MATHEMATICS

NNNNNNNNNNNNNN
IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII



I[TPOBJIEMBI BEIYNCJINTEJIBHOM 1
[TPUKJIAJTHOII MATEMATIUKUA

Ne 3(73) 2026

2Kypnana ocunoan B 2015 romy.
N3znaercsa 6 pa3 B roj.

YupeaureJb:
Hay4ano-ucceioBare/ibCKuit UHCTUTYT Pa3BUTHUs ITU(PPOBBIX TEXHOJIOTHH 1
HCKYCCTBEHHOIO MHTEJLJIEKTA.

I';maBHBIN pemaKkTOp:
Papmanos H.

3amecTHuTE M TVIABHOTO PEJaKTOpPA:
Apumos M.M., [MTagumeros X.M., Axmemon 1. /1.

OTBeTCTBEHHBIII CeKpeTaphb:
Voaiiynaes M.III.

Penaknunonubiii coBer:

Azamos A.A., Anoes P.J1., Amupramues E.H. (Kazaxcran), Apymanos M.JL.,
Bypnames B.®., T:xkymaézor ¥.3., 3arpedbuna C.A. (Poccus), 3amgopun A.U. (Poccus),
Urnarees H.A., Unbun B.I1. (Poccus), Umankymnos T.C. (Kazaxcran),
Uemarunos U.U. (Poccust), Kabaunuxuu C.U. (Poccust), Kyp6ornos H.M., Mamaros H.C.,
Mupszaes H.M., Mypagos ®@.A., Hasupora 9.111., Hopmypomos U.B., Hypasmes @.M.,
Omnanacenko B.H. (Ykpanna), Pacymmyxamenos M.M., Cajymraesa 1A
CraposoititoB B.B. (Bemrapycn), Xaéros A.P., Xammpkururos A., Xammamos P.X.,
Xywxaes N.K., Xyxaepos B.X., Qmmamarosa /I.B., dyctmypomosa I1.2K.,

Une En Vu (Poccus), [ITa6ozos M.III. (Tazkukucran), Dimov 1. (Boarapus),

Li Y. (CHIA), Mascagni M. (CIIA), Min A. (I'epmanus), Singh M. (FOxnas Kopes).

2Kypnas sapeructpupoBa B AreHTCTBEe HHGOPMAIINA U MaCCOBBIX KOMMYHUKAIUI TIPU
Anmvuancrpamun Ilpesumenra Pecybmku Y3bekucra.
CeuzerennpcrBo Ne0856 ot 5 asrycra 2015 roja.

ISSN 2181-8460, eISSN 2181-046X

[Ipu nepenedarke MaTepuaJioB CChLIKA Ha KypHAJ 00g3aTe/bHa.
3a TOYHOCTb (PAKTOB U JOCTOBEPHOCTH NH(MOPMAIMH OTBETCTBEHHOCTH HECYT aBTOPHI.

A npec pepakiumn:

100125, r. TamkenT, M-B. By3-2, 17A.
Tes.: +(998) 71 263-41-98.
O-noura: journals@airi.uz.
Beb-caiiT: https://journals.airi.uz.

Ju3aiitH u BEpcTKa:
[MMTapunos X./I.

Ornegarano B Tunorpacdun HUU PIHTUN.
[Tognucano B mevarh 25.06.2026 1.
@opmar 60x84 1/8. Bakaz Ne3. Tupazxk 100 9K3.



PROBLEMS OF COMPUTATIONAL AND
APPLIED MATHEMATICS

No. 3(73) 2026

The journal was established in 2015.
6 issues are published per year.

Founder:
Digital Technologies and Artificial Intelligence Development Research Institute.

Editor-in-Chief:
Ravshanov N.

Deputy Editors:
Aripov M.M., Shadimetov Kh.M., Akhmedov D.D.

Executive Secretary:
Ubaydullaev M.Sh.

Editorial Council:

Azamov A.A.; Aloev R.D., Amirgaliev E.N. (Kazakhstan), Arushanov M.L.,
Burnashev V.F., Djumayozov U.Z., Zagrebina S.A. (Russia), Zadorin A.L. (Russia),
Ignatiev N.A., Ilyin V.P. (Russia), Imankulov T.S. (Kazakhstan), Ismagilov I.I. (Russia),
Kabanikhin S.I. (Russia), Kurbonov N.M., Mamatov N.S., Mirzaev N.M., Muradov F.A_,
Nazirova E.Sh., Normurodov Ch.B., Nuraliev F.M., Opanasenko V.N. (Ukraine),
Sadullaeva Sh.A., Starovoitov V.V. (Belarus), Khayotov A.R., Khaldjigitov A.,
Khamdamov R.Kh., Khujaev I.K., Khujayorov B.Kh., Eshmamatova D.B.,
Dustmurodova Sh.J., Chye En Un (Russia), Shabozov M.Sh. (Tajikistan),

Dimov [. (Bulgaria), Li Y. (USA), Mascagni M. (USA), Min A. (Germany),

Singh M. (South Korea).

The journal is registered by Agency of Information and Mass Communications under the
Administration of the President of the Republic of Uzbekistan.
Certificate of Registration No. 0856 of 5 August 2015.

ISSN 2181-8460, eISSN 2181-046X

At a reprint of materials the reference to the journal is obligatory.
Authors are responsible for the accuracy of the facts and reliability of the information.

Address:
100125, Tashkent, Buz-2, 17A.
Tel.: +(998) 71 263-41-98.
E-mail: journals@airi.uz.
Web-site: https://journals.airi.uz.

Layout design:
Sharipov Kh.D.

DTAIRI printing office.
Signed for print 25.06.2026
Format 60x84 1/8. Order No. 3. Print run of 100 copies.



Conepxkanne

Hzrwubaes /[.C., Bobopaxrumos B.U.
Maremarndeckoe MOJEJMPOBaHUE OCTYILIEHUsST MHOTO(A3HOIO ITOTOKA CMECH B
CcTpaTUMUIMPOBAHHOE BOAOXPAHIIUINE W pa3pyIIeHus CJIOUCTOR CTPYKTYPHI .

Baxrmuépos B.B., Xyocaes U.K., Typonosa H.B.
Maremarndeckas MOJEIb U aHAJIN3 TallleHus] THAPaBJIMIeCKOro yaapa ¢ IIOMO-
IO BO3JIYIITHOI'O KOJITIaKa

Bezumos O.M., Xyowcaes U.K., Mamadarues X.A.
MCCJIG,JOB&HI/IQ CKOPOCTH PACIPOCTPAHEHUsT MAJIbIX BO3MYIIEHUN JTaBJICHUs B Ta-
30KHJIKOCTHOI CpeJie ¢ YyIeTOM MAaCCOBOW KOHIIEHTPAIUU ra3a U jedopMarun
CTEHKHN TPyOOIPOBOJIA .

Dpeawes J.H., Xyocaes XK. H., Axzmadoconos C.C.
MaremaTnaecKkast MOJ€/Ib IIPOIECCa TEIIOOTIAYN OT YKUJIKOIO TEILIOHOCHTEJISI,
TEKYIIEro M0 OpeOPEeHHOMY MPSIMOYTOJIBHBIMI PEOpaAMU TUIHHIPUIECCKOMY TPY-
OOIPOBOTY

Muysadgpgapos C.A. Mapamos X. V., Xamdamos A.A.
BbI‘{I/IC.HI/ITeJIbHOG MOJICTTUPOBAHNAE BEPTUKAJIBLHO-OCEBOI BETPOSHEPreTUICCKOM

25

37

20

YCTAHOBKH C TTACCUBHBIM U3MEHEHUEM IIara JIomacTeil /i YCJI0BUil cj1a0bix BeTpoB 61

Xoowcuxynos IILII., Bezumos O.M., Obudsrncornos A.2K.
I/ICC.HG,Z[‘OBaHI/Ie JAUMHAMUKHU II€PEXOHBIX ITPOIIECCOB, CBA3aHHBIX C USMEHEHUEM pacC-

XOJla B KOHIIE yIacTKa TPYOOIpoOBO/Ia, C YIeTOM U 0e3 y4eTa CHJIbI COIPOTUBJIEHAS 7D

Paswanos L. A., Bobopaxumosa M.U., Yyarrues III. 1.
MojiesiupoBanue Temio- u MaccoobMeHa B peibeddHOM TPYOOIIPOBOJIE € TIOCTOSTH-
HBIMU 1 U3MEHAIOIIUMUCA JuaMeTpaMn

Paswanos H., Bobopaxumos B.H1., Bepduépos III.III.
XapaKTepHCTHKI/I 3arpa3HeHns MeM6paHbl B IIporiecce (puyIbTpaIuu U TPaAHCIIOP-
TUPOBKH B IUJINHIPUYIECKOM TTOPUCTOM (DUIBTPE

Xandotcueumos A.A., Bobonasapos A.A., Paxmonosa P.A., Tunrosos O.O.
YucieHHOe MOJIC/IMPOBaHKe 3a1a49 TeOPUH YIPYTOCTH B HAIPSKEHUSIX METOIOM
KOHEYHBIX 9JIEMEHTOB

Tunosos M.A.
YucnenHoe uccae0BaHle JUHAMUKNA ITPOU3BOIHBIX PA3JINTIHOIO MOPSIIKA YpaB-
nenns Ponkuepa—CK3Ha B 3aBUCUMOCTH OT I'DAJIMEHTa JAB/ICHUS

Kymaes 3.3.
[Ipubsimkénnoe perieHne 3a/a4 ¢ Ha9aJIbHBIMUA YCJIOBUAMHU I iudpdepeHIu-
AJBHBIX YPABHEHUIT IEPBOTO TOPSIIKA € UCIIOJIb30BAHIEM KOMOMHUPOBAHHOTO Me-
rojia PyHre—KyTThl 1 MeTOa ¢ KyCOYHO-TIOCTOSTHHBIM apryMEHTOM

90

104

125

139

153



Contents

Yakhshibaev D.S., Boborakhimov B.I.
Mathematical modeling of multiphase mixture inflow into a stratified reservoir
and the breakdown of the layered structure . . . . . . . .. ... ... ... ...

Bakhtiyorov B.B., Khujaev LK., Turapova N.V.

Mathematical model and analysis of water hammer damping using an air vessel .

Begimov O.M., Khujaev I.K., Mamadaliev Kh.A.
Investigation of the propagation velocity of small pressure disturbances in a
gas—liquid medium with account for gas mass concentration and pipeline wall
deformation . . . . . . ...

Ergashev D.Y., Khujaev J.I., Akhmadjonov S.S.
A mathematical model of heat transfer from a liquid coolant flowing through a
cylindrical pipeline finned with rectangular fins . . . . . . . . ... ... ... ..

Muzaffarov S.A., Maratov Kh.U., Hamdamov M.M.
Computational modeling of a passive-pitch low-wind vertical-axis wind turbine .

Khozhikulov Sh.Sh., Begimov O.M., Obidjonov A.J.
Investigation into the dynamics of transient processes associated with flow rate
changes at the end of a pipeline section, both with and without resistance force .

Ravshanov Sh.A., Boborakhimova M.I, Chulliev Sh.I.
Modelling heat and mass transfer in a relief pipeline with constant and varying
diameters . . . . .. L

Ravshanov N., Boborakhimov B.I., Berdiyorov Sh.Sh.
Membrane fouling characteristics during filtration and transport processes in a
cylindrical porous filter . . . . . . . . ... L

Khaldjigitov A.A., Bobonazarov A.A., Rakhmonova R.A., Tilovov O.O.
Numerical modeling of elasticity theory problems in terms of stresses using the
finite element method . . . . . . . ...

Tilovov M.A.
Numerical study of the dynamics of derivatives of various orders of the
Falkner—Skan equation depending on the pressure gradient . . . . . . .. .. ..

Jumaev Z.7.
Approximate solution of initial value problems for first-order differential equa-
tions using a combined Runge-Kutta and piecewise constant argument method

25

75

. 153



	Обложка_А4
	PCAM-3-2026.pdf



