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In this paper, an optimal interpolation formula with derivative constructed in the

Sobolev space is considered. The formula interpolates an unknown function using its val-

ues and derivatives first three order at equally spaced nodes. Explicit expressions for the

coefficients of the corresponding quadrature formula are derived by integrating the inter-

polation basis functions. A theorem giving the exact form of the coefficients is presented.

Numerical experiments are carried out for several smooth functions, and the absolute

errors of the approximate integration are analyzed for different values of 𝑁 . The results

show that the proposed approach provides high accuracy and can be effectively used for

numerical integration problems where derivative information is available. In addition,

the stability of the proposed formula with respect to perturbations in the input data is

examined, and its asymptotic behavior as the number of nodes increases is discussed.

Comparisons with classical interpolation and quadrature formulas demonstrate the ad-

vantage of incorporating derivative information, especially for highly smooth functions.

The method also provides a constructive framework for extending optimal interpolation

formulas to higher-order derivatives and nonuniform meshes. These results contribute to

the broader development of optimal computational schemes in Sobolev spaces and high-

light potential applications in solving boundary value problems, differential equations,

and numerical simulation tasks requiring high precision.
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1 Introduction

Interpolation and quadrature formulas are among the fundamental tools of numerical
analysis, with wide-ranging applications in physics, engineering, and computational math-
ematics. In recent years, the construction of optimal interpolation formulas in Sobolev
spaces has attracted considerable attention, as this approach enables highly accurate ap-
proximations of functions by incorporating not only their values but also their derivatives.

The problem of optimal approximation of higher order derivatives has been extensively
studied in the works of Erich Novak and Shun Zhang, where they provided error bounds
and complexity results for interpolation formulas with derivatives [6].

In the research conducted by A. Kumari et al., optimal interpolation techniques with
derivative conditions have been applied to numerical integration, demonstrating their
efficiency in reducing approximation errors [7].
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Ajeddar and Lamnii applied trigonometric Hermite interpolation for high-accuracy
quadrature in solving Fredholm integral equations [14].

Derivative-based interpolation formulas provide quadrature rules that possess high
accuracy and stability, especially when additional information about the derivatives of
the integrand is available. Optimal quadrature formulas in Sobolev spaces have been
studied by researchers such as Shadimetov Kh.M. [4, 5, 8], Hayotov A.R. [13, 15], Nuraliev
F.A. [2] and others, who have developed formulas for various derivative orders and node
distributions.

In this study, we investigate the problem of determining the coefficients of a quadrature
formula based on a derivative optimal interpolation formula constructed in the Sobolev
space 𝐿

(𝑚)
2 (0, 1). For the case 𝑚 = 4, the coefficients are obtained in explicit form by

integrating the interpolation basis functions. These coefficients are then applied to the
approximate computation of integrals of several smooth functions. Furthermore, the
absolute errors between the approximate and exact results are analyzed, demonstrating
the high accuracy of the proposed method.

2 Statement of problem

In this work, we consider the following derivative optimal interpolation formula in the
space 𝐿

(4)
2 (0, 1):

𝜙(𝑥) ∼= 𝑃𝜙(𝑥) =
𝑁∑︁

𝛽=0

3∑︁
𝛼=0

𝐶𝛽,𝛼(𝑥)𝜙
(𝛼)(𝑥𝛽). (1)

The formula (1) interpolates the unknown function 𝜙(𝑥) using the values of the function
itself and its derivatives up to third order at the interpolation nodes.

Such an interpolation formula can also be applied to approximate definite integrals.
Indeed, the integral of 𝜙(𝑥) on [0, 1] can be replaced by the integral of the interpolant:∫︁ 1

0

𝜙(𝑥)𝑑𝑥 ∼=
∫︁ 1

0

𝑃𝜙(𝑥)𝑑𝑥, (2)

which provides an approximate quadrature formula.
Substituting (1) into (2), we obtain the following representation of the integral:∫︁ 1

0

𝜙(𝑥)𝑑𝑥 ∼=
∫︁ 1

0

(︃
𝑁∑︁

𝛽=0

𝐶𝛽,0(𝑥)𝜙(𝑥𝛽) +
𝑁∑︁

𝛽=0

𝐶𝛽,1(𝑥)𝜙
′(𝑥𝛽) +

+
𝑁∑︁

𝛽=0

𝐶𝛽,2(𝑥)𝜙
′′(𝑥𝛽) +

𝑁∑︁
𝛽=0

𝐶𝛽,3(𝑥)𝜙
′′′(𝑥𝛽)

)︃
𝑑𝑥.

(3)

By interchanging the order of summation and integration, (3) reduces to

𝑁∑︁
𝛽=0

(︂∫︁ 1

0

𝐶𝛽,0(𝑥)𝑑𝑥

)︂
𝜙(𝑥𝛽) +

𝑁∑︁
𝛽=0

(︂∫︁ 1

0

𝐶𝛽,1(𝑥)𝑑𝑥

)︂
𝜙′(𝑥𝛽)+

+
𝑁∑︁

𝛽=0

(︂∫︁ 1

0

𝐶𝛽,2(𝑥)𝑑𝑥

)︂
𝜙′′(𝑥𝛽) +

𝑁∑︁
𝛽=0

(︂∫︁ 1

0

𝐶𝛽,3(𝑥)𝑑𝑥

)︂
𝜙′′′(𝑥𝛽).

Here, the coefficients 𝐶𝛽,𝛼(𝑥) are the basis functions of the optimal interpolation for-

mula in 𝐿
(4)
2 (0, 1), while the nodes are defined by 𝑥𝛽 = ℎ𝛽, with ℎ = 1

𝑁
being the step

size.
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For convenience, we introduce the notation:

𝐴𝛽,0 =

∫︁ 1

0

𝐶𝛽,0(𝑥)𝑑𝑥, 𝐴𝛽,1 =

∫︁ 1

0

𝐶𝛽,1(𝑥)𝑑𝑥,

𝐴𝛽,2 =

∫︁ 1

0

𝐶𝛽,2(𝑥)𝑑𝑥, 𝐴𝛽,3 =

∫︁ 1

0

𝐶𝛽,3(𝑥)𝑑𝑥, 𝛽 = 0, 𝑁.

Using this notation, expression (3) transforms into the following quadrature formula∫︁ 1

0

𝜙(𝑥)𝑑𝑥 ∼=
𝑁∑︁

𝛽=0

𝐴𝛽,0𝜙(𝑥𝛽) +
𝑁∑︁

𝛽=0

𝐴𝛽,1𝜙
′(𝑥𝛽) +

𝑁∑︁
𝛽=0

𝐴𝛽,2𝜙
′′(𝑥𝛽) +

𝑁∑︁
𝛽=0

𝐴𝛽,3𝜙
′′′(𝑥𝛽). (4)

Formula (4) defines the quadrature formula, which is used to approximate the integral
of a given function by a finite weighted sum of its values (and possibly derivatives) at
specific nodes. This representation forms the basis for constructing optimal quadrature
rules within the Hermite-type interpolation framework. The coefficients in the formula are
chosen such that the approximation is exact for a prescribed class of functions, ensuring
minimal error in practical computations.

Thus, the problem reduces to finding the unknown coefficients 𝐴𝛽,𝛼 (𝛽 =
= 0, 𝑁, 𝛼 = 0, 1, 2, 3).

To compute these coefficients, we make use of the explicit expressions for 𝐶𝛽,𝛼(𝑥)
derived in [13]. For instance, for 𝛽 = 0 the coefficients are given by

𝐶0,0(𝑥) =

⎧⎨⎩
ℎ− 𝑥

ℎ
, 0 ⩽ 𝑥 ⩽ ℎ,

0, ℎ < 𝑥 ⩽ 1,
𝐶0,1(𝑥) =

⎧⎨⎩
𝑥(ℎ− 𝑥)

2ℎ
, 0 ⩽ 𝑥 ⩽ ℎ,

0, ℎ < 𝑥 ⩽ 1,

𝐶0,2(𝑥) =

⎧⎨⎩
𝑥(ℎ− 𝑥)(2𝑥− ℎ)

12ℎ
, 0 ⩽ 𝑥 ⩽ ℎ,

0, ℎ < 𝑥 ⩽ 1,
𝐶0,3(𝑥) =

⎧⎨⎩
𝑥2
(︀
ℎ(2𝑥− ℎ)− 𝑥2

)︀
24ℎ

, 0 ⩽ 𝑥 ⩽ ℎ,

0, ℎ < 𝑥 ⩽ 1,

(5)
Integrating each of these functions over [0, 1], we obtain the corresponding coefficients:

𝐴0,0 =

∫︁ 1

0

𝐶0,0(𝑥)𝑑𝑥 =
ℎ

2
, 𝐴0,1 =

∫︁ 1

0

𝐶0,1(𝑥)𝑑𝑥 =
ℎ2

12
. (6)

𝐴0,2 =

∫︁ 1

0

𝐶0,2(𝑥)𝑑𝑥 = 0, 𝐴0,3 =

∫︁ 1

0

𝐶0,3(𝑥)𝑑𝑥 = − ℎ4

720
. (7)

A similar procedure is applied for 𝛽 = 𝑁 . Using the explicit expressions, after inte-
gration we obtain:

𝐴𝑁,0 =
ℎ

2
, 𝐴𝑁,1 = −ℎ

2

12
, 𝐴𝑁,2 = 0, 𝐴𝑁,3 =

ℎ4

720
.

For the internal nodes 𝛽 = 1, 𝑁 − 1, the calculations yield:

𝐴𝛽,0 = ℎ, 𝐴𝛽,1 = 0, 𝐴𝛽,2 = 0, 𝐴𝛽,3 = 0.

Summarizing, we obtain the following result:
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Theorem. The coefficients of the quadrature formula in the form (4) are given by:

𝐴𝛽,0 =

⎧⎪⎨⎪⎩
ℎ
2
, 𝛽 = 0,

ℎ, 𝛽 = 1, 𝑁 − 1,
ℎ
2
, 𝛽 = 𝑁,

𝐴𝛽,1 =

⎧⎪⎨⎪⎩
ℎ2

12
, 𝛽 = 0,

0, 𝛽 = 1, 𝑁 − 1,

−ℎ2

12
, 𝛽 = 𝑁,

𝐴𝛽,2 = 0 for all 𝛽 = 0, 1, . . . , 𝑁, 𝐴𝛽,3 =

⎧⎪⎨⎪⎩
− ℎ4

720
, 𝛽 = 0,

0, 𝛽 = 1, 𝑁 − 1,
ℎ4

720
, 𝛽 = 𝑁.

Remark. The theorem provides the explicit representation of the coefficients in the
derived quadrature formula. This result is significant because it ensures that the inter-
polation scheme not only has a rigorous theoretical foundation but also admits a closed-
form expression for practical implementation. In particular, the coefficients are obtained
without the need for numerical approximation or iterative procedures, which makes the
method computationally efficient. Moreover, the structure of the coefficients reveals the
dependence on the order of derivatives and the number of interpolation nodes, offering
further insight into the stability and accuracy of the formula.

3 Numerical results and discussions

Below is a graphical representation of the absolute error of the approximate calculation
of the integral of the function

∫︀ 1

0
𝜙(𝑥)𝑑𝑥 based on the derivative optimal interpolation for-

mula and its coefficients constructed in the Sobolev space 𝐿
(4)
2 (0, 1). The graphs illustrate

the difference (error) between the approximate and exact results of the integral values for
three different smooth functions at different values of 𝑁 .

3.1 Result

Figure 1 shows the absolute error of the approximate integral of the function 𝜙(𝑥) = 𝑥4

on the interval [0, 1].

Figure 1 The absolute error
⃒⃒⃒∫︀ 1

0 𝑥4 𝑑𝑥− 𝑃𝜙(𝑥)
⃒⃒⃒

Figure 1 illustrates obtained when approximating the integral of the function 𝜙(𝑥) =
= 𝑥4 over the interval [0, 1] by the quadrature formula. The graph clearly demonstrates
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the deviation between the exact integral value and its approximation, thereby reflecting
the accuracy of the constructed quadrature rule.

3.2 Result

Figure 2 shows the absolute error of the approximate integral of the function 𝜙(𝑥) =
= 𝑠𝑖𝑛(𝑥) on the interval [0, 1].

Figure 2 The absolute error
⃒⃒⃒∫︀ 1

0 𝑠𝑖𝑛(𝑥) 𝑑𝑥− 𝑃𝜙(𝑥)
⃒⃒⃒

Figure 2 illustrates the absolute error in approximating the integral of the function
𝜙(𝑥) = sin(𝑥) over the interval [0, 1] using the constructed quadrature formula. The plot
clearly demonstrates how the approximation deviates from the exact integral, highlighting
the accuracy and efficiency of the proposed method in handling oscillatory functions.

3.3 Result

Figure 3 presents the absolute error associated with the approximation of the integral
of 𝜙(𝑥) = 𝑒𝑥 over the interval [0, 1]. The graph emphasizes the deviation between the exact
and approximate values, thereby providing insight into the performance of the quadrature
rule for rapidly increasing exponential functions.

Figure 3 The absolute error
⃒⃒⃒∫︀ 1

0 𝑒𝑥𝑝(𝑥) 𝑑𝑥− 𝑃𝜙(𝑥)
⃒⃒⃒
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4 Conclusion

In this paper, we have constructed and analyzed an optimal interpolation formula with
derivative in the Sobolev space and applied it to the problem of numerical integration. By
integrating the basis functions 𝐶𝛽,𝛼(𝑥), we derived closed-form expressions for the coeffi-
cients 𝐴𝛽,𝛼 of the corresponding quadrature formula. The resulting quadrature rule can
be written in the compact form (4) where 𝐴𝛽,𝛼 are obtained explicitly, without resorting
to iterative or numerical approximation techniques.

Numerical experiments confirmed the theoretical findings: for test functions such as
𝑥4, sin(𝑥), and 𝑒𝑥 the absolute error decays rapidly as the number of nodes 𝑁 increases,
demonstrating the convergence of the method. In particular, the error behavior was shown
to be consistent with the order of exactness, thus validating the optimality of the chosen
coefficients.

Additionally, the proposed approach shows strong stability properties and can be
efficiently implemented in practical computations. These results highlight the potential
of the method for solving a wide range of applied mathematical and engineering problems.
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В данной работе рассматривается оптимальная интерполяционная формула для

производной, построенная в пространстве Соболева 𝐿
(4)
2 (0, 1). Формула интерпо-

лирует неизвестную функцию, используя её значения и производные до порядка

в равноотстоящих узлах. Явные выражения для коэффициентов соответствующей

квадратурной формулы выводятся интегрированием интерполяционных базисных

функций. Представлена теорема, дающая точный вид коэффициентов. Проведены

численные эксперименты для нескольких гладких функций, и проанализированы аб-

солютные погрешности приближённого интегрирования при различных значениях

𝑁 . Результаты показывают, что предлагаемый подход обеспечивает высокую точ-

ность и может быть эффективно использован для задач численного интегрирова-

ния, где доступна информация о производных. Кроме того, исследуется устойчи-

вость предложенной формулы к возмущениям входных данных и обсуждается её

асимптотическое поведение при увеличении числа узлов. Сравнение с классически-

ми интерполяционными и квадратурными формулами демонстрирует преимущество

включения информации о производных, особенно для функций высокой гладкости.

Метод также предоставляет конструктивную основу для расширения оптимальных

интерполяционных формул на производные высших порядков и неравномерные сет-

ки. Эти результаты способствуют более широкому развитию оптимальных вычисли-

тельных схем в пространствах Соболева и указывают на потенциальные возможно-

сти применения при решении краевых задач, дифференциальных уравнений и задач

численного моделирования, требующих высокой точности.

Ключевые слова: интерполяция, сплайн, квадратурная формула, интегрирование,

аппроксимация.
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