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1 Introduction

Two-dimensional hyperbolic systems play an essential role in the mathematical mod-
eling of wave propagation, transport phenomena, gas dynamics, and various distributed
dynamical processes. In many applied problems, the interaction at the boundary is not
static but evolves in time, which leads to the formulation of dynamic boundary conditions.
Such conditions significantly influence the qualitative behavior of solutions, particularly
their dissipative properties and stability characteristics.

The stability of hyperbolic systems with boundary feedback has been widely investi-
gated in the literature. Dissipative boundary conditions for nonlinear hyperbolic systems
were studied by Coron, Bastin, and d’Andréa-Novel [1], while robust boundary control
methods were developed in [2]. Lyapunov stability analysis for hyperbolic models was fur-
ther explored in [3]. Dynamic boundary stabilization problems and their control-theoretic
interpretation were considered in [4, 5], where sufficient conditions for the stability of con-
tinuous systems were established.
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From a numerical point of view, the construction of reliable difference schemes for mul-
tidimensional hyperbolic systems remains a challenging problem, especially in the presence
of dynamic boundary interactions. Directional splitting (operator splitting) techniques
are widely used for multidimensional problems since they allow reduction of a multidi-
mensional scheme to a sequence of one-dimensional subproblems. Stability properties of
splitting schemes for hyperbolic systems were investigated in [6–9], and computational
models for quasilinear hyperbolic systems were constructed in [10]. However, the anal-
ysis of splitting schemes in the presence of dynamic boundary terms requires additional
investigation.

Recent studies have addressed difference schemes for hyperbolic systems with dynamic
boundary conditions and their stability properties [11–14]. Nevertheless, most of the
available results are limited to one-dimensional models or require further development in
the multidimensional case. In particular, the preservation of dissipative properties at the
discrete level and the establishment of exponential stability for multidimensional splitting
schemes remain open and practically important problems.

In this paper, an explicit–implicit directional splitting difference scheme is constructed
for a two-dimensional linear hyperbolic system with dynamic boundary conditions. The
proposed scheme combines explicit discretization in one spatial direction with implicit
discretization in the other direction, including a consistent approximation of the dynamic
boundary condition. Sufficient conditions ensuring exponential stability of the numerical
solution are derived using the Courant–Friedrichs–Lewy condition and a linear matrix
inequality framework [15]. It is shown that the discrete energy of the numerical solution
decreases exponentially in time. The theoretical results are supported by numerical ex-
periments demonstrating the dissipative behavior and accuracy of the proposed method.

The obtained results extend previously known stability results for one-dimensional
hyperbolic models to the case of multidimensional operator-splitting discretizations with
dynamic boundary interaction.

2 Mathematical Formulation of the Problem

In this paper, we consider the following linear hyperbolic system written in Riemann
coordinates:

𝜕𝑉

𝜕𝑡
+ Λ

𝜕𝑉

𝜕𝑥
+ 𝐶

𝜕𝑉

𝜕𝑦
= 0, 𝑡 ⩾ 0, 𝑥 ∈ (0, 𝑋), 𝑦 ∈ (0, 𝑌 ). (1)

Here 𝑋 and 𝑌 are given positive constants defining the spatial domain. The matrix
Λ is an 𝑛× 𝑛 diagonal matrix with an existing inverse. It has the form

Λ = diag(𝜆1, 𝜆2, . . . , 𝜆𝑛)

and its eigenvalues are ordered as follows:

𝜆1 < 𝜆2 < · · · < 𝜆𝑚 < 0 < 𝜆𝑚+1 < 𝜆𝑚+2 < · · · < 𝜆𝑛.

This condition guarantees the hyperbolicity of the system, that is, all eigenvalues are
real and mutually distinct.

The unknown vector function 𝑉 is represented in the following form:

𝑉 (𝑥, 𝑡) =

(︂
𝑉 𝐼(𝑡, 𝑥, 𝑦)
𝑉 𝐼𝐼(𝑡, 𝑥, 𝑦)

)︂
, 𝑉 𝐼 = (𝑣1, 𝑣2, . . . , 𝑣𝑚)

𝑇 , 𝑉 𝐼𝐼 = (𝑣𝑚+1, 𝑣𝑚+2, . . . , 𝑣𝑛)
𝑇 .
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Furthermore, we introduce the notation

|Λ| = diag(|𝜆1|, |𝜆2|, . . . , |𝜆𝑛|).

The stability problem for linear hyperbolic systems has been studied in [1–3], where
static boundary conditions of the form(︂

𝑉 𝐼(𝑡,𝑋, 𝑦)
𝑉 𝐼𝐼(𝑡, 0, 𝑦)

)︂
= 𝑆

(︂
𝑉 𝐼(𝑡, 0, 𝑦)
𝑉 𝐼𝐼(𝑡,𝑋, 𝑦)

)︂
,

were considered. Here 𝑆 is a given 𝑛× 𝑛 matrix.
Hyperbolic systems with dynamic boundary conditions are less studied in the litera-

ture. Nevertheless, finite-dimensional approximation techniques such as those proposed
in [4] can be applied for stabilization purposes.

For the boundary conditions, we consider the following dynamic boundary condition:

𝜕

𝜕𝑡

(︂
𝑉 𝐼(𝑡,𝑋, 𝑦)
𝑉 𝐼𝐼(𝑡, 0, 𝑦)

)︂
= 𝐴

(︂
𝑉 𝐼(𝑡,𝑋, 𝑦)
𝑉 𝐼𝐼(𝑡, 0, 𝑦)

)︂
+𝐵

(︂
𝑉 𝐼(𝑡, 0, 𝑦)
𝑉 𝐼𝐼(𝑡,𝑋, 𝑦)

)︂
, 𝑦 ∈ [0, 𝑌 ], (2)

𝑉 (𝑡, 𝑥, 0) = 0, 𝑥 ∈ [0, 𝑋], 𝑡 ∈ [0,+∞).

Assume that Φ(𝑥, 𝑦) is a continuously differentiable function satisfying the compati-
bility conditions for the initial and boundary conditions (not only the function itself, but
also its first derivatives). Then the initial condition can be defined as

𝑉 (0, 𝑥, 𝑦) = Φ(𝑥, 𝑦), 𝑥 ∈ [0, 𝑋], 𝑦 ∈ [0, 𝑌 ]. (3)

Here
Φ(𝑥, 𝑦) =

(︀
𝜙1(𝑥, 𝑦), 𝜙2(𝑥, 𝑦), . . . , 𝜙𝑛(𝑥, 𝑦)

)︀𝑇
.

The stability of equations (1), (3), and (2) was analyzed in [5] using a Lyapunov
function approach. In that work, sufficient conditions for exponential stability of problem
(1), (3), and (2) were established.

3 Difference Scheme for the Two-Dimensional Mixed Problem

We construct a difference scheme for the mixed problem defined by equations (1), (3),
and (2).

Let
𝐺 = {(𝑥, 𝑦, 𝑡) : 0 ⩽ 𝑥 ⩽ 𝑋, 0 ⩽ 𝑦 ⩽ 𝑌, 0 ⩽ 𝑡 ⩽ 𝑇},

be the space-time domain. We introduce a uniform grid with step sizes ∆𝑥 in the 𝑥 –
direction, ∆𝑦 in the 𝑦 – direction, and ∆𝑡 in the 𝑡 – direction.

The grid nodes are defined by

𝑥𝑗 = 𝑗∆𝑥, 𝑦𝑙 = 𝑙∆𝑦, 𝑡𝑘 = 𝑘∆𝑡,

where 𝑗 = 0, . . . , 𝐽 , 𝑙 = 0, . . . , 𝐿, and 𝑘 = 0, . . . , 𝐾.
The set of grid nodes is denoted by

𝐺ℎ =
{︀
(𝑥𝑗, 𝑦𝑙, 𝑡

𝑘) : 𝑗 = 0, . . . , 𝐽 ; 𝑙 = 0, . . . , 𝐿; 𝑘 = 0, . . . , 𝐾
}︀
.

The numerical solution at the grid nodes is denoted by

(𝑣𝑖)
𝑘
𝑗𝑙 = 𝑣𝑖(𝑥𝑗, 𝑦𝑙, 𝑡

𝑘), 𝑖 = 1, . . . , 𝑛.
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The step sizes ∆𝑥, ∆𝑦, and ∆𝑡 are chosen such that

𝐽∆𝑥 = 𝑋, 𝐿∆𝑦 = 𝑌, 𝐾∆𝑡 = 𝑇.

To construct the numerical solution of problem (1), (3), and (2) at the grid nodes 𝐺ℎ,
we propose the following difference scheme.

For simplicity of exposition, we assume that the matrix 𝐶 is diagonal:

𝐶 = diag(𝑐1, 𝑐2, . . . , 𝑐𝑛), 𝑐𝑖 > 0, 𝑖 = 1, . . . , 𝑛.

To construct the numerical solution of problem ((1), (3), and (2) at the grid nodes
𝐺ℎ, we propose the following splitting explicit–implicit difference scheme:⎧⎪⎪⎨⎪⎪⎩

(𝑤𝑖)
𝑘
𝑗𝑙 = (𝑣𝑖)

𝑘
𝑗𝑙 − 𝑐𝑖

∆𝑡

∆𝑦

[︀
(𝑣𝑖)

𝑘
𝑗𝑙 − (𝑣𝑖)

𝑘
𝑗 𝑙−1

]︀
,

(𝑣𝑖)
𝑘+1
𝑗𝑙 = (𝑤𝑖)

𝑘
𝑗𝑙 − 𝜆𝑖

∆𝑡

∆𝑥

[︀
(𝑣𝑖)

𝑘+1
𝑗𝑙 − (𝑣𝑖)

𝑘+1
𝑗−1 𝑙

]︀
,

(4)

𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝐽, 𝑙 = 1, . . . , 𝐿, 𝑘 = 0, . . . , 𝐾 − 1.

Alternatively, in vector form:⎧⎪⎪⎨⎪⎪⎩
𝑊 𝑘

𝑗𝑙 = 𝑉 𝑘
𝑗𝑙 − 𝐶

∆𝑡

∆𝑦

[︀
𝑉 𝑘
𝑗𝑙 − 𝑉 𝑘

𝑗 𝑙−1

]︀
,

𝑉 𝑘+1
𝑗𝑙 = 𝑊 𝑘

𝑗𝑙 − Λ
∆𝑡

∆𝑥

[︀
𝑉 𝑘+1
𝑗𝑙 − 𝑉 𝑘+1

𝑗−1 𝑙

]︀
,

(5)

𝑗 = 1, . . . , 𝐽, 𝑙 = 1, . . . , 𝐿, 𝑘 = 0, . . . , 𝐾 − 1.

The initial condition (3) is approximated in the vector form as

𝑉 0
𝑗𝑙 = Φ𝑗𝑙 = Φ(𝑥𝑗, 𝑦𝑙), 𝑗 = 0, . . . , 𝐽, 𝑙 = 0, . . . , 𝐿. (6)

The boundary conditions are approximated as follows:

𝑉 𝑘+1
0𝑙 −𝑊 𝑘

0𝑙

∆𝑡
= 𝐴𝑉 𝑘+1

𝐽𝑙 +𝐵𝑉 𝑘+1
0𝑙 , 𝑙 = 0, . . . , 𝐿, 𝑘 = 0, . . . , 𝐾 − 1, (7)

𝑊 𝑘
0𝑙 = 𝑉 𝑘

0𝑙, 𝑉 𝑘
𝑗0 = 0, 𝑖 = 1, . . . , 𝑛, 𝑗 = 0, . . . , 𝐽, 𝑘 = 0, . . . , 𝐾.

4 Statement of the Problem

In this section, we consider a mixed problem for a two-dimensional linear hyperbolic
equation with a dynamic boundary condition.

4.1 Main Equation

Consider the following scalar hyperbolic equation:

𝑢𝑡 + 0.2𝑢𝑥 + 𝑢𝑦 = 0, 0 < 𝑥 < 1, 0 < 𝑦 < 1, 0 < 𝑡 ⩽ 𝑇.

Here:

– the spatial domain is Ω = (0, 1)× (0, 1),
– the time interval is 0 < 𝑡 ⩽ 𝑇 ,
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– the characteristic velocities are positive (0.2 > 0, 1 > 0).

Since both characteristic velocities are positive, the characteristic curves are directed
toward increasing values of 𝑥 and 𝑦. Consequently, the information propagates into the
computational domain through the boundaries 𝑥 = 0 and 𝑦 = 0, which therefore play the
role of inflow boundaries for the considered hyperbolic problem..

4.2 Dynamic Boundary Condition

At the left boundary 𝑥 = 0, the following dynamic boundary condition is imposed:

𝑢𝑡(0, 𝑦, 𝑡) = −1.1𝑢(0, 𝑦, 𝑡) + 𝑒−1𝑢(1, 𝑦, 𝑡), 0 ⩽ 𝑦 ⩽ 1, 0 ⩽ 𝑡 ⩽ 𝑇.

In condition (12):

– the term −1.1𝑢(0, 𝑦, 𝑡) represents a dissipative component,
– the term 𝑒−1𝑢(1, 𝑦, 𝑡) describes the coupling through the opposite boundary value.

This dynamic boundary condition has a control-type character.

4.3 Boundary Condition at 𝑦 = 0

The boundary condition at 𝑦 = 0 is given by

𝑢(𝑥, 0, 𝑡) = 𝑒𝑥−0.1𝑡, 0 ⩽ 𝑥 ⩽ 1, 0 ⩽ 𝑡 ⩽ 𝑇.

4.4 Initial Condition

The initial condition is

𝑢(𝑥, 𝑦, 0) = 𝑒𝑥−0.1𝑦, 0 ⩽ 𝑥 ⩽ 1, 0 ⩽ 𝑦 ⩽ 1.

For the given mixed problem, the following exponential function serves as the exact
solution:

𝑢(𝑥, 𝑦, 𝑡) = 𝑒𝑥−0.1𝑦−0.1𝑡.

The obtained exact solution satisfies the differential equation as well as the initial
and boundary conditions. Therefore, it is used as a benchmark solution for verifying the
accuracy and stability of the numerical scheme.

5 Difference Scheme and Its Approximation

For the mixed problem formulated above, according to formulas (5), (6) and (7), we
apply an upwind directional splitting explicit–implicit difference scheme.

The proposed scheme consists of the following two stages:⎧⎪⎪⎨⎪⎪⎩
𝑤𝑘

𝑗,𝑙 = 𝑢𝑘𝑗,𝑙 − 𝑐
∆𝑡

∆𝑦

(︀
𝑢𝑘𝑗,𝑙 − 𝑢𝑘𝑗,𝑙−1

)︀
,

𝑢𝑘+1
𝑗,𝑙 = 𝑤𝑘

𝑗,𝑙 − 𝜆
∆𝑡

∆𝑥

(︀
𝑢𝑘+1
𝑗,𝑙 − 𝑢𝑘+1

𝑗−1,𝑙

)︀
,

(8)

𝑗 = 1, . . . , 𝐽, 𝑙 = 1, . . . , 𝐿, 𝑘 = 0, . . . , 𝐾 − 1.

This scheme is based on a two-stage splitting algorithm (directional operator splitting),
where the first stage corresponds to the 𝑦-direction and the second stage corresponds to
the 𝑥-direction. Here the parameters are

𝜆 = 0.2, 𝑐 = 1.
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5.1 Approximation of the Initial Condition

The initial condition is discretized as

𝑢0𝑗,𝑙 = 𝜙𝑗,𝑙 = 𝜙(𝑥𝑗, 𝑦𝑙) = 𝑒𝑥𝑗−0.1𝑦𝑙 , 𝑗 = 0, . . . , 𝐽, 𝑙 = 0, . . . , 𝐿.

5.2 Approximation of the Boundary Conditions

The dynamic boundary condition at 𝑥 = 0 is discretized as

𝑢𝑘+1
0,𝑙 − 𝑤𝑘

0,𝑙

∆𝑡
= 𝐴𝑢𝑘+1

0,𝑙 +𝐵 𝑢𝑘+1
𝐽,𝑙 , 𝑙 = 0, . . . , 𝐿, 𝑘 = 0, . . . , 𝐾 − 1.

Here the intermediate function satisfies

𝑤𝑘
0,𝑙 = 𝑢𝑘0,𝑙.

For the lower boundary (𝑦 = 0), we set

𝑢𝑘𝑗,0 = 𝑒𝑥𝑗−0.1𝑡𝑘 , 𝑗 = 0, . . . , 𝐽, 𝑘 = 0, . . . , 𝐾,

the parameters are
𝐴 = −1.1, 𝐵 = 𝑒−1.

Scientific Remarks
The proposed difference scheme is based on the directional splitting (operator splitting)

technique, which significantly simplifies the computational procedure. At the first stage,
an explicit scheme is applied in the 𝑦-direction, while at the second stage, an implicit
scheme is employed in the 𝑥-direction.

The discrete representation of the dynamic boundary condition is of first-order accu-
racy in time and preserves the dissipative character of the system.

The selected parameters

𝜆 = 0.2, 𝑐 = 1, 𝐴 = −1.1, 𝐵 = 𝑒−1,

satisfy the theoretical stability conditions and ensure exponential decay.

5.3 Grid Parameters

We recall the grid parameters used in the computations.
The selected values are

𝐽 = 100, 𝐿 = 15, 𝐾 = 51, 𝑇 = 1.

Hence,

∆𝑥 =
1

𝐽
= 0.01, ∆𝑦 =

1

𝐿
≈ 0.067, ∆𝑡 =

𝑇

𝐾
≈ 0.02.

5.4 Justification of Exponential Stability

The proposed difference scheme has a directional splitting (operator splitting) struc-
ture. The computational process is carried out in two stages:

1. an explicit scheme in the 𝑦-direction,
2. an implicit scheme in the 𝑥-direction (including the dynamic boundary condition).
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Each stage, considered separately, corresponds to a one-dimensional difference scheme
for a hyperbolic equation.

For the one-dimensional case, the exponential stability criterion has been established
in [12]. Therefore, if the scheme in each direction decreases the discrete energy, then the
composed (splitting) scheme also decreases the energy, that is,

𝐸𝑘+1 ⩽ 𝑞𝐸𝑘, 0 < 𝑞 < 1.

This implies the following exponential estimate:

‖𝑢𝑘‖ ⩽ 𝐶𝑒−𝛾𝑘Δ𝑡‖𝑢0‖.

Thus, the two-dimensional scheme is exponentially stable.
According to the theorem in [12], the following linear matrix inequality ensures the

stability of the one-dimensional stage:(︂
𝐴𝑇𝑃 + 𝑃𝐴+ 𝑃Λ 𝑃𝐵

𝐵𝑇𝑃 −𝑃Λ

)︂
< 0.

If this condition is satisfied, the one-dimensional stage in the 𝑥-direction ensures ex-
ponential decay. The one-dimensional stage in the 𝑦-direction is stable under the CFL
condition. Consequently, the overall splitting scheme is exponentially stable.

A complete formal proof of the two-dimensional case is left for future research.

5.5 Verification of the CFL (Courant–Friedrichs–Lewy) Condition

To verify stability from a theoretical point of view, we examine the CFL condition.
For the scalar case, the stability condition reads

𝑐
∆𝑡

∆𝑦
< 1.

In our case,
𝑐 = 1.

Substituting the grid parameters, we obtain

𝑐
∆𝑡

∆𝑦
= 1 · 0.02

0.067
≈ 0.294 < 1.

Therefore, the CFL condition is satisfied.
Scientific Remark on the CFL Condition
This condition follows from the classical Courant–Friedrichs–Lewy stability criterion.

It characterizes the relationship between the characteristic velocities and the mesh steps
in explicit difference schemes.

5.6 Verification of the Linear Matrix Inequality

To ensure exponential stability, the following linear matrix inequality (LMI) must be
satisfied: (︂

𝐴𝑇𝑃 + 𝑃𝐴+ 𝑃𝜆 𝑃𝐵
𝐵𝑇𝑃 −𝑃𝜆

)︂
< 0.

The parameters are

𝐴 = −1.1, 𝐵 = 𝑒−1, 𝜆 = 0.2, 𝑃 = 0.1.



An explicit-implicit difference scheme for a two-dimensional . . . 129

Since we consider the scalar case, we have

𝐴𝑇 = 𝐴, 𝐵𝑇 = 𝐵.

Computation of the matrix elements.

First diagonal element:

𝐴𝑇𝑃 + 𝑃𝐴+ 𝑃𝜆 = (−1.1)(0.1) + (0.1)(−1.1) + (0.1)(0.2).

−0.11− 0.11 + 0.02 = −0.20.

Off-diagonal element:

𝑃𝐵 = 0.1 𝑒−1 ≈ 0.1 · 0.3679 ≈ 0.03679.

Second diagonal element:

−𝑃𝜆 = −(0.1)(0.2) = −0.02.

Therefore, the matrix takes the form(︂
−0.20 0.03679
0.03679 −0.02

)︂
.

To verify negative definiteness, we apply Sylvester’s criterion and check the leading
principal minors.

−0.20 < 0,

and

det = (−0.20)(−0.02)− (0.03679)2 =

= 0.004− 0.001354 ≈ 0.002646 > 0.

Since the first leading principal minor is negative and the determinant is positive, the
matrix is negative definite according to Sylvester’s criterion.

Thus, the linear matrix inequality is satisfied, which guarantees exponential stability
of the x-direction stage.

5.7 Scientific Discussion

The negative definiteness of the 2 × 2 symmetric matrix was verified according to
Sylvester’s criterion [15]. Therefore, the matrix is negative definite.

For the selected parameters, the stability conditions were thoroughly examined. In
particular, the Courant–Friedrichs–Lewy (CFL) criterion was verified, showing that the
ratio between the temporal and spatial steps satisfies the necessary restriction for stable
operation of the explicit stage.

Moreover, the linear matrix inequality ensuring exponential stability was checked and
its negative definiteness was established. This result guarantees the decay of the energy
functional for the system with dynamic boundary conditions.
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Thus, based on the theoretical analysis, the exponential stability of the constructed
difference scheme is proven.

The obtained theoretical conclusions are confirmed by the numerical experiments pre-
sented in the next section, where the numerical solution approaches the exact solution
and the norm decreases exponentially.

6 Computational Procedure

6.1 Initialization of the First Layer

The computational process starts from the initial condition. At all grid nodes, the
values of the initial layer are determined by the formula

𝑢0𝑗,𝑙 = 𝑒𝑥𝑗−0.1𝑦𝑙 , 𝑗 = 0, . . . , 𝐽, 𝑙 = 0, . . . , 𝐿.

The obtained values are presented in Table 1.

Table 1 Tabular representation of the initial values 𝑢0𝑗,𝑙.

𝑗∖𝑙 0 1 2 3 4 5
0 1.000 0.905 0.819 0.741 0.670 0.607
1 1.105 1.000 0.905 0.819 0.741 0.670
2 1.221 1.105 1.000 0.905 0.819 0.741
3 1.350 1.221 1.105 1.000 0.905 0.819
4 1.492 1.350 1.221 1.105 1.000 0.905
5 1.649 1.492 1.350 1.221 1.105 1.000

6.2 Computation of the First Time Layer (𝑘 = 0)

To compute the values 𝑢1𝑗,𝑙, we write the difference scheme at 𝑘 = 0:

𝑤0
𝑗,𝑙 = 𝑢0𝑗,𝑙 − 𝑐

∆𝑡

∆𝑦

(︀
𝑢0𝑗,𝑙 − 𝑢0𝑗,𝑙−1

)︀
, 𝑢1𝑗,𝑙 = 𝑤0

𝑗,𝑙 − 𝜆
∆𝑡

∆𝑥

(︀
𝑢1𝑗,𝑙 − 𝑢1𝑗−1,𝑙

)︀
,

𝑗 = 1, . . . , 𝐽, 𝑙 = 1, . . . , 𝐿.

The first equation determines the intermediate values 𝑤0
𝑗,𝑙.

The second equation is implicit and contains the unknown values 𝑢1𝑗,𝑙.

6.3 Rewriting and Simplification of the Scheme

Expanding the second equation, we obtain

𝑢1𝑗,𝑙 + 𝜆
∆𝑡

∆𝑥

(︀
𝑢1𝑗,𝑙 − 𝑢1𝑗−1,𝑙

)︀
= 𝑢0𝑗,𝑙 − 𝑐

∆𝑡

∆𝑦

(︀
𝑢0𝑗,𝑙 − 𝑢0𝑗,𝑙−1

)︀
.

Rewriting the scheme, we obtain(︂
1 + 𝜆

∆𝑡

∆𝑥

)︂
𝑢1𝑗,𝑙 − 𝜆

∆𝑡

∆𝑥
𝑢1𝑗−1,𝑙 =

(︂
1− 𝑐

∆𝑡

∆𝑦

)︂
𝑢0𝑗,𝑙 + 𝑐

∆𝑡

∆𝑦
𝑢0𝑗,𝑙−1.

6.4 Introduction of Auxiliary Notation

To simplify the computations, we introduce the following notation:

𝜆1 = 𝜆
∆𝑡

∆𝑥
, 𝑝 = 1 + 𝜆1, 𝑐1 = 𝑐

∆𝑡

∆𝑦
, 𝑞 = 1− 𝑐1.
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Then the equation takes the compact form

𝑝 𝑢1𝑗,𝑙 − 𝜆1𝑢
1
𝑗−1,𝑙 = 𝑞 𝑢0𝑗,𝑙 + 𝑐1𝑢

0
𝑗,𝑙−1. (9)

6.5 Sequential Solution with Respect to 𝑗

Equation (9) can be written sequentially in the 𝑗-direction.
For 𝑗 = 1:

𝑝 𝑢11,𝑙 − 𝜆1𝑢
1
0,𝑙 = 𝑞 𝑢01,𝑙 + 𝑐1𝑢

0
1,𝑙−1.

For 𝑗 = 2:
𝑝 𝑢12,𝑙 − 𝜆1𝑢

1
1,𝑙 = 𝑞 𝑢02,𝑙 + 𝑐1𝑢

0
2,𝑙−1.

· · ·

For 𝑗 = 𝐽 :
𝑝 𝑢1𝐽,𝑙 − 𝜆1𝑢

1
𝐽−1,𝑙 = 𝑞 𝑢0𝐽,𝑙 + 𝑐1𝑢

0
𝐽,𝑙−1.

Thus, for each fixed 𝑙, we obtain 𝐽 equations.

6.6 Dynamic Boundary Condition at 𝑘 = 0

At 𝑘 = 0, the dynamic boundary condition takes the form

𝑢10,𝑙 − 𝑢00,𝑙
∆𝑡

= 𝐴𝑢10,𝑙 +𝐵𝑢1𝐽,𝑙.

After simplification, we obtain

(1− 𝐴∆𝑡)𝑢10,𝑙 −𝐵∆𝑡 𝑢1𝐽,𝑙 = 𝑢00,𝑙. (10)

Combining equations (9) and (10), for each fixed 𝑙 we obtain a linear system with
(𝐽 + 1) unknowns and (𝐽 + 1) equations.

This system has a lower-triangular structure and can be solved using a recurrent
(forward substitution) method.

6.7 Recurrent Formula

Using the sequential substitution method, the following general formula is obtained:

𝑢1𝑗,𝑙 =

𝑗∑︁
𝑖=1

𝑞 𝑢0𝑖,𝑙 + 𝑐1𝑢
0
𝑖,𝑙−1

𝑝 𝑗−𝑖+1
+

(︂
𝜆1
𝑝

)︂𝑗

𝑢10,𝑙. (11)

First, the value 𝑢10,𝑙 is determined from equations (10) and (11), and then the remaining
values 𝑢1𝑗,𝑙 are computed using equation (9).

6.8 Algorithm of the Computational Procedure

The computational process is carried out in the following sequence:

1. The initial layer 𝑢0𝑗,𝑙 is computed.
2. For each time layer:

– the linear system corresponding to equations (9) and (10) is formed;
– the general recurrent formula (11) is constructed;
– using these relations, the values 𝑢𝑘+1

0,𝑙 and all 𝑢𝑘+1
𝑗,𝑙 are computed.

3. The procedure is repeated for 𝑘 = 0, . . . , 𝐾 − 1.
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To automate the computations, a dedicated program was developed in the Python
programming language, and a series of numerical experiments were performed.

The computational results obtained by the program are presented below.

7 Numerical Results

7.1 Comparison of Numerical and Exact Solutions

Figure 1 shows comparison between the numerical and exact solutions at 𝑇 = 20. The
numerical surface (left) closely follows the exact solution (right), confirming the accuracy
of the proposed scheme.

Figure 1 Comparison of numerical and exact solutions at 𝑇 = 20

Table 2 Pointwise error values |𝑢𝑛𝑢𝑚 − 𝑢exact| at the grid nodes (𝑥𝑖, 𝑦𝑗)
𝑥∖𝑦 0.000 0.067 0.133 0.200 0.267 0.333 0.400 0.467 0.533 0.600
0.000 0.000000 0.000055 0.000073 0.000091 0.000109 0.000127 0.000145 0.000162 0.000179 0.000195
0.010 0.000000 0.000451 0.000653 0.000748 0.000796 0.000825 0.000844 0.000860 0.000874 0.000887
0.020 0.000000 0.000266 0.000496 0.000650 0.000744 0.000800 0.000836 0.000860 0.000878 0.000893
0.030 0.000000 0.000161 0.000361 0.000536 0.000664 0.000752 0.000810 0.000849 0.000876 0.000897
0.040 0.000000 0.000100 0.000258 0.000426 0.000572 0.000685 0.000767 0.000824 0.000864 0.000893
0.050 0.000000 0.000066 0.000185 0.000332 0.000479 0.000606 0.000708 0.000785 0.000841 0.000882
0.060 0.000000 0.000046 0.000134 0.000256 0.000393 0.000524 0.000639 0.000733 0.000805 0.000859
0.070 0.000000 0.000035 0.000101 0.000199 0.000319 0.000446 0.000566 0.000672 0.000758 0.000827
0.080 0.000000 0.000029 0.000079 0.000156 0.000258 0.000375 0.000494 0.000605 0.000703 0.000784
0.090 0.000000 0.000026 0.000065 0.000126 0.000211 0.000314 0.000427 0.000539 0.000643 0.000734
0.100 0.000000 0.000024 0.000056 0.000106 0.000175 0.000264 0.000366 0.000475 0.000581 0.000679
0.110 0.000000 0.000023 0.000051 0.000091 0.000148 0.000224 0.000315 0.000416 0.000520 0.000621
0.120 0.000000 0.000022 0.000048 0.000082 0.000129 0.000193 0.000272 0.000364 0.000463 0.000563
0.130 0.000000 0.000022 0.000046 0.000076 0.000116 0.000169 0.000238 0.000319 0.000411 0.000508
0.140 0.000000 0.000022 0.000045 0.000072 0.000107 0.000152 0.000210 0.000282 0.000366 0.000457

The Table 2 demonstrates the distribution of the pointwise error between the numer-
ical and exact solutions over the computational domain. It is observed that the error
magnitude is significantly reduced compared to the previous mesh resolution, indicating
the convergence of the proposed numerical scheme. The error remains small throughout
the domain and increases smoothly in the direction of spatial propagation. The maximum
error is of order 10−4, which confirms the high accuracy of the explicit–implicit splitting
scheme. These numerical findings are in agreement with the theoretical exponential sta-
bility and convergence properties established earlier.
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7.2 Error Analysis

The maximum absolute error was computed as

𝐸max(𝑡𝑘) = max
𝑗,𝑙

Table 3 Maximum error at different time levels.
Time 𝑇 𝐸max

1 2.6× 10−3

5 1.3× 10−3

10 7.0× 10−4

20 3.0× 10−4

7.3 Decay of the Discrete 𝑙2 – Norm

Figure 2 illustrates the time evolution of the discrete 𝑙2 – norm: ‖𝑢𝑘‖𝑙2 . The norm
decreases monotonically, confirming the exponential stability of the scheme.

Figure 2 Time evolution of the discrete 𝑙2 – norm

7.4 Discussion of Numerical Results

The spatial distributions of the numerical and exact solutions are illustrated for the
case 𝑇 = 20. The surfaces demonstrate that the numerical solution reproduces the quali-
tative behavior of the exact solution without visible oscillations or instability.

The maximum errors between the numerical and exact solutions are presented for the
time moments 𝑇 = 1, 5, 10, and 20. The obtained values remain small, which confirms
the convergence of the proposed difference scheme.

In addition, the time evolution of the discrete 𝑙2-norm of the numerical solution is
shown. The norm decreases monotonically as time increases, which confirms the dissi-
pative character of the system and supports the theoretical exponential stability of the
constructed scheme.

8 Concluding Remarks

An explicit–implicit directional splitting difference scheme for a two-dimensional linear
hyperbolic equation with dynamic boundary conditions was constructed and analyzed.
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Sufficient conditions for exponential stability were established using the CFL condition
and a linear matrix inequality approach.

Numerical experiments confirm the theoretical results: the discrete 𝑙2 – norm decreases
monotonically and exhibits exponential decay, while the numerical solution remains close
to the exact solution.

Further research may focus on a complete multidimensional stability analysis and on
extensions to nonlinear and higher-dimensional problems.
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ЯВНО-НЕЯВНАЯ РАЗНОСТНАЯ СХЕМА ДЛЯ
ДВУХМЕРНОЙ ЛИНЕЙНОЙ ГИПЕРБОЛИЧЕСКОЙ
СИСТЕМЫ С ДИНАМИЧЕСКИМИ ГРАНИЧНЫМИ
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В работе рассматривается двумерная линейная гиперболическая система с дина-

мическими граничными условиями и предлагается разностная схема для ее числен-

ного решения. Построен явнo-неявный метод расщепления по направлениям, в кото-

ром аппроксимация выполняется явно по одному направлению и неявно по другому

с сохранением диссипативной структуры граничных условий. Устойчивость схемы

установлена при выполнении условия Куранта–Фридрихса–Леви и линейного мат-

ричного неравенства. Показано, что дискретная энергия экспоненциально убывает

со временем. Численные эксперименты подтверждают теоретические результаты,

демонстрируя монотонное убывание нормы 𝑙2 и согласование с точным решением.

Предложенный метод является устойчивым, диссипативным и вычислительно эф-

фективным и может применяться для двумерных гиперболических систем с дина-

мическими граничными условиями.

Ключевые слова: гиперболическая система, динамическое граничное условие, раз-

ностная схема, направленное расщепление, явно–неявный метод, экспоненциальная

устойчивость.

Цитирование: Алоев Р.Д., Овлаева М.Х., Ильяни Абдуллаx, Исаева Н.Т.Явно-

неявная разностная схема для двухмерной линейной гиперболической системы с

динамическими граничными условиями // Проблемы вычислительной и приклад-

ной математики. – 2026. – №2(72). – С. 122-135.

DOI: https://doi.org/10.71310/pcam.2_72.2026.08





ПРОБЛЕМЫ ВЫЧИСЛИТЕЛЬНОЙ И
ПРИКЛАДНОЙ МАТЕМАТИКИ

№2(72) 2026
Журнал основан в 2015 году.

Издается 6 раз в год.

Учредитель:

Научно-исследовательский институт развития цифровых технологий и
искусственного интеллекта.

Главный редактор:

Равшанов Н.

Заместители главного редактора:

Арипов М.М., Шадиметов Х.М., Ахмедов Д.Д.

Ответственный секретарь:

Убайдуллаев М.Ш.

Редакционный совет:

Азамов А.А., Алоев Р.Д., Амиргалиев Е.Н. (Казахстан), Арушанов М.Л.,
Бурнашев В.Ф., Джумаёзов У.З., Загребина С.А. (Россия), Задорин А.И. (Россия),

Игнатьев Н.А., Ильин В.П. (Россия), Иманкулов Т.С. (Казахстан),
Исмагилов И.И. (Россия), Кабанихин С.И. (Россия), Курбонов Н.М., Маматов Н.С.,
Мирзаев Н.М., Мурадов Ф.А., Назирова Э.Ш., Нормуродов Ч.Б., Нуралиев Ф.М.,

Опанасенко В.Н. (Украина), Расулмухамедов М.М., Садуллаева Ш.А.,
Старовойтов В.В. (Беларусь), Хаётов А.Р., Халджигитов А., Хамдамов Р.Х.,
Хужаев И.К., Хужаеров Б.Х., Эшмаматова Д.Б., Дустмуродова Ш.Ж.,
Чье Ен Ун (Россия), Шабозов М.Ш. (Таджикистан), Dimov I. (Болгария),

Li Y. (США), Mascagni M. (США), Min A. (Германия), Singh M. (Южная Корея).

Журнал зарегистрирован в Агентстве информации и массовых коммуникаций при
Администрации Президента Республики Узбекистан.

Свидетельство №0856 от 5 августа 2015 года.

ISSN 2181-8460, eISSN 2181-046X

При перепечатке материалов ссылка на журнал обязательна.
За точность фактов и достоверность информации ответственность несут авторы.

Адрес редакции:

100125, г. Ташкент, м-в. Буз-2, 17А.
Тел.: +(998) 71 263-41-98.

Э-почта: journals@airi.uz.
Веб-сайт: https://journals.airi.uz.

Дизайн и вёрстка:

Шарипов Х.Д.

Отпечатано в типографии НИИ РЦТИИ.
Подписано в печать 22.04.2026 г.

Формат 60х84 1/8. Заказ №2. Тираж 100 экз.



PROBLEMS OF COMPUTATIONAL AND
APPLIED MATHEMATICS

No. 2(72) 2026
The journal was established in 2015.
6 issues are published per year.

Founder:

Digital Technologies and Artificial Intelligence Development Research Institute.

Editor-in-Chief:

Ravshanov N.

Deputy Editors:

Aripov M.M., Shadimetov Kh.M., Akhmedov D.D.

Executive Secretary:

Ubaydullaev M.Sh.

Editorial Council:

Azamov A.A., Aloev R.D., Amirgaliev E.N. (Kazakhstan), Arushanov M.L.,
Burnashev V.F., Djumayozov U.Z., Zagrebina S.A. (Russia), Zadorin A.I. (Russia),

Ignatiev N.A., Ilyin V.P. (Russia), Imankulov T.S. (Kazakhstan), Ismagilov I.I. (Russia),
Kabanikhin S.I. (Russia), Kurbonov N.M., Mamatov N.S., Mirzaev N.M., Muradov F.A.,

Nazirova E.Sh., Normurodov Ch.B., Nuraliev F.M., Opanasenko V.N. (Ukraine),
Sadullaeva Sh.A., Starovoitov V.V. (Belarus), Khayotov A.R., Khaldjigitov A.,
Khamdamov R.Kh., Khujaev I.K., Khujayorov B.Kh., Eshmamatova D.B.,
Dustmurodova Sh.J., Chye En Un (Russia), Shabozov M.Sh. (Tajikistan),
Dimov I. (Bulgaria), Li Y. (USA), Mascagni M. (USA), Min A. (Germany),

Singh M. (South Korea).

The journal is registered by Agency of Information and Mass Communications under the
Administration of the President of the Republic of Uzbekistan.

Certificate of Registration No. 0856 of 5 August 2015.

ISSN 2181-8460, eISSN 2181-046X

At a reprint of materials the reference to the journal is obligatory.
Authors are responsible for the accuracy of the facts and reliability of the information.

Address:

100125, Tashkent, Buz-2, 17A.
Tel.: +(998) 71 263-41-98.
Е-mail: journals@airi.uz.

Web-site: https://journals.airi.uz.

Layout design:

Sharipov Kh.D.

DTAIRI printing office.
Signed for print 22.04.2026

Format 60х84 1/8. Order No. 2. Print run of 100 copies.



Содержание

Паровик Р.И., Исрайилжанова Г.С.

FracDynZe – компьютерная программа исследования динамики работы серд-
ца в рамках дробного осциллятора Зимана . . . . . . . . . . . . . . . . . . . . 5

Очилова Н.К.

Уравнения смешанно-составного типа в качестве модели аномальной диф-
фузии в опухолевых тканях . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

Кодиров Р., Боборахимов Б.

Математическая модель процессов изменения напора подземных вод в неод-
нородных пористых средах . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Равшанов Н., Ахмад Тирта Дхару Вахью Памбуди, Мухаммад Сафари, Камо-

лиддинова Ф.

Прогнозирование индекса экологического состояния регионов Узбекистана
с использованием методов машинного обучения и искусственного интеллекта 42

Шадманов И.У., Иззатуллоев А.Э., Сухендро Бусоно

Дробная модель и устойчивый численный алгоритм для взаимосвязанного
переноса тепла и влаги в неоднородных пористых телах . . . . . . . . . . . . 61

Усмонов Л.С.

Математическое моделирование гидродинамического процесса подземного
выщелачивания с учетом изменения гидродинамических параметров пори-
стой среды . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

Шакаева Э.Э.

Численное моделирование задачи Коши для сингулярно возмущенного урав-
нения третьего порядка . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Алоев Р.Д., Овлаева М.Х., Ильяни Абдуллаx, Исаева Н.Т.

Явно-неявная разностная схема для двухмерной линейной гиперболической
системы с динамическими граничными условиями . . . . . . . . . . . . . . . 122

Болтаев А.К

Об одной дискретной системе для нахождения коэффициентов весовых оп-
тимальных квадратурных формул . . . . . . . . . . . . . . . . . . . . . . . . . 136

Олимов Н.Н.

Применение оптимальной интерполяционной формулы с производной для
приближенного интегрирования . . . . . . . . . . . . . . . . . . . . . . . . . . 147

Твёрдый Д.А.

Асимптотические оценки сложности гибридных алгоритмов численного ре-
шения модельного уравнения объемной активности радона с дробной произ-
водной переменного порядка . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155



Contents

Parovik R.I., Israyiljanova G.S.

FracDynZe is a computer program for studying the dynamics of cardiac function
using the fractional Zeeman oscillator . . . . . . . . . . . . . . . . . . . . . . . . 5

Ochilova N.K.

Mixed-composite-type equations as a model of anomalous diffusion in tumor tissues 16

Qodirov R., Boborakhimov B.

Mathematical model of groundwater head variation processes in heterogeneous
porous media . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Ravshanov N., Achmad Tirta Dharu Wahyu Pambudi, Muhammad Safari, Kamolid-

dinova F.

Forecasting the environmental health index of Uzbekistan regions using machine
learning and artificial intelligence methods . . . . . . . . . . . . . . . . . . . . . 42

Shadmanov I.U., Izzatulloyev A.E., Suhendro Busono

Fractional model and robust numerical algorithm for coupled heat and moisture
transfer in heterogeneous porous bodies . . . . . . . . . . . . . . . . . . . . . . . 61

Usmonov L.S.

Mathematical modeling of the hydrodynamic process of in-situ leaching taking
into account the changes in hydrodynamic parameters of a porous medium . . . 89

Shakaeva E.E.

Numerical modeling of the Cauchy problem for a third-order singularly perturbed
equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Aloev R.D., Ovlaeva M.Kh., Ilyani Abdullah, Issayeva N.T.

An explicit-implicit difference scheme for a two-dimensional linear hyperbolic
system with dynamic boundary conditions . . . . . . . . . . . . . . . . . . . . . 122

Boltaev A.K.

On a discrete system for finding the coefficients of weighted optimal quadrature
formulas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

Olimov N.N.

An application of optimal interpolation formula with derivative to approximate
integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

Tverdyi D.A.

Asymptotic complexity estimates of hybrid algorithms for the numerical solution
of a model equation of radon volume activity with a variable-order fractional
derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155


	PCAM-2-2026-8
	1
	obloj
	mundarija


