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This paper considers a two-dimensional linear hyperbolic system with dynamic bound-
ary conditions and proposes a difference scheme for its numerical solution. An explicit—
implicit directional splitting method is constructed, where discretization is performed
explicitly in one direction and implicitly in the other, while preserving the dissipative
structure of the boundary conditions. The stability of the scheme is established un-
der the Courant—Friedrichs—Lewy condition and a linear matrix inequality. It is shown
that the discrete energy decreases exponentially in time. Numerical experiments con-
firm the theoretical results, demonstrating monotonic decay of the discrete lo-norm and
good agreement with the exact solution. The proposed method is stable, dissipative, and
computationally efficient, and can be effectively applied to two-dimensional hyperbolic
systems with dynamic boundary conditions.
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1 Introduction

Two-dimensional hyperbolic systems play an essential role in the mathematical mod-
eling of wave propagation, transport phenomena, gas dynamics, and various distributed
dynamical processes. In many applied problems, the interaction at the boundary is not
static but evolves in time, which leads to the formulation of dynamic boundary conditions.
Such conditions significantly influence the qualitative behavior of solutions, particularly
their dissipative properties and stability characteristics.

The stability of hyperbolic systems with boundary feedback has been widely investi-
gated in the literature. Dissipative boundary conditions for nonlinear hyperbolic systems
were studied by Coron, Bastin, and d’Andréa-Novel [1|, while robust boundary control
methods were developed in |2]. Lyapunov stability analysis for hyperbolic models was fur-
ther explored in [3]. Dynamic boundary stabilization problems and their control-theoretic
interpretation were considered in [4, 5], where sufficient conditions for the stability of con-
tinuous systems were established.
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From a numerical point of view, the construction of reliable difference schemes for mul-
tidimensional hyperbolic systems remains a challenging problem, especially in the presence
of dynamic boundary interactions. Directional splitting (operator splitting) techniques
are widely used for multidimensional problems since they allow reduction of a multidi-
mensional scheme to a sequence of one-dimensional subproblems. Stability properties of
splitting schemes for hyperbolic systems were investigated in [6-9|, and computational
models for quasilinear hyperbolic systems were constructed in [10]. However, the anal-
ysis of splitting schemes in the presence of dynamic boundary terms requires additional
investigation.

Recent studies have addressed difference schemes for hyperbolic systems with dynamic
boundary conditions and their stability properties [11-14]. Nevertheless, most of the
available results are limited to one-dimensional models or require further development in
the multidimensional case. In particular, the preservation of dissipative properties at the
discrete level and the establishment of exponential stability for multidimensional splitting
schemes remain open and practically important problems.

In this paper, an explicit-implicit directional splitting difference scheme is constructed
for a two-dimensional linear hyperbolic system with dynamic boundary conditions. The
proposed scheme combines explicit discretization in one spatial direction with implicit
discretization in the other direction, including a consistent approximation of the dynamic
boundary condition. Sufficient conditions ensuring exponential stability of the numerical
solution are derived using the Courant-Friedrichs-Lewy condition and a linear matrix
inequality framework [15]. It is shown that the discrete energy of the numerical solution
decreases exponentially in time. The theoretical results are supported by numerical ex-
periments demonstrating the dissipative behavior and accuracy of the proposed method.

The obtained results extend previously known stability results for one-dimensional
hyperbolic models to the case of multidimensional operator-splitting discretizations with
dynamic boundary interaction.

2 Mathematical Formulation of the Problem

In this paper, we consider the following linear hyperbolic system written in Riemann
coordinates:

ov ov ov
bl - = > :
5 +A8$+Cay 0, t>20, z€(0,X), ye(0,Y) (1)

Here X and Y are given positive constants defining the spatial domain. The matrix
A is an n x n diagonal matrix with an existing inverse. It has the form

A= diag()\l, )\2, R ,/\n>
and its eigenvalues are ordered as follows:
A< A < - < A <0< A1 < A < -0 < Ay

This condition guarantees the hyperbolicity of the system, that is, all eigenvalues are
real and mutually distinct.
The unknown vector function V' is represented in the following form:

VI(t,,
Vix,t) = <VH((t a; yy>>) . Vi= (v1,v9,. .. ,vm)T, v = (Vs 1s Ums2s - - - ,vn)T.
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Furthermore, we introduce the notation
|A| = diag(|A1], [ A2l - -, [Anl)-

The stability problem for linear hyperbolic systems has been studied in [1-3|, where
static boundary conditions of the form

VIt X, y) VI(t,0,y)
II =5 I1 ]
VH(t,0,y) VHE(t, X, y)
were considered. Here S is a given n X n matrix.
Hyperbolic systems with dynamic boundary conditions are less studied in the litera-
ture. Nevertheless, finite-dimensional approximation techniques such as those proposed

in [4] can be applied for stabilization purposes.
For the boundary conditions, we consider the following dynamic boundary condition:

5 () - () e s (Bfhn) . veom e

V(t,z,0) =0, z€l0,X], te]0,+00).

Assume that ®(z,y) is a continuously differentiable function satisfying the compati-
bility conditions for the initial and boundary conditions (not only the function itself, but
also its first derivatives). Then the initial condition can be defined as

V(0,z,y) =®(z,y), x€l[0,X], yel0Y] (3)
Here

®(z,y) = (p1(2.9) (2. 9)s - oul,1)) "

The stability of equations (1), (3), and (2) was analyzed in [5] using a Lyapunov
function approach. In that work, sufficient conditions for exponential stability of problem
(1), (3), and (2) were established.

3 Difference Scheme for the Two-Dimensional Mixed Problem

We counstruct a difference scheme for the mixed problem defined by equations (1), (3),
and (2).
Let
G={(2,91):0<e<X,0<y<Y, 0<t < T},

be the space-time domain. We introduce a uniform grid with step sizes Az in the x —
direction, Ay in the y — direction, and At in the ¢ — direction.
The grid nodes are defined by

;= jAzx, y =I1Ay, th = kA,

where 7 =0,...,J,1=0,...,L,and k=0,..., K.
The set of grid nodes is denoted by

Gp={(zj,y,t"):j=0,...,J;1=0,...,L; k=0,...,K}.
The numerical solution at the grid nodes is denoted by

()i = vily u, 1), i=1,...,n.
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The step sizes Ax, Ay, and At are chosen such that
JAxr = X, LAy =Y, KAt=T.

To construct the numerical solution of problem (1), (3), and (2) at the grid nodes Gy,
we propose the following difference scheme.
For simplicity of exposition, we assume that the matrix C' is diagonal:

C = diag(cq, ¢, ..., ¢), ¢ >0, i=1,...,n.

To construct the numerical solution of problem ((1), (3), and (2) at the grid nodes
G, we propose the following splitting explicit—implicit difference scheme:

(wi)ky = (o)t — ﬁ—; [0 — (0] ’
(w5 = () — M [ — @]

i=1,....on, j=1,....J, 1l=1,....L, k=0,...,K—1.
Alternatively, in vector form:

‘ At ‘
Wh =V} - CA_y Vi =V,

At
k k k k
ij+1 :Wﬂ_AA_x [V}ZH_ijﬂv
j=1...,J, I=1,....L, k=0,...,K—1.

The initial condition (3) is approximated in the vector form as
‘/j(l):@jl:q)(xj,yl), j=0,....J, 1=0,...,L. (6)
The boundary conditions are approximated as follows:

k+1 k
VE)Z — WOl

N =AVETL L BVEL 1 =0,...)L, k=0,....,K —1, (7)

Wk =vg, V=0, i=1,...,n, j=0,....J, k=0,...,K.

4 Statement of the Problem

In this section, we consider a mixed problem for a two-dimensional linear hyperbolic
equation with a dynamic boundary condition.

4.1 Main Equation

Consider the following scalar hyperbolic equation:
u+02u, +u, =0, 0<zx<l, O<y<l 0<t<T.

Here:

— the spatial domain is 2 = (0,1) x (0,1),
— the time interval is 0 <t < T,
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— the characteristic velocities are positive (0.2 >0, 1 > 0).

Since both characteristic velocities are positive, the characteristic curves are directed
toward increasing values of x and y. Consequently, the information propagates into the
computational domain through the boundaries z = 0 and y = 0, which therefore play the
role of inflow boundaries for the considered hyperbolic problem..

4.2 Dynamic Boundary Condition

At the left boundary x = 0, the following dynamic boundary condition is imposed:
u(0,y,1) = =1.1u(0,y,8) + e u(l,y,t), 0<y<1l, 0<t<T

In condition (12):

— the term —1.1u(0,y,t) represents a dissipative component,
— the term e~'u(1,y,t) describes the coupling through the opposite boundary value.

This dynamic boundary condition has a control-type character.

4.3 Boundary Condition at y =0
The boundary condition at y = 0 is given by

u(z,0,t) =e* %M 0<r <1, 0<t<T.

4.4 Initial Condition

The initial condition is
u(z,y,0) =% 0<z<l, 0<y<l

For the given mixed problem, the following exponential function serves as the exact
solution:

u(x,y,t) — ex—O.ly—O.lt‘

The obtained exact solution satisfies the differential equation as well as the initial
and boundary conditions. Therefore, it is used as a benchmark solution for verifying the
accuracy and stability of the numerical scheme.

5 Difference Scheme and Its Approximation

For the mixed problem formulated above, according to formulas (5), (6) and (7), we
apply an upwind directional splitting explicit-implicit difference scheme.

The proposed scheme consists of the following two stages:

Wil =T Ony (ufa = i) )
At
it = wiy = A (G = wh),

j=1,....J, l=1,....L, k=0,....,K —1.

This scheme is based on a two-stage splitting algorithm (directional operator splitting),
where the first stage corresponds to the y-direction and the second stage corresponds to
the z-direction. Here the parameters are

A=0.2, c=1.
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5.1 Approximation of the Initial Condition

The initial condition is discretized as

u?,lzgpj,l:(p<xj7yl):emjio.lyla j:07-"7J7 l:O,,L

5.2 Approximation of the Boundary Conditions

The dynamic boundary condition at z = 0 is discretized as

k+1 k
Upy — Woy

A = Augt' +Bulj', 1=0,...,L, k=0,...,K—1.

Here the intermediate function satisfies

the parameters are

Scientific Remarks

The proposed difference scheme is based on the directional splitting (operator splitting)
technique, which significantly simplifies the computational procedure. At the first stage,
an explicit scheme is applied in the y-direction, while at the second stage, an implicit
scheme is employed in the z-direction.

The discrete representation of the dynamic boundary condition is of first-order accu-
racy in time and preserves the dissipative character of the system.

The selected parameters

A=02 c¢=1, A=-11 B=e,

satisfy the theoretical stability conditions and ensure exponential decay.

5.3 Grid Parameters

We recall the grid parameters used in the computations.
The selected values are

J=100, L=15 K=51, T=1.

Hence,

1

1
Ar=—=0.01, Ay=—~=0.067, At=— ~0.02.
T J Y y L Y

=1~

5.4 Justification of Exponential Stability

The proposed difference scheme has a directional splitting (operator splitting) struc-
ture. The computational process is carried out in two stages:

1. an explicit scheme in the y-direction,
2. an implicit scheme in the x-direction (including the dynamic boundary condition).
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Each stage, considered separately, corresponds to a one-dimensional difference scheme
for a hyperbolic equation.

For the one-dimensional case, the exponential stability criterion has been established
in [12]. Therefore, if the scheme in each direction decreases the discrete energy, then the
composed (splitting) scheme also decreases the energy, that is,

EMY < gEF, 0<qg< 1.
This implies the following exponential estimate:
lub || < Ce™™ 4 |u]].

Thus, the two-dimensional scheme is exponentially stable.
According to the theorem in [12], the following linear matrix inequality ensures the
stability of the one-dimensional stage:

ATP+ PA+ PA PB <0
BTpP —PA ’

If this condition is satisfied, the one-dimensional stage in the z-direction ensures ex-
ponential decay. The one-dimensional stage in the y-direction is stable under the CFL
condition. Consequently, the overall splitting scheme is exponentially stable.

A complete formal proof of the two-dimensional case is left for future research.

5.5 Verification of the CFL (Courant—Friedrichs—Lewy) Condition

To verify stability from a theoretical point of view, we examine the CFL condition.
For the scalar case, the stability condition reads
At

— <1
CAy

In our case,
c=1.

Substituting the grid parameters, we obtain

At 0.02
CAy =1- 0067 ™ 0.294 < 1.
Therefore, the CFL condition is satisfied.
Scientific Remark on the CFL Condition
This condition follows from the classical Courant—Friedrichs-Lewy stability criterion.
It characterizes the relationship between the characteristic velocities and the mesh steps
in explicit difference schemes.

5.6 Verification of the Linear Matrix Inequality

To ensure exponential stability, the following linear matrix inequality (LMI) must be
satisfied:

ATP+PA+ PN PB <0
BTP —P) )

The parameters are

A=-11, B=e' X=02  P=0.1.
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Since we consider the scalar case, we have
AT =4, BT =B.

Computation of the matrix elements.

First diagonal element:
ATP 4+ PA+ P)\ = (—1.1)(0.1) + (0.1)(—=1.1) + (0.1)(0.2).
—0.11 — 0.11 + 0.02 = —0.20.

Off-diagonal element:

PB=0.1e¢'2~0.1-0.3679 ~ 0.03679.

Second diagonal element:

—PX=—(0.1)(0.2) = —0.02.

Therefore, the matrix takes the form

—0.20 0.03679
0.03679 —0.02 ) °

To verify negative definiteness, we apply Sylvester’s criterion and check the leading
principal minors.

—0.20 <0,

and

det = (—0.20)(—0.02) — (0.03679)? =

= 0.004 — 0.001354 ~ 0.002646 > 0.

Since the first leading principal minor is negative and the determinant is positive, the
matrix is negative definite according to Sylvester’s criterion.

Thus, the linear matrix inequality is satisfied, which guarantees exponential stability
of the x-direction stage.

5.7 Scientific Discussion

The negative definiteness of the 2 x 2 symmetric matrix was verified according to
Sylvester’s criterion [15]. Therefore, the matrix is negative definite.

For the selected parameters, the stability conditions were thoroughly examined. In
particular, the Courant-Friedrichs-Lewy (CFL) criterion was verified, showing that the
ratio between the temporal and spatial steps satisfies the necessary restriction for stable
operation of the explicit stage.

Moreover, the linear matrix inequality ensuring exponential stability was checked and
its negative definiteness was established. This result guarantees the decay of the energy
functional for the system with dynamic boundary conditions.
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Thus, based on the theoretical analysis, the exponential stability of the constructed
difference scheme is proven.

The obtained theoretical conclusions are confirmed by the numerical experiments pre-
sented in the next section, where the numerical solution approaches the exact solution
and the norm decreases exponentially.

6 Computational Procedure

6.1 Initialization of the First Layer

The computational process starts from the initial condition. At all grid nodes, the
values of the initial layer are determined by the formula

ual_ezj—om j=0,....,J, 1=0,...,L.

The obtained values are presented in Table 1.

Table 1 Tabular representation of the initial values u?

gl
g\ 0 1 2 3 4 5)

0 1.000 0.905 0.819 0.741 0.670 0.607
1.105 1.000 0.905 0.819 0.741 0.670
1.221 1.105 1.000 0.905 0.819 0.741
1.350 1.221 1.105 1.000 0.905 0.819
1.492 1.350 1.221 1.105 1.000 0.905
1.649 1.492 1.350 1.221 1.105 1.000

S W N~

6.2 Computation of the First Time Layer (k = 0)

To compute the values u;l, we write the difference scheme at k£ = 0:

whi = Uy = Ci_; (w5 = ufi 1) s wjy = wj, — )‘2_; (j0 = j-14)
g=1,...,J, l=1,...,L.

The first equation determines the intermediate values w},.

The second equation is implicit and contains the unknown values ujll
6.3 Rewriting and Simplification of the Scheme

Expanding the second equation, we obtain

At
Ax ( Ui —
Rewriting the scheme, we obtain

At At At At
(14282 =2 Egar= (1 ey ) ey

]l+)\

6.4 Introduction of Auxiliary Notation

To simplify the computations, we introduce the following notation:

At At

M=A"" p=1+A, c=c—, g=1—c.
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Then the equation takes the compact form

1 1 _ 0 0
pUj; — MU = qui; + Clug, . (9)

6.5 Sequential Solution with Respect to j

Equation (9) can be written sequentially in the j-direction.

For j =1:
1 1 _ 0 0
puy; — MUy = quy; + gy .
For j = 2:
1 1 _ 0 0
puy; — AUy = qug; + Crig; ;.
For 7 = J:

pu}],z - )\1U1J—1,z = qu?f,l + Clu?f,l—l'
Thus, for each fixed [, we obtain J equations.
6.6 Dynamic Boundary Condition at £ =0
At k =0, the dynamic boundary condition takes the form

0

1
Uy, — U,
0l 00 _ 1 1
= Aug, + Buy,.

At

After simplification, we obtain

Combining equations (9) and (10), for each fixed | we obtain a linear system with
(J + 1) unknowns and (J + 1) equations.

This system has a lower-triangular structure and can be solved using a recurrent
(forward substitution) method.
6.7 Recurrent Formula

Using the sequential substitution method, the following general formula is obtained:

J

0 0 J
un‘ﬂ“cluuq Al
1 S 1, ) 1
ujvl = pj—H-l -+ (?) uO,l' (11)

=1

First, the value u; is determined from equations (10) and (11), and then the remaining
values uj; are computed using equation (9).
6.8 Algorithm of the Computational Procedure
The computational process is carried out in the following sequence:
L. The initial layer u§, is computed.
2. For each time layer:

— the linear system corresponding to equations (9) and (10) is formed,
— the general recurrent formula (11) is constructed,;

— using these relations, the values uf " and all uffl are computed.

3. The procedure is repeated for k =0,..., K — 1.
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To automate the computations, a dedicated program was developed in the Python
programming language, and a series of numerical experiments were performed.

The computational results obtained by the program are presented below.

7 Numerical Results

7.1 Comparison of Numerical and Exact Solutions

Figure 1 shows comparison between the numerical and exact solutions at 7' = 20. The
numerical surface (left) closely follows the exact solution (right), confirming the accuracy
of the proposed scheme.

Figure 1 Comparison of numerical and exact solutions at T" = 20

Table 2 Pointwise error values |unum — Uexact| at the grid nodes (z;,y;)

x\y 0.000 0.067 0.133 0.200 0.267 0.333 0.400 0.467 0.533 0.600

0.000 | 0.000000 0.000055 0.000073 0.000091 0.000109 0.000127 0.000145 0.000162 0.000179 0.000195
0.010 | 0.000000 0.000451 0.000653 0.000748 0.000796 0.000825 0.000844 0.000860 0.000874 0.000887
0.020 | 0.000000 0.000266 0.000496 0.000650 0.000744 0.000800 0.000836 0.000860 0.000878 0.000893
0.030 | 0.000000 0.000161 0.000361 0.000536 0.000664 0.000752 0.000810 0.000849 0.000876 0.000897
0.040 | 0.000000 0.000100 0.000258 0.000426 0.000572 0.000685 0.000767 0.000824 0.000864 0.000893
0.050 | 0.000000 0.000066 0.000185 0.000332 0.000479 0.000606 0.000708 0.000785 0.000841 0.000882
0.060 | 0.000000 0.000046 0.000134 0.000256 0.000393 0.000524 0.000639 0.000733 0.000805 0.000859
0.070 | 0.000000 0.000035 0.000101 0.000199 0.000319 0.000446 0.000566 0.000672 0.000758 0.000827
0.080 | 0.000000 0.000029 0.000079 0.000156 0.000258 0.000375 0.000494 0.000605 0.000703 0.000784
0.090 | 0.000000 0.000026 0.000065 0.000126 0.000211 0.000314 0.000427 0.000539 0.000643 0.000734
0.100 | 0.000000 0.000024 0.000056 0.000106 0.000175 0.000264 0.000366 0.000475 0.000581 0.000679
0.110 | 0.000000 0.000023 0.000051 0.000091 0.000148 0.000224 0.000315 0.000416 0.000520 0.000621
0.120 | 0.000000 0.000022 0.000048 0.000082 0.000129 0.000193 0.000272 0.000364 0.000463 0.000563
0.130 | 0.000000 0.000022 0.000046 0.000076 0.000116 0.000169 0.000238 0.000319 0.000411 0.000508
0.140 | 0.000000 0.000022 0.000045 0.000072 0.000107 0.000152 0.000210 0.000282 0.000366 0.000457

The Table 2 demonstrates the distribution of the pointwise error between the numer-
ical and exact solutions over the computational domain. It is observed that the error
magnitude is significantly reduced compared to the previous mesh resolution, indicating
the convergence of the proposed numerical scheme. The error remains small throughout
the domain and increases smoothly in the direction of spatial propagation. The maximum
error is of order 10~%, which confirms the high accuracy of the explicit-implicit splitting
scheme. These numerical findings are in agreement with the theoretical exponential sta-
bility and convergence properties established earlier.
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7.2 Error Analysis
The maximum absolute error was computed as

Emax (tk) = m%X

)

Table 3 Maximum error at different time levels.

Time T Frax
1 2.6 x 1073
5 1.3 x 1073
10 7.0 x 10~*
20 3.0x 1074

7.3 Decay of the Discrete [, — Norm

Figure 2 illustrates the time evolution of the discrete Iy — norm: ||u*||;,. The norm
decreases monotonically, confirming the exponential stability of the scheme.

1.8 4

1.6 4

[lutt)]|_2
o o - - -
& @m o N &
) F ; :

=
.

o
¥

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

Figure 2 Time evolution of the discrete lo — norm

7.4 Discussion of Numerical Results

The spatial distributions of the numerical and exact solutions are illustrated for the
case T' = 20. The surfaces demonstrate that the numerical solution reproduces the quali-
tative behavior of the exact solution without visible oscillations or instability.

The maximum errors between the numerical and exact solutions are presented for the
time moments 7' = 1,5,10, and 20. The obtained values remain small, which confirms
the convergence of the proposed difference scheme.

In addition, the time evolution of the discrete ls-norm of the numerical solution is
shown. The norm decreases monotonically as time increases, which confirms the dissi-
pative character of the system and supports the theoretical exponential stability of the
constructed scheme.

8 Concluding Remarks

An explicit-implicit directional splitting difference scheme for a two-dimensional linear
hyperbolic equation with dynamic boundary conditions was constructed and analyzed.
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Sufficient conditions for exponential stability were established using the CFL condition
and a linear matrix inequality approach.

Numerical experiments confirm the theoretical results: the discrete I — norm decreases

monotonically and exhibits exponential decay, while the numerical solution remains close
to the exact solution.

Further research may focus on a complete multidimensional stability analysis and on

extensions to nonlinear and higher-dimensional problems.
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ABHO-HEABHAA PASHOCTHASYA CXEMA JJIA

IBYXMEPHOW JINHEVMHOI T'MIIEPBOJIMYECKON
CUCTEMBI C AMHAMNYECKNMU I'PAHNTYHBIMN
YCJIOBUSAMN

! Aaoes P.JI., **Osaaesa M.X.,>? Uavanu A6dyanaz, >Hcaesea H.T.
*mohinur1009@gmail . com
'Hanuonabublii yEuBepcuTer Y36ekucrana umenu Mupso Yiyroexa,
100174, Y3bexucran, Tamkent, yia. YauBepcurerckasd, 4;
2Yunsepcurer Masaiizun Tepenrrany,
21030, Manaiizua, mrar Tepenrrany, Kyama-Hepyc;
3Ka3axcKuit HAIMOHAIBHBI e arOrHIecKnil yHuBepcuTeT nMenn Adas,
050010, Kazaxcran, Anmarsr, np-t JocTeik, 13.

B pabore paccmarpuBaercd AByMepHad JUHEHHAS TUTEPOOINIECKAST CUCTEMA C THHA-
MUYECKUMU I'PAHUYHBIMU YCJIOBUAMU U IIpeJljIaraeTcsd Pa3HOCTHAA CXeMa s ee YUCJIeH-
Horo pentenns. llocTpoeH sIBHO-HESBHBIN METO PACITIEIIIEHNS 110 HATPABJIEHUIM, B KOTO-
POM aIMPOKCUMAITNS BBITIOTHAETCS BHO 110 OJTHOMY HaIPpaBJEHUIO U HESBHO 1O APYTOMY
C COXPAHEHWEM [IMCCHUMATHBHON CTPYKTYPBHI IDAHUYHBIX YCJIOBHI. YCTONYNBOCTH CXEMBbI
YCTAHOBJIEHA TIPU BEITTOHEHUN ycaoBua Kypanra—Ppuapuxca—J/leBu u JuHEHHOTO MaT-
puunoro nepasenctBa. [lokazano, 4To jAuCKpeTHAs dHEPrUsl SKCIOHEHIUATLHO YOBIBAET
co BpeMeHeM. YmnciieHHble SKCIEPUMEHTHl MOATBEPKIAIOT TEOPETUIECKNE Pe3yabTaTH,
JIEMOHCTPUDYS MOHOTOHHOE YOBIBAHWE HOPMBI l9 W COTJIACOBAHWE C TOUHBIM PEIICHUEM.
[Tpenjioxenublit METOT ABJIAETCH yCTONYUBBIM, JUCCUIIATUBHBIM U BBIYHUCJIUTEILHO -
(HEKTUBHBIM ¥ MOYXKET MPUMEHATHCS JIJId JBYMEPHBIX THITEPOOJUIECKUX CACTEM C THHA-

MUYECKUMU TPAHUYIHBIMU YCJIOBUAMMA.

Kumrouessbie cioBa: runepbosinieckasi CHCTEMA, TUHAMUYECKOE TPDAHUYHOE YCJIOBUE, PA3-
HOCTHag CXeMa, HallpaBJIeHHOe PAaCIHIeNeHne, SBHO-HEeABHBII MeTO, SKCIIOHEHIINATbHA

YCTORYUBOCTbD.
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HesiBHAas PA3HOCTHASA CXEMa JJjIs JBYXMEDHOI JUHEHHON TUiepboIniecKOil CUCTeMbl C
JTUHAMAYIECKUME TPAHUIHBIMA yesousiMu // [IpobaeMbl BEIYHCIUTENBHOM W TPUKJIAT-
HOft Maremaruku. — 2026. — Ne2(72). — C.122-135.
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