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This paper examines a boundary value problem for a degenerate elliptic equation in a
planar domain bounded by a line segment and an analytic curve. The primary objective is
to construct an explicit analytical solution using the Green’s function together with single-
and double-layer potential methods. A rigorous proof of the existence and uniqueness
of the solution under mixed boundary conditions is presented. The degeneracy on a
portion of the boundary introduces significant analytical difficulties, necessitating the
use of advanced techniques in the theory of elliptic equations with singular coefficients.
Furthermore, the potential applications of the model in biomedical settings, particularly
in oncology, are discussed. The equation captures anomalous diffusion processes in tumor
tissues, incorporating the spatial heterogeneity of the medium. This makes the model
a valuable tool for analyzing the distribution of drugs, oxygen, and other substances in
biological structures characterized by pronounced anisotropy and heterogeneity.
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1 Introduction

Fundamental studies on model equations of composite and mixed—composite types
were carried out by A.V. Bitsadze and M.S. Salakhitdinov [1], in the early 1960s. Their
works laid the foundation for the formulation of correct boundary value problems for third-
order elliptic-hyperbolic and parabolic-hyperbolic equations, in which the principal part
of the operator contains derivatives with respect to both spatial and temporal variables.

In [3], a method was proposed for solving boundary value problems for third-order
equations of parabolic-hyperbolic and elliptic-hyperbolic types [7-9], by reducing the
original problem to an inverse problem for a second-order mixed-type equation with un-
known right-hand sides [10, 11]. This approach made it possible to deepen the analysis
of the structure of solutions and provided new tools for studying equations of changing
type.

In recent years, fractional calculus has become an important tool in the study of
mixed-type equations with identical or varying orders of degeneracy. A number of works
employ differential operators of both integer |2,4| and fractional order |6] to investigate
qualitative properties of solutions, including regularity and stability. We also note [5],
where boundary value problems for loaded third-order parabolic-hyperbolic equations
are examined in various types of domains.
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1.1 Relevance of the Study

Despite significant progress in the theory of mixed-type equations, many questions
related to the correctness and construction of explicit solutions for degenerate elliptic
equations in domains of complex geometry remain open. Particularly relevant are prob-
lems in which the degeneracy occurs on a portion of the boundary, greatly complicating
the analytical treatment. The development of rigorous methods for constructing the so-
lution and analyzing its properties under such conditions is of considerable importance
for both the advancement of the theory of degenerate operators and numerous applied
problems.

1.2 Applications and Practical Significance

The equation considered in this work belongs to a class of models describing processes
of anomalous diffusion in heterogeneous media, including:

— transport of substances in biological tissues,

— diffusion of pharmaceutical agents in tumor structures,

— distribution of oxygen and metabolites in media with pronounced anisotropy,
transport phenomena in porous and composite materials.

Particular interest arises in biomedical and oncological applications, where degener-
ate operator structures naturally appear when modeling regions with low permeability,
necrotic zones, and sharp variations in tissue density. The construction of an analytical
solution based on the Green’s function and potential methods provides an opportunity to
obtain precise estimates of the solution’s behavior near degeneracy regions, making the
results of this work highly significant for the analysis of complex biophysical processes.

2 Statement of Problem A

Consider the equation

0 m
p (Y™ Uy + Uyy) = 0. (1)

Let D be a simply connected mixed-type domain in the (z,y)-plane, bounded by a
simple Jordan curve o with endpoints A(—1,0) and B(1,0) lying in the upper half-plane
y > 0, and by the characteristics

2 m+2
AC ——(—y) 2 =-1
z m+2( y)2 Y

2 m+2
BC : —(—y) 2 =1
v+ )T =1

of equation (1), emanating from point

m+ 2 iz
- - (252)),

We assume that the boundary curve o satisfies the following conditions:

1. The functions z = z(s), y = y(s) defining the parametric representation of o are
continuous together with their first and second derivatives, and their second deriva-
tives satisfy the Holder condition on the interval 0 < s <[, where s is the arc length
measured from B to A, and [ is the total length of o.
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2. The curve o terminates with arbitrarily small arcs BB’ and AA’ of the normal contour

4
Py

m+2
=1 > 0.

3. Each horizontal line y = ¢, 0 < ¢ < h, intersects ¢ in exactly two points, while the
line y = h has a single point of tangency N (0, h) with o.

We denote the elliptic part of the mixed domain D by D; and the hyperbolic part by
D,.

3 Problem A.

Find a regular solution u(x,y) of equation (1) in the elliptic subdomain D;, satisfying
the boundary conditions

ou
ulp = f(s),  ulap=7(2), o =),

where 7; denotes the part AN of the curve o, n is the inward normal to o, and the given
functions f’ (s) and ¢(s) satisfy the Holder condition, while 7(z) is a Lipschitz continuous
function.

To study this problem, we use the representation

u(z,y) = 2(r,y) + w(y), (2)

where z(z,y) and w(y) are solutions of equation (1). Throughout the arc 71 (except for
its endpoint N) we assume that the geometric condition

dx

holds.

3.1 Uniqueness of the solution to Problem A

The uniqueness of the solution to Problem A under condition (4) is readily established.
Without loss of generality, in the representation (3) we may choose the function w(y) so
that

w(0) =w(h) =0. (4)

Then the homogeneous problem is reduced to finding in the domain D; a regular
solution z(x,y) of the equation

Y Zea + 2yy = 0, (5)
satisfying the boundary conditions
0z dy
Z"Tl = _w<y)7 Z|AB:07 % o :_w/(y)% (6)

A regular solution of equation (6) cannot attain a positive maximum or a negative
minimum in the interior of D;. By virtue of (5) and the second condition of (7), the
function z(x,y) cannot attain a non-zero extremum at the point N nor on the segment
AB.
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It also cannot attain a non-zero extremum at any point of the open arc ;. Indeed,
suppose that z attains an extremum at some point of o;. Then, by the first condition in
) 9 d

a—z = uw'(y) % =0.

Since condition (4) ensures that Z—Z # 0 on oy, we obtain w'(y) = 0. Hence, using the

third condition in (7), we find that

% _y

on
at the same boundary point. This contradicts the classical boundary point maximum
principle for elliptic equations (see, e.g.), [1].

Thus z(z,y) has no non-zero extremum on o;. Finally, by condition (2), it also
cannot attain a non-zero extremum on the arc BN. Therefore, the only solution of
the homogeneous problem is the trivial one, which completes the proof of uniqueness for
Problem A.

3.2 Existence of the solution to problem A.

Without loss of generality, we assume that

Using representation (3), conditions (5) and boundary data (2), the solution of prob-
lem A reduces to finding in the domain D; a regular solution of equation (6) satisfying
the boundary conditions

2l = f(s) —wly(s)]l,  2lap = 7(2), (7)

0z

5, = #ls) = (y)cos(n,y). (8)

o1

In what follows, we will need an explicit representation of the solution to problem
(6),(7). To obtain it, we use the Green function. According to Gellerstedt, the Green
function of problem (6) can be constructed by the potential method |2, 3].

Equation (6) admits the fundamental solution

L\, g N\ 128 ,
g@.yiaom) =k(5)  0D0(1-5) T F(1-81-82-281-7%),
where A ,
2 _ 2 mi2 mi2
7’—(95—370)+m(y2 —902>,

4 m m42\ 2
= m) + — (y )

(m +2)?
Ly B -pB)? B m
k_ﬂ<m_+2> r'(2-28) 6_2(m+2)‘

The function g(z,y; xo, yo) has a logarithmic singularity and satisfies

g(z,0;20,0) =0, 3o >0, z €R.
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Introduce the operator

As [g (fﬂ?aiﬂay)] - m_s _____ . (9)

here (£,n) - denotes the coordinates of the variable point on the curve o (9). Through
direct calculation, we find that

A g (Emmy)] = '€ (s) g (& ma,y) —

4
k(1-08)y r?
—WF (1—ﬂ,—6,2—2ﬂ,1—m) X
x 20" (s) (€ — ) + meé’ () (€ — )" + if—f; (y™+* - 77””2)] -

Because of the smoothness assumptions on o (10),

[
/mmwm<a
0

where the constant C' does not depend on (z,y).
It is known (see [2,4]) that

-~
—
8
<

|
\.P—‘
—
8
<
—

M

S
-

l
AAM@%%wMV=iww—i (z,9) € o, (10)
i(z,y), (z,y) ¢ D,

. [T Og(€,052,y)
i(z,y) _/18—nd§'

where

Consider the double-layer potential

!
wle,) = [ ut) Alg(€(), nt)sa ), (1)
0
where p € C[0,1]. The jump relations are

{wi(s) = —1p(s) + wo(s),

!
wo(s) = K(s,t)u(t)dt, 12
e (s) A (s, )pu(t) (12)

N |+

we(s) =

where
K (s, t) = Afg(€(t), n(t):a(s),y(s))].
Similarly, the single-layer potential (12)

wmwzlmmmanmw@ (13)

satisfies the jump conditions (11)
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where

| (15)
// (y"a@l + @) da dy = —/ W(s) Asl@]e ds
¢ 0
The integral equations for densities ¢ and ji are
!
p(s) =\ [ K(s.ult) dt = 6(s)
’ (A = +2). (16)

jits) = [ K (s, i = ),

The kernel K(s,t) has only logarithmic singularity, and Fredholm theory applies.
Using the energy identities, one proves that A = 2 is not an eigenvalue (15), (16).
Now define the Green function as

G(z,y; o, o) = 9(x, y; To, Yo) + @, y; To, Yo),

where 1 is regular in D; and solves

J(E(s),m(s); w0, y0) = —9g(&(s),m(s); To, Yo), V(x,0;20,%0) = 0.

The function ¥ is represented as a double-layer potential:

I, y: 20, o) — / it 20, 0) Adlg(€(8), m(t)s 2, )] b,

where p solves (17)

u(s) — 2 / K (s, )ult) dt = 29(6(s),n(5); 20, o).

Since 2 is not an eigenvalue, the solution is

u(s) = 2g(s) + 4 / R(s,#:2) g(t) dt,

where R(s,t;2) is the resolvent of K. Substituting this into the formula for ¥}, we obtain

l
Iz, y; o, yo) = 2/ 9(s: w0, 90) Aslg(s: 2, y)] ds+
0

[ [
4 / / Rs,t:2) Ag(s: 2, y)] 9(t: 2o, o) dt ds.
0J0



22 Ochilova N.K.

Finally, the solution of problem (8) is given by

stonn) = [ @2 g [0 — (o)) A0 )] ds.

4 Modeling of anomalous diffusion in tumor tissues

The equation

a m
or (Y Uz + Uyy) =0,

can be interpreted as a mathematical model describing the spatial distribution of the
concentration of a biologically active substance - such as a drug, oxygen, or a signaling
molecule-in tumor tissue with an anisotropic and heterogeneous structure [17,18|. The
coefficient y™ at the second derivative u,, reflects spatial heterogeneity and the possible
degeneration of diffusion [19,20] along the line y = 0.

This may correspond to:

— physiological boundaries within the tissue, for example, the interface between tumor
and healthy cells;

— local reduction of permeability or medium density, which may occur due to necrosis,
cell compaction, or vascular insufficiencys;

— anisotropic properties of the tumor microenvironment, where diffusion along one
axis (here, the z-axis) may be significantly restricted depending on the position along the
y-axis. Such behavior is characteristic of real tumor structures, where the movement of
substances is uneven, and microscopic barriers - such as intercellular spaces and dense
tissue regions-create anisotropic diffusion conditions.

This is particularly important for:

— modeling drug delivery into the tumor region, since the equation describes how an
agent penetrates into the deeper layers of the tumor;

— analyzing oxygen deprivation (hypoxia) in central tumor zones;

— evaluating the effectiveness of chemo- and radiotherapy, where knowledge of concen-
tration gradients and diffusion conditions helps predict the tumor’s response to treatment.

Thus, the presented equation serves as a generalized model of anomalous diffusion in a
heterogeneous biological medium and can be useful for constructing quantitative models
of tumor growth and therapy.

5 Applied interpretation and numerical illustration

The constructed boundary value problem admits a clear biomedical interpretation.
In particular, it can describe the diffusion of a chemical substance or a temperature
field in a heterogeneous medium modeling tumor tissue [12,13|. The function u(z,y)
represents the concentration (or intensity) of the distributed quantity, and the parameter
m > 0 characterizes the degree of anisotropy or inhomogeneity of the medium along the
y-axis |14, 16].
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Figure 1 Surface of the analytical solution u(x,y) = sin(rz)e™"™ in the domain D;

5.1 Demonstrative example
Consider the simplified boundary value problem

0
%(ymum + uyy) =0, (x,y) € Dy,

in the unit square
Di={(z,y) : 0<zx<1, 0<y<1}

for m = 1. Boundary conditions are specified as
uly=o = 0, Ulymy = €77, — =y(1l—y).

Let us seek the solution in the separable form u(z,y) = X (x)Y (y). Substitution into
the equation yields

yX"@Y () + X @Y () =0 = )Y

Xo) ~ gV "

Hence,
X"+ AX =0, YY"+ \yY = 0.

For the first eigenvalue A\ = 72, a particular explicit solution is
u(z,y) = sin(mz)e ™.

This function describes the spatial distribution of a diffusing substance, exhibiting an
oscillatory behavior along the z-direction and exponential decay along the y-axis. Such
behavior corresponds to attenuation of concentration inside a tumor layer.

1.0
0.8
0.6
04
0.2

0.0

1.0

u(zr, y)

1.0 0.0

Figure 2 Surface of the analytical solution u(x,y) = sin(rz)e~"™ in the domain D,
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5.2 Numerical data
To illustrate the solution behavior, Table 1 presents numerical values of

u(z,y) = sin(rx)e ™,

at several representative grid points of the domain D;.

Table 1 Numerical values of u(z,y) = sin(mz)e” ™ in the domain D;.

r |y |ulxy)
0.00 | 0.00 | 0.0000
0.25 | 0.00 | 0.7071
0.50 | 0.00 | 1.0000
0.75 ] 0.00 | 0.7071
1.00 | 0.00 | 0.0000
0.25 | 0.25 | 0.3240
0.50 | 0.25 | 0.4560
0.75 | 0.25 | 0.3240
0.50 | 0.50 | 0.2080
0.50 | 0.75 | 0.0950

It can be seen that the maximum occurs near the center of the upper boundary, after
which the solution decays exponentially along the y-axis, reflecting the diffusion character
of the process [21].

5.3 Numerical visualization

Modern computational tools such as MATLAB, COMSOL Multiphysics, or
Python-based libraries (e.g., FEniCS, Matplotlib) can be employed to visualize and
analyze the obtained solutions. These environments allow the construction of three-
dimensional surfaces of u(z,y), the computation of gradient fields Vu, as well as the
investigation of how the heterogeneity parameter m influences the diffusion dynamics in
biological tissues.

6 Conclusion

In this work, a method for solving a boundary value problem for a degenerate elliptic
equation was developed using the Green’s function and integral equation techniques. The
results obtained demonstrate that the proposed approach provides a correct and stable
description of the solution under complex geometric constraints and in the presence of
degeneracy in the coefficients. An important component of the analysis is the successful
application of Fredholm theory to integral equations with kernels of a special form.

The practical significance of the study lies in its applicability to modeling anoma-
lous diffusion processes in heterogeneous and anisotropic media, which is directly related
to biomedical problems, including the analysis of substance transport in tumor tissues.
Future research may be directed toward extending the theory to broader classes of de-
generate equations, as well as performing detailed numerical simulations in geometrically
complicated domains.

The analytical and numerical results presented confirm that the developed model ade-
quately captures heterogeneous diffusion behavior and can be further utilized to simulate
biomedical phenomena such as drug transport or temperature propagation in tumor tis-
sue.
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YPABHEHNY{ CMEIITIAHHO-COCTABHOI'O TUIIA B
KAYECTBE MOJAEJIN AHOMAJIbHOU JN®PY3UN B
OIIYXOJIEBBIX TKAHAX

Owunosa H.K.
nozima@tstu.uz
TamkeHTCKUl TOCYIaPCTBEHHBIN YHUBEPCUTET TPAHCIOPTA,
100167, ¥Y3bekucran, Tamkent, yia. Temupityaauaap, 1.

B nanmoit paboTe paccMaTpuBaeTCA KpaeBasd 3aa4a, JIIsT BEIPOXKIEHHOTO SJIIATITIHIE-
CKOT'0 YPABHEHUS B IJIOCKOI 06/IaCTH, OTPAHUIEHHON OTPE3KOM IPAMOM ¥ aHATUTHIECKON
kpuoii. OCHOBHOE BHUMAaHUE YieJeHO IOCTPOEHUIO SIBHOT'O AHAJUTUIECKOI'0 PEIIEHUs C
ucnob3oBanneM byHKuu ['prHa, a TakKe MeTOo0B OJHOC/JIOHHOr0 U JBYCJAONHOTO TIO-
Termuaaop. lIpeacraBaeno cTporoe MOKa3aTeTbLCTBO CYITIECTBOBAHUS U €TUHCTBEHHOCTH
pelrenrd MPU CMEITAHHBIX TPAHUYHBIX YCJIOBUAX. BBIPOXKIEHHOCTH HA YACTH TDAHUIIHI
TPUBOMUT K CYITECTBEHHBIM AHATUTUICCKAM TPYIHOCTAM, UTO TPeOyeT TPUMEHEH TTPO-
JIBUHYTBIX METOJ0B TEOPUU SJUINIITUIECKIX YPABHEHUIA C CUHIYJISPHBIMU KO3 DUIueHTa-
mu. Kpome Toro, obcy K ar0rcst TOTeHIIHAIbHBIE TIPUIOYKEHNU MOJIETH B OUOMETUITUHCKIX
3ajavax, B JaCTHOCTM B OHKoJormu. PaccMaTpmBaeMoe ypaBHEHUE OMUCHIBAET aHOMAaIb-
Hble mporecchl AudPy3ur B OMyXO0JEBBIX TKAHIX C YI€TOM MPOCTPAHCTBEHHON HEOIHO-
POJHOCTH CPEJIBI. DTO JEJTAET MO IIEHHBIM HHCTPYMEHTOM JIJI aHAIN3a pacipeiesie-
HUsl JIEKAPCTBEHHBIX [IPEMAPATOB, KUCI0PO/Ia U APYTUX BEIIECTB B OMOJIOrNUIECKUX CTPYK-
Typax, XapaKTePU3YIOIINXCs BbIPaKeHHON aHW30TpoNnueil U rereporeHHOCThIO.

Kumrouesbie cioBa: ¢yukius I'puna, morennuas, nyra 2Kopgana, ypaBHeHUE CMEITaH-
HOTO THUIA, ycjaoBue JIumimura, 6uoMeuIinHa, OHKOJIOTHS, OMyX0J1b, AHU30TPOIIHSI.

HurupoBanue: Ouunosa H.K. YpaBHeHUS CMEITaHHO-COCTABHOIO THIIA B KAYECTBE MO-
nenn anomanbHOR auddysun B omyxosnesbix Tkanax // IIpobaemsbl BoraucanTenbHOl 1
npukaaanoit maremarukn. — 2026. — Ne2(72). — C. 16-26.

DOI: https://doi.org/10.71310/pcam.2_72.2026.02
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