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The solutions of boundary value problems associated with two-parameter singularly
perturbed differential equations are well known to exhibit the formation of two distinct
boundary layers, typically occurring near the endpoints of the domain. The presence of
these narrow regions, characterized by steep gradients in the solution, poses significant
challenges for classical numerical techniques. As a result, standard finite difference, finite
element, or low-order discretization methods often fail to capture the layer behavior ac-
curately unless excessively fine meshes are employed, leading to increased computational
cost and reduced efficiency. To address these difficulties, the present work proposes an
efficient spectral-grid method for the numerical solution of boundary value problems in-
volving two-parameter singular perturbations. The core idea of the proposed approach
is to combine the high accuracy of spectral methods with a carefully designed grid that
adapts to the boundary layer structure of the solution. By employing this spectral-grid
framework, the original boundary value problem is transformed into an equivalent sys-
tem of algebraic equations, which can be solved efficiently using standard linear algebra
techniques. Extensive numerical experiments are carried out to assess the performance
of the proposed method. The computed results are systematically compared with those
available in the existing literature. These comparisons clearly demonstrate that the
spectral-grid method developed in this study achieves superior accuracy while maintain-
ing a relatively low computational cost.
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1 Introduction

Differential equations containing small parameters in the coefficients of the highest
derivatives are referred to as singularly perturbed differential equations. The solutions
of such problems possess specific features: the sought solution domain usually includes
rapidly varying boundary layers and regions where the solution changes smoothly. Tradi-
tional numerical methods are not efficient for solving such problems because they require
extremely fine meshes to obtain satisfactory accuracy. However, ensuring stability in the
numerical solution of singularly perturbed problems often leads to large algebraic systems
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with high computational costs. Therefore, the development of special numerical meth-
ods adapted to boundary layers and capable of efficiently handling such problems is of
significant importance. In this paper, we consider the following problem:

eqnlLu(z) = —eu(x) — pa(x)u'(z) + b(z)u(z) = f(z), 0<x <1, (1)
subject to the boundary conditions
eqn2u(0) = ap, u(l) = ag. (2)

Here, ay and «; are given constants, 0 < ¢, < 1 are two small parameters. The
functions a(z), b(x), and f(z) are assumed to be sufficiently smooth. Problems of this type
are generally referred to as two-parameter singularly perturbed boundary value problems.

When p = 0, the problem (1)—(2) reduces to the well-studied reaction—diffusion bound-
ary value problem with a single perturbation parameter. When p = 1, it transforms into
a convection—diffusion problem. Numerous studies have been devoted to the numerical so-
lutions of these particular cases. For instance, reaction—diffusion problems corresponding
to u = 0 have been thoroughly analyzed in [1-4], whereas the convection—diffusion case
with 1 = 1 has been discussed in [5-7]. However, the genuinely two-parameter case, i.e.,
when 0 < e, u < 1, has received comparatively little attention in the literature. Several
studies addressing such problems can be mentioned. The authors [8] proposed a finite
difference method on Shishkin-type meshes and proved its first-order convergence. Later
a B-spline collocation method [9] on a similar mesh was developed and demonstrated its
second-order convergence. Kadabaioo and co-authors [10] showed that the Ritz—Galerkin
method is highly effective for problems involving boundary layers. In [11], the authors
proposed a B-spline collocation method on graded meshes and analyzed its efficiency for
small values of the parameters ¢, u, and for refined mesh densities, demonstrating the
robustness of the method.

Although several methods have been developed to solve such types of problems, there
is still a lack of numerical approaches that ensure high accuracy for singularly perturbed
problems involving small parameters. Therefore, in this paper, a spectral-grid method
is proposed for the numerical solution of two-parameter singularly perturbed differential
equations. The results presented in this study demonstrate that the proposed spectral-grid
method is several times more efficient than the graded B-spline collocation method.

In [12], the use of Chebyshev polynomials for solving eigenvalue problems arising from
systems of higher-order nonlinear differential equations containing small parameters was
discussed. In [13,14], the authors considered parabolic-type partial differential equations
with initial-boundary conditions and developed a Chebyshev perturbation approach based
on continuous integration. The obtained error estimates correctly reflect the convergence
order of the method.

More recently, a highly accurate and efficient numerical method based on Chebyshev
spectral techniques was proposed for the analysis of the dynamics of derivatives of different
orders in singularly perturbed equations [15]. In addition, a high-accuracy method for
solving the biharmonic equation using spectral approaches was developed and successfully
applied, demonstrating superior numerical efficiency and precision [16].

Papers [18] and [19] established theoretical foundations for hydrodynamic and spectral
methods based on Chebyshev polynomials and analyzed several of their efficient imple-
mentations. In particular, [18] investigated the mathematical modeling of two-dimensional
parallel flows in hydrodynamics, analyzing their dependence on boundary conditions.
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In [19], the Orr-Sommerfeld equation was studied, and an efficient spectral method was
proposed for its numerical solution. The results of these studies have laid the ground-
work for further research on small-parameter problems using numerical techniques based
on Chebyshev polynomials. Hydrodynamic stability of two-phase liquid flows has been
analyzed using spectral methods in [20]. Furthermore, for the case of a bounded layer,
this problem was examined through the application of the spectral collocation method
in [21].

2 Statement of the problem

Consider the following two-parameter singularly perturbed differential equation with
small parameters in the highest derivatives:

—eu(z) — p/ (2) +u(z) =%, 2 €]0,1], (3)
subject to the boundary conditions
u(0) = u(1) =0, (4)

where ¢ and p are small positive parameters.

To numerically model the differential problem (3)-(4), we employ the spectral-grid
method based on the first-kind Chebyshev polynomials as basis functions. Typically,
when analyzing the convergence and accuracy of numerical methods, an exact analytical
or test function is used for verification [17]. According to this approach, an auxiliary
analytical function u.(x) satisfying the boundary conditions (4) is chosen. Substituting
it into equation (3) allows us to compute the corresponding right-hand side function.
The considered problem is then solved using the spectral-grid method, and the obtained
numerical solution is compared with the chosen analytical test function.

For the current study, the following analytical function satisfying the boundary con-
ditions of equation (3) is selected as the test function:

— p01 l-az _
U<I> _ 1 e—¢ e a2t _ 617:1: + € 1 eal(lfx)
£ — Iu — ]_ \/u2+4s \/,u2+45 ’
1l—e" = e = —

where

O p? + 4e az:u+\/u2+45
2¢ ‘

aq

3 Solution method

We now present the spectral-grid algorithm for the numerical modeling of problem
(3)—(4). First, the integration interval [no, ;] is divided into a uniform grid 7y < n <
.-+ < ny = n, resulting in NV subintervals (elements):

[770,771],[7717772]7-‘-a[77ja77j+1]7---7[7]N—1,77N]» j:172a"'7N_17 (5)

where 179 = 0 and ny = 1.
The differential equation (3) within each subinterval takes the following form:

d*u; du; '
gdﬁ; _F‘d_;JF“j(n):fj(T]), j=1,2,...,N. (6)
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The boundary conditions (4) at the endpoints 79 and 7y are written as:

u(no) =0, u(nn)=0. (7)

At the internal nodes, the solution of equation (3) and its first derivative are required

to be continuous. These continuity conditions can be expressed as follows:
t t .
u'(m) =l (), t=0.1; j=1,2,....N—1, (8)

where t denotes the order of the derivative.

The approximate solution u;(z) of problem (6)-(8) is represented as a truncated series
in terms of the first-kind Chebyshev polynomials. Each subinterval [n;,n;41] is mapped
onto the standard interval [—1, 1] using the following transformation:

m; .
n= 2]4‘5 m;=n; + 01, L=np—n, j=12... ., N-1, (9

where 1 € [n;,n;41], © € [—1,1], and /; denotes the length of the (j 4+ 1)-th subinterval.
As a result, equation (6) can be rewritten in the transformed variable x as follows:

2 QdQ'LLj 2 de
— |\ —u () 2 ule) = f; =1,2,...,N. 1
5(1]) d.fEQ ’u(l]) d.T tu (IE) f]<l'), J 3 ) (0)

The boundary conditions (7) and the continuity conditions (8) take the form:

w(0)=0,  uy(+1)=0,

2\’ 2\’
(—) ul(+1) = (—) W (=1), t=01; j=1,2,...,N—1, (11)
lj i) 7
where t denotes the order of the derivative.

We seek the approximate solution of problem (10)-(11) and its right-hand side f;(z) in
each subinterval in the form of truncated series of the first-kind Chebyshev polynomials:

by
W) =T @), ) Zb”T( ) =g @)
n=0

l‘l(j) :cos<7r—l) , 1=0,1,...,p;, 7=1,2,...,N.
pj
Here uY )(x) denotes the approximate solution, 7, (z) are the first-kind Chebyshev
polynomials, and :L“l(j ) are their corresponding nodes. The parameter p; represents the
number of polynomials used to approximate the solution in the j-th subinterval, while
,(f ) are the unknown expansion coefficients. ‘
For the given function f;(z), the expansion coefficients b in expression (12) are

determined by the inverse transformation formula [16]:

' 5 P A
b = Z—f](x_l(]))Tn<xl(])), n=01,2....p; (13)

DPitn 5 G
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N
where g = ¢,, =2, cn=1(m #0,p;), j=12,...,N,and M = > (p; +1) is
=1

the total number of Chebyshev polynomials used in the spectral-grid approximation of
the solution, while N denotes the number of grid elements. To compute derivatives of
various orders of the approximate solution uY )(x) from (12), the following relations are
used, which are convenient for numerical implementation:

by
uf (y) = aPTo(y),
n=0
pj pj
2
W) =Y ). d== S e, 020 (14)
n=0 n =n+1
q+nqzl(zod2)
pj pj
N0 o_2 ¥ 2 2 S
_Zan n(y)7 a, = - Z Q(q n )CLq, n > 0.
n=0 n q=n—+2

g+n=0 (mod 2)
Substituting the approximate solution and its derivatives into the differential equation
(3), together with the additional conditions (11), yields the following algebraic system for
determining the unknown coefficients aty (n=0,1,2,...,p;;j=1,2,...,N):

bj bj

1 2 _ 2 2 — )
—Ea Z p(p —n)ap—ua Z pa, +a, = b,
p=n+2 p=n+1
p+n=0 (mod 2) p+n=1(mod 2)
n:(),l,...,pj—Q,

p1 PN Pj+1 '

SRS SRR SUES WEIDTE N

n=0 n=0 n=0

l Pji+1

b+l =12 (G+1) .
Zna =5 HZ:O( " n*a)™, j=1,2,...,N.

The number of unknowns is given by

x! = (a(()l),agl), e ,az(n),a(()?),ag ), e ,ag), - ,a(()N),agN), e ,a&”) ,
and is computed using the relation
M = ij =1 +p2+---+pv+N).

Accordingly, the total number of equations in system (15) is equal to

M=(p1+p2s+---+py+N).

In addition, the number of basic equations in system (15) is equal to N(p; — 1), and
two boundary conditions and 2(N — 1) continuity conditions are added to them. System
(15) can be written in the following matrix form:

Ax = b, (16)
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where

!

b

_ (bg”,bg”,...,b,glg,bg?hbg?),...75;22),...,ng>,b§N>,...,bgp),
and 27 and b” denote the transposed vectors of unknown coefficients and right-hand side
terms, respectively.

4 Discussion of results

The singularly perturbed problem (3)—(4) was solved using the spectral-grid method
described in (15). The spectral-grid method can be implemented in several variants:

1) Uniform grid and uniform approximation. The computational domain is divided
into subintervals of equal length, and in each subinterval, the approximate solution is
represented using Chebyshev polynomials of the same degree; 2) Uniform grid and non-
uniform approximation. The domain is divided into equal subintervals, but in each subin-
terval, the approximate solution is expressed using Chebyshev polynomials of varying
degrees; 3) Non-uniform grid and uniform approximation. The interval is divided into
subintervals of varying lengths, but the same number of Chebyshev polynomials is used
in each subinterval; 4) Non-uniform grid and non-uniform approximation. Both the grid
and the degree of approximation vary across subintervals.

Among these, the fourth variant is used in this study due to its universality and
adaptability. This approach allows the localization of singular boundary layers within
sufficiently small subintervals and enables the concentration of Chebyshev nodes where
the solution changes rapidly. Consequently, the method provides high accuracy even for
very small parameter values.

The convergence and accuracy of the proposed method were tested using the analytical
test function (5). This test function was selected according to [11], and the numerical re-
sults obtained using the spectral-grid method were compared with those reported in [11].
Tables 1-3 present the computed values of the maximum absolute error at the Cheby-
shev collocation nodes. The maximum absolute error is evaluated using the following
expression:

A= max |ue —u,|, j=1,2,...,N.

0<k<p;

The nodes of the first-kind Chebyshev polynomials are defined as follows:

, )
x;J)ZCOS<7r_)7 l:()’l?,])]7 j:1,2,,N
pj

Furthermore, 0 < ¢, 4 < 1 are small parameters, and the total number of Chebyshev

N
polynomials used in the approximation is given by M = > (p; + 1), where (p;, j =
j=1

=1,2,..., N) denotes the number of Chebyshev polynomials used in the subintervals.
Table 1 presents the computed values of the maximum absolute error A for a uniform

partition of the interval into four elements (N = 4) with subintervals [0,0.25], [0.25,0.5],

[0.5,0.75], [0.75,1]. In this case, the first and second variants of the spectral- grid method

were applied.
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Table 1. Maximum absolute error of the spectral-grid method (N = 4).

& H M w5 1) B-spline Spectral-grid method
= method [11]
A p+l | p+1 | py+l .+l A
16 16 16 16 1.0x 10°
64 9.6x10° 24 8 8 24 1.8x 10!
28 a 4 28 6.9x 107
ol 32 32 32 32 22x 107
10° [ 10 128 23x 103 48 16 16 48 9.2x 10°
56 8 8 56 29x10°
64 64 64 64 6.1x 108
256 5.8x 10* 96 32 32 32 2.4 x 10
112 16 16 112 45x 101

From the results presented in table 1, it can be observed that increasing the num-
ber of grid elements, as well as refining the grid near the boundaries or boundary lay-
ers, leads to a noticeable accumulation of Chebyshev nodes. This refinement results in
a significant reduction of the maximum absolute error. Table 2 presents the numer-
ical results obtained using the spectral-grid method. Here, the parameters are cho-
sen as N = 4, ¢ = 1078, pu = 1073, 1078, The subinterval lengths are selected as
[0,0.01], [0.01,0.5], [0.5,0.99], [0.99,1]. For comparison, the results reported in [11] are
also provided.

When using the spectral-grid method, it is important to select both the number and
the lengths of the subintervals based on the characteristics of the problem being studied.
For example, in the considered two-parameter singularly perturbed problem, when the
parameters

e=10"" =108,

take very small values, the solution exhibits sharp gradients in the boundary regions. In

such cases, if the number and lengths of the subintervals are not chosen appropriately, the

method may fail to provide sufficiently accurate results, even when the total number of

Chebyshev polynomials M is large. Table 3 presents the comparison of the results obtained

for the parameters e = 1071°, ;= 1078, using the gradient B-spline collocation method,

the spectral method with N = 1 subinterval, and the proposed spectral-grid method.
Table 2. Maximum absolute error of the spectral-grid method (N = 4).

& H M=% (p +1) B-spline Spectral-grid method
= method [11]
A i+l | pp+1 | py+1 | py+1 A
32 32 32 32 1.6 x 107
128 56x 103 32 16 48 32 7.6 x 10*
- 34 4 58 34 8.0x 107
64 64 64 64 1.4x 107
P 256 1.4x 107 72 32 80 72 1.7x 107
10 80 8 88 80 6.4x 107
10°¢ 32 32 32 32 3 310"
128 2 48 16 16 48 L5 x 160
56 8 8 56 5.5x 10"
64 64 64 64 38x 10°%
256 58x10* 96 32 32 96 3.1x 101
112 16 16 112 55x 1013
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Table 3. Maximum absolute error for different methods.

€ M M=3(p,+1) B-spline method [11] | Spectral method & | Spectral-grid method &
-64 9.6 i 103 2.7x 10° 3.9x10*

105" | 10# 128 23x 104 2.6x 10° 6.2x 1012
256 59x10* 1.6 x 10° 7.6x 1012

From Tables 1-3, it can be seen that for small parameter values ¢, p and different
numbers of Chebyshev polynomials M, the proposed spectral-grid method provides sig-
nificantly smaller maximum absolute errors compared to the gradient B-spline collocation
and classical spectral methods. This demonstrates the universality and high efficiency of
the proposed method.

5 Conclusion

The following conclusions can be drawn from this study: A universal, highly accu-
rate, and efficient spectral-grid method has been developed for solving boundary value
problems of two-parameter singularly perturbed differential equations. The convergence
and accuracy of the proposed spectral-grid method have been justified and verified us-
ing the method of test functions. Using the spectral-grid method, the two-parameter
singularly perturbed boundary value problem has been approximated and reduced to an
equivalent system of algebraic equations. Based on the numerical experiments, it has been
demonstrated that the proposed spectral-grid method possesses universality, high accu-
racy, efficiency, and adaptability in solving boundary value problems for two-parameter
singularly perturbed differential equations.
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NsBecTHO, 4TO perenns KPaeBbIX 3a/1a4, CBA3AHHBIX C JBYXIIapAMETPUIECKUMU CHH-
CYJISIPHO BO3MYINEHHBIMU JTuddepeHITnaIbHbIMI YPABHEHUSIMA, JIEMOHCTPUPYIOT 00Opa-
30BaHME JBYX Pa3/IMYHBIX OIPAHUYHBIX CJIOEB, OOBITHO BO3HUKAIONINX BOJIM3U KOHIOB
obsractu. Hanuuaue sTtux y3kux objacreil, XapakKTepu3yIoNuxcs KPYTBIMEA I'DAIHEHTAMI
B pEIleHNU, MPEJICTABSIET CODOM 3HAUYUTENLHYIO MPOOJIEeMY s KJIACCUIECKUX UUC/IeH-
HBIX METOJ/IOB. B pe3ysibrare cTamnapTHbe METO/Ibl KOHEYHBIX PA3HOCTEN, KOHEYHBIX dJe-
MEHTOB WM JUCKPETU3AIUN HU3KOIO IMOPSIKA YaCcTO HE TMO3BOJISIOT TOYHO BOCIIPOU3BE-
CTH TIOBEJIEHUE CJIOEB, €CJIN He UCIOJb3YIOTCS IPEe3MEPHO MEJKUe CeTKU, YTO MPUBOJIUT
K YBEJUYCHUIO BBIYUCIUTEIBHBIX 3aTPAT U CHIXKEHUIO 3dpdekrunocTu. s perenus
9TUX NpobJieM B JaHHON paboTe mpejjaraercs 3OMEKTUBHBIN CIEKTPAIbHO -CEeTOTHBIN
METOJ, JIJIsl YUCJIEHHOI'O PEIIeHns KPAaeBbIX 3aJad, BKJIIOYAIONINX JIByXIIapaMeTPUIECKIe
CUHTYJIIpHBbIe Bo3MyInenusi. OCHOBHAs WJes IPeJJIaraeMoro MmoJixo/a 3aK/II09aeTcs B COo-
YE€TAHUM BBICOKOW TOYHOCTH CIEKTPAJBHBIX METOJIOB C TIIATEIBHO paspabOTaHHON ceT-
KOI1, KOTOpas aJallTUPYETCS K CTPYKTYPE IMOIrPAHUIHOTO CJIosi perieHusi. Vcrmonb3ys Ty
CIEKTPaJIbHO-CETOYHYIO CTPYKTYPY, UCXOHas KpaeBasl 3a/ia4a 1peobpa3yeTcsi B SKBUBa-
JIEHTHYIO CUCTEMY ajredpandecKux ypaBHEHUN, KOTOPas MOXKeT ObITh 3(p(PEKTUBHO perre-
HA C MOMOIIBIO CTAHJIAPTHBIX METOJIOB JIMHeHO! aareOpnl. i onenku adbdekTuBHOCTH
MPEJIJIOKEHHOT0 MeTO/[a ObLJIN ITPOBEICHBI OOIMPHBIE YUCJICHHBIE SKcIiepuMeHThI. [losry-
YeHHbIEe PE3YJILTATHI CUCTEMATUYIECKN CPABHUBAJIUCH C PE3YIbTaTaMU, ITPEJICTABIEHHBIMU
B CYIIECTBYIOIEH JInTepaType. DTU CPaBHEHHUsI HAIJISIHO JEMOHCTPHUPYIOT, YTO pa3pa-
OOTaHHDBIN B JAHHOM HCCJIEIOBAHUN CIEKTPAJILHO-CETOUHBIN MeTO]1 obecrednBaer OoJiee
BBICOKYIO TOYHOCTH IIPU OTHOCUTEIHLHO HU3KUX BBIYUCIUTENbHBIX 3aTPATAX.

KuitroueBbie ciioBa: CrieKTpabHO-CETOYHBIN METOJ, JIBYXIIAPAMETPUIECKOE CUHTYJISIPHO
BO3MYIIEHHOE JuddepeHInalIbHOe YPABHEHUE, TOJTMHOMBI eObIéBa, MaKcuMaJbHas ab-
COJTIIOTHASI ONMINOKA, TOTPAHUYHBIE CJIOU, YUCJACHHAS AIIITPOKCUMAIINS, BBICOKOTOYHBIN aJI-
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The solutions of boundary value problems associated with two-parameter singularly
perturbed differential equations are well known to exhibit the formation of two distinct
boundary layers, typically occurring near the endpoints of the domain. The presence of
these narrow regions, characterized by steep gradients in the solution, poses significant
challenges for classical numerical techniques. As a result, standard finite difference, finite
element, or low-order discretization methods often fail to capture the layer behavior ac-
curately unless excessively fine meshes are employed, leading to increased computational
cost and reduced efficiency. To address these difficulties, the present work proposes an
efficient spectral-grid method for the numerical solution of boundary value problems in-
volving two-parameter singular perturbations. The core idea of the proposed approach
is to combine the high accuracy of spectral methods with a carefully designed grid that
adapts to the boundary layer structure of the solution. By employing this spectral-grid
framework, the original boundary value problem is transformed into an equivalent sys-
tem of algebraic equations, which can be solved efficiently using standard linear algebra
techniques. Extensive numerical experiments are carried out to assess the performance
of the proposed method. The computed results are systematically compared with those
available in the existing literature. These comparisons clearly demonstrate that the
spectral-grid method developed in this study achieves superior accuracy while maintain-
ing a relatively low computational cost.
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1 Introduction

Differential equations containing small parameters in the coefficients of the highest
derivatives are referred to as singularly perturbed differential equations. The solutions
of such problems possess specific features: the sought solution domain usually includes
rapidly varying boundary layers and regions where the solution changes smoothly. Tradi-
tional numerical methods are not efficient for solving such problems because they require
extremely fine meshes to obtain satisfactory accuracy. However, ensuring stability in the
numerical solution of singularly perturbed problems often leads to large algebraic systems
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with high computational costs. Therefore, the development of special numerical meth-
ods adapted to boundary layers and capable of efficiently handling such problems is of
significant importance. In this paper, we consider the following problem:

eqnlLu(z) = —eu(x) — pa(x)u'(z) + b(z)u(z) = f(z), 0<x <1, (1)
subject to the boundary conditions
eqn2u(0) = ap, u(l) = ag. (2)

Here, ay and «; are given constants, 0 < ¢, < 1 are two small parameters. The
functions a(z), b(x), and f(z) are assumed to be sufficiently smooth. Problems of this type
are generally referred to as two-parameter singularly perturbed boundary value problems.

When p = 0, the problem (1)—(2) reduces to the well-studied reaction—diffusion bound-
ary value problem with a single perturbation parameter. When p = 1, it transforms into
a convection—diffusion problem. Numerous studies have been devoted to the numerical so-
lutions of these particular cases. For instance, reaction—diffusion problems corresponding
to u = 0 have been thoroughly analyzed in [1-4], whereas the convection—diffusion case
with 1 = 1 has been discussed in [5-7]. However, the genuinely two-parameter case, i.e.,
when 0 < e, u < 1, has received comparatively little attention in the literature. Several
studies addressing such problems can be mentioned. The authors [8] proposed a finite
difference method on Shishkin-type meshes and proved its first-order convergence. Later
a B-spline collocation method [9] on a similar mesh was developed and demonstrated its
second-order convergence. Kadabaioo and co-authors [10] showed that the Ritz—Galerkin
method is highly effective for problems involving boundary layers. In [11], the authors
proposed a B-spline collocation method on graded meshes and analyzed its efficiency for
small values of the parameters ¢, u, and for refined mesh densities, demonstrating the
robustness of the method.

Although several methods have been developed to solve such types of problems, there
is still a lack of numerical approaches that ensure high accuracy for singularly perturbed
problems involving small parameters. Therefore, in this paper, a spectral-grid method
is proposed for the numerical solution of two-parameter singularly perturbed differential
equations. The results presented in this study demonstrate that the proposed spectral-grid
method is several times more efficient than the graded B-spline collocation method.

In [12], the use of Chebyshev polynomials for solving eigenvalue problems arising from
systems of higher-order nonlinear differential equations containing small parameters was
discussed. In [13,14], the authors considered parabolic-type partial differential equations
with initial-boundary conditions and developed a Chebyshev perturbation approach based
on continuous integration. The obtained error estimates correctly reflect the convergence
order of the method.

More recently, a highly accurate and efficient numerical method based on Chebyshev
spectral techniques was proposed for the analysis of the dynamics of derivatives of different
orders in singularly perturbed equations [15]. In addition, a high-accuracy method for
solving the biharmonic equation using spectral approaches was developed and successfully
applied, demonstrating superior numerical efficiency and precision [16].

Papers [18] and [19] established theoretical foundations for hydrodynamic and spectral
methods based on Chebyshev polynomials and analyzed several of their efficient imple-
mentations. In particular, [18] investigated the mathematical modeling of two-dimensional
parallel flows in hydrodynamics, analyzing their dependence on boundary conditions.
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In [19], the Orr-Sommerfeld equation was studied, and an efficient spectral method was
proposed for its numerical solution. The results of these studies have laid the ground-
work for further research on small-parameter problems using numerical techniques based
on Chebyshev polynomials. Hydrodynamic stability of two-phase liquid flows has been
analyzed using spectral methods in [20]. Furthermore, for the case of a bounded layer,
this problem was examined through the application of the spectral collocation method
in [21].

2 Statement of the problem

Consider the following two-parameter singularly perturbed differential equation with
small parameters in the highest derivatives:

—eu(z) — p/ (2) +u(z) =%, 2 €]0,1], (3)
subject to the boundary conditions
u(0) = u(1) =0, (4)

where ¢ and p are small positive parameters.

To numerically model the differential problem (3)-(4), we employ the spectral-grid
method based on the first-kind Chebyshev polynomials as basis functions. Typically,
when analyzing the convergence and accuracy of numerical methods, an exact analytical
or test function is used for verification [17]. According to this approach, an auxiliary
analytical function u.(x) satisfying the boundary conditions (4) is chosen. Substituting
it into equation (3) allows us to compute the corresponding right-hand side function.
The considered problem is then solved using the spectral-grid method, and the obtained
numerical solution is compared with the chosen analytical test function.

For the current study, the following analytical function satisfying the boundary con-
ditions of equation (3) is selected as the test function:

— p01 l-az _
U<I> _ 1 e—¢ e a2t _ 617:1: + € 1 eal(lfx)
£ — Iu — ]_ \/u2+4s \/,u2+45 ’
1l—e" = e = —

where

O p? + 4e az:u+\/u2+45
2¢ ‘

aq

3 Solution method

We now present the spectral-grid algorithm for the numerical modeling of problem
(3)—(4). First, the integration interval [no, ;] is divided into a uniform grid 7y < n <
.-+ < ny = n, resulting in NV subintervals (elements):

[770,771],[7717772]7-‘-a[77ja77j+1]7---7[7]N—1,77N]» j:172a"'7N_17 (5)

where 179 = 0 and ny = 1.
The differential equation (3) within each subinterval takes the following form:

d*u; du; '
gdﬁ; _F‘d_;JF“j(n):fj(T]), j=1,2,...,N. (6)




116 Murodov S.K.

The boundary conditions (4) at the endpoints 79 and 7y are written as:

u(no) =0, u(nn)=0. (7)

At the internal nodes, the solution of equation (3) and its first derivative are required

to be continuous. These continuity conditions can be expressed as follows:
t t .
u'(m) =l (), t=0.1; j=1,2,....N—1, (8)

where t denotes the order of the derivative.

The approximate solution u;(z) of problem (6)-(8) is represented as a truncated series
in terms of the first-kind Chebyshev polynomials. Each subinterval [n;,n;41] is mapped
onto the standard interval [—1, 1] using the following transformation:

m; .
n= 2]4‘5 m;=n; + 01, L=np—n, j=12... ., N-1, (9

where 1 € [n;,n;41], © € [—1,1], and /; denotes the length of the (j 4+ 1)-th subinterval.
As a result, equation (6) can be rewritten in the transformed variable x as follows:

2 QdQ'LLj 2 de
— |\ —u () 2 ule) = f; =1,2,...,N. 1
5(1]) d.fEQ ’u(l]) d.T tu (IE) f]<l'), J 3 ) (0)

The boundary conditions (7) and the continuity conditions (8) take the form:

w(0)=0,  uy(+1)=0,

2\’ 2\’
(—) ul(+1) = (—) W (=1), t=01; j=1,2,...,N—1, (11)
lj i) 7
where t denotes the order of the derivative.

We seek the approximate solution of problem (10)-(11) and its right-hand side f;(z) in
each subinterval in the form of truncated series of the first-kind Chebyshev polynomials:

by
W) =T @), ) Zb”T( ) =g @)
n=0

l‘l(j) :cos<7r—l) , 1=0,1,...,p;, 7=1,2,...,N.
pj
Here uY )(x) denotes the approximate solution, 7, (z) are the first-kind Chebyshev
polynomials, and :L“l(j ) are their corresponding nodes. The parameter p; represents the
number of polynomials used to approximate the solution in the j-th subinterval, while
,(f ) are the unknown expansion coefficients. ‘
For the given function f;(z), the expansion coefficients b in expression (12) are

determined by the inverse transformation formula [16]:

' 5 P A
b = Z—f](x_l(]))Tn<xl(])), n=01,2....p; (13)

DPitn 5 G
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N
where g = ¢,, =2, cn=1(m #0,p;), j=12,...,N,and M = > (p; +1) is
=1

the total number of Chebyshev polynomials used in the spectral-grid approximation of
the solution, while N denotes the number of grid elements. To compute derivatives of
various orders of the approximate solution uY )(x) from (12), the following relations are
used, which are convenient for numerical implementation:

by
uf (y) = aPTo(y),
n=0
pj pj
2
W) =Y ). d== S e, 020 (14)
n=0 n =n+1
q+nqzl(zod2)
pj pj
N0 o_2 ¥ 2 2 S
_Zan n(y)7 a, = - Z Q(q n )CLq, n > 0.
n=0 n q=n—+2

g+n=0 (mod 2)
Substituting the approximate solution and its derivatives into the differential equation
(3), together with the additional conditions (11), yields the following algebraic system for
determining the unknown coefficients aty (n=0,1,2,...,p;;j=1,2,...,N):

bj bj

1 2 _ 2 2 — )
—Ea Z p(p —n)ap—ua Z pa, +a, = b,
p=n+2 p=n+1
p+n=0 (mod 2) p+n=1(mod 2)
n:(),l,...,pj—Q,

p1 PN Pj+1 '

SRS SRR SUES WEIDTE N

n=0 n=0 n=0

l Pji+1

b+l =12 (G+1) .
Zna =5 HZ:O( " n*a)™, j=1,2,...,N.

The number of unknowns is given by

x! = (a(()l),agl), e ,az(n),a(()?),ag ), e ,ag), - ,a(()N),agN), e ,a&”) ,
and is computed using the relation
M = ij =1 +p2+---+pv+N).

Accordingly, the total number of equations in system (15) is equal to

M=(p1+p2s+---+py+N).

In addition, the number of basic equations in system (15) is equal to N(p; — 1), and
two boundary conditions and 2(N — 1) continuity conditions are added to them. System
(15) can be written in the following matrix form:

Ax = b, (16)
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where

!

b

_ (bg”,bg”,...,b,glg,bg?hbg?),...75;22),...,ng>,b§N>,...,bgp),
and 27 and b” denote the transposed vectors of unknown coefficients and right-hand side
terms, respectively.

4 Discussion of results

The singularly perturbed problem (3)—(4) was solved using the spectral-grid method
described in (15). The spectral-grid method can be implemented in several variants:

1) Uniform grid and uniform approximation. The computational domain is divided
into subintervals of equal length, and in each subinterval, the approximate solution is
represented using Chebyshev polynomials of the same degree; 2) Uniform grid and non-
uniform approximation. The domain is divided into equal subintervals, but in each subin-
terval, the approximate solution is expressed using Chebyshev polynomials of varying
degrees; 3) Non-uniform grid and uniform approximation. The interval is divided into
subintervals of varying lengths, but the same number of Chebyshev polynomials is used
in each subinterval; 4) Non-uniform grid and non-uniform approximation. Both the grid
and the degree of approximation vary across subintervals.

Among these, the fourth variant is used in this study due to its universality and
adaptability. This approach allows the localization of singular boundary layers within
sufficiently small subintervals and enables the concentration of Chebyshev nodes where
the solution changes rapidly. Consequently, the method provides high accuracy even for
very small parameter values.

The convergence and accuracy of the proposed method were tested using the analytical
test function (5). This test function was selected according to [11], and the numerical re-
sults obtained using the spectral-grid method were compared with those reported in [11].
Tables 1-3 present the computed values of the maximum absolute error at the Cheby-
shev collocation nodes. The maximum absolute error is evaluated using the following
expression:

A= max |ue —u,|, j=1,2,...,N.

0<k<p;

The nodes of the first-kind Chebyshev polynomials are defined as follows:

, )
x;J)ZCOS<7r_)7 l:()’l?,])]7 j:1,2,,N
pj

Furthermore, 0 < ¢, 4 < 1 are small parameters, and the total number of Chebyshev

N
polynomials used in the approximation is given by M = > (p; + 1), where (p;, j =
j=1

=1,2,..., N) denotes the number of Chebyshev polynomials used in the subintervals.
Table 1 presents the computed values of the maximum absolute error A for a uniform

partition of the interval into four elements (N = 4) with subintervals [0,0.25], [0.25,0.5],

[0.5,0.75], [0.75,1]. In this case, the first and second variants of the spectral- grid method

were applied.
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Table 1. Maximum absolute error of the spectral-grid method (N = 4).

& H M w5 1) B-spline Spectral-grid method
= method [11]
A p+l | p+1 | py+l .+l A
16 16 16 16 1.0x 10°
64 9.6x10° 24 8 8 24 1.8x 10!
28 a 4 28 6.9x 107
ol 32 32 32 32 22x 107
10° [ 10 128 23x 103 48 16 16 48 9.2x 10°
56 8 8 56 29x10°
64 64 64 64 6.1x 108
256 5.8x 10* 96 32 32 32 2.4 x 10
112 16 16 112 45x 101

From the results presented in table 1, it can be observed that increasing the num-
ber of grid elements, as well as refining the grid near the boundaries or boundary lay-
ers, leads to a noticeable accumulation of Chebyshev nodes. This refinement results in
a significant reduction of the maximum absolute error. Table 2 presents the numer-
ical results obtained using the spectral-grid method. Here, the parameters are cho-
sen as N = 4, ¢ = 1078, pu = 1073, 1078, The subinterval lengths are selected as
[0,0.01], [0.01,0.5], [0.5,0.99], [0.99,1]. For comparison, the results reported in [11] are
also provided.

When using the spectral-grid method, it is important to select both the number and
the lengths of the subintervals based on the characteristics of the problem being studied.
For example, in the considered two-parameter singularly perturbed problem, when the
parameters

e=10"" =108,

take very small values, the solution exhibits sharp gradients in the boundary regions. In

such cases, if the number and lengths of the subintervals are not chosen appropriately, the

method may fail to provide sufficiently accurate results, even when the total number of

Chebyshev polynomials M is large. Table 3 presents the comparison of the results obtained

for the parameters e = 1071°, ;= 1078, using the gradient B-spline collocation method,

the spectral method with N = 1 subinterval, and the proposed spectral-grid method.
Table 2. Maximum absolute error of the spectral-grid method (N = 4).

& H M=% (p +1) B-spline Spectral-grid method
= method [11]
A i+l | pp+1 | py+1 | py+1 A
32 32 32 32 1.6 x 107
128 56x 103 32 16 48 32 7.6 x 10*
- 34 4 58 34 8.0x 107
64 64 64 64 1.4x 107
P 256 1.4x 107 72 32 80 72 1.7x 107
10 80 8 88 80 6.4x 107
10°¢ 32 32 32 32 3 310"
128 2 48 16 16 48 L5 x 160
56 8 8 56 5.5x 10"
64 64 64 64 38x 10°%
256 58x10* 96 32 32 96 3.1x 101
112 16 16 112 55x 1013
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Table 3. Maximum absolute error for different methods.

€ M M=3(p,+1) B-spline method [11] | Spectral method & | Spectral-grid method &
-64 9.6 i 103 2.7x 10° 3.9x10*

105" | 10# 128 23x 104 2.6x 10° 6.2x 1012
256 59x10* 1.6 x 10° 7.6x 1012

From Tables 1-3, it can be seen that for small parameter values ¢, p and different
numbers of Chebyshev polynomials M, the proposed spectral-grid method provides sig-
nificantly smaller maximum absolute errors compared to the gradient B-spline collocation
and classical spectral methods. This demonstrates the universality and high efficiency of
the proposed method.

5 Conclusion

The following conclusions can be drawn from this study: A universal, highly accu-
rate, and efficient spectral-grid method has been developed for solving boundary value
problems of two-parameter singularly perturbed differential equations. The convergence
and accuracy of the proposed spectral-grid method have been justified and verified us-
ing the method of test functions. Using the spectral-grid method, the two-parameter
singularly perturbed boundary value problem has been approximated and reduced to an
equivalent system of algebraic equations. Based on the numerical experiments, it has been
demonstrated that the proposed spectral-grid method possesses universality, high accu-
racy, efficiency, and adaptability in solving boundary value problems for two-parameter
singularly perturbed differential equations.
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NsBecTHO, 4TO perenns KPaeBbIX 3a/1a4, CBA3AHHBIX C JBYXIIapAMETPUIECKUMU CHH-
CYJISIPHO BO3MYINEHHBIMU JTuddepeHITnaIbHbIMI YPABHEHUSIMA, JIEMOHCTPUPYIOT 00Opa-
30BaHME JBYX Pa3/IMYHBIX OIPAHUYHBIX CJIOEB, OOBITHO BO3HUKAIONINX BOJIM3U KOHIOB
obsractu. Hanuuaue sTtux y3kux objacreil, XapakKTepu3yIoNuxcs KPYTBIMEA I'DAIHEHTAMI
B pEIleHNU, MPEJICTABSIET CODOM 3HAUYUTENLHYIO MPOOJIEeMY s KJIACCUIECKUX UUC/IeH-
HBIX METOJ/IOB. B pe3ysibrare cTamnapTHbe METO/Ibl KOHEYHBIX PA3HOCTEN, KOHEYHBIX dJe-
MEHTOB WM JUCKPETU3AIUN HU3KOIO IMOPSIKA YaCcTO HE TMO3BOJISIOT TOYHO BOCIIPOU3BE-
CTH TIOBEJIEHUE CJIOEB, €CJIN He UCIOJb3YIOTCS IPEe3MEPHO MEJKUe CeTKU, YTO MPUBOJIUT
K YBEJUYCHUIO BBIYUCIUTEIBHBIX 3aTPAT U CHIXKEHUIO 3dpdekrunocTu. s perenus
9TUX NpobJieM B JaHHON paboTe mpejjaraercs 3OMEKTUBHBIN CIEKTPAIbHO -CEeTOTHBIN
METOJ, JIJIsl YUCJIEHHOI'O PEIIeHns KPAaeBbIX 3aJad, BKJIIOYAIONINX JIByXIIapaMeTPUIECKIe
CUHTYJIIpHBbIe Bo3MyInenusi. OCHOBHAs WJes IPeJJIaraeMoro MmoJixo/a 3aK/II09aeTcs B COo-
YE€TAHUM BBICOKOW TOYHOCTH CIEKTPAJBHBIX METOJIOB C TIIATEIBHO paspabOTaHHON ceT-
KOI1, KOTOpas aJallTUPYETCS K CTPYKTYPE IMOIrPAHUIHOTO CJIosi perieHusi. Vcrmonb3ys Ty
CIEKTPaJIbHO-CETOYHYIO CTPYKTYPY, UCXOHas KpaeBasl 3a/ia4a 1peobpa3yeTcsi B SKBUBa-
JIEHTHYIO CUCTEMY ajredpandecKux ypaBHEHUN, KOTOPas MOXKeT ObITh 3(p(PEKTUBHO perre-
HA C MOMOIIBIO CTAHJIAPTHBIX METOJIOB JIMHeHO! aareOpnl. i onenku adbdekTuBHOCTH
MPEJIJIOKEHHOT0 MeTO/[a ObLJIN ITPOBEICHBI OOIMPHBIE YUCJICHHBIE SKcIiepuMeHThI. [losry-
YeHHbIEe PE3YJILTATHI CUCTEMATUYIECKN CPABHUBAJIUCH C PE3YIbTaTaMU, ITPEJICTABIEHHBIMU
B CYIIECTBYIOIEH JInTepaType. DTU CPaBHEHHUsI HAIJISIHO JEMOHCTPHUPYIOT, YTO pa3pa-
OOTaHHDBIN B JAHHOM HCCJIEIOBAHUN CIEKTPAJILHO-CETOUHBIN MeTO]1 obecrednBaer OoJiee
BBICOKYIO TOYHOCTH IIPU OTHOCUTEIHLHO HU3KUX BBIYUCIUTENbHBIX 3aTPATAX.
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