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This paper explores the numerical modeling of flow during filtration and transport
of dissolved components in a cylindrical porous medium. The mathematical formula-
tion is based on the axisymmetric Brinkman-Darcy equations describing hydrodynamic
processes, as well as a system of equations for convective-diffusion transport taking into
account adsorption on a solid matrix. The permeability of the porous medium is speci-
fied using the Kozeny-Carman model. The numerical solution is implemented using the
finite volume method, which guarantees the fulfillment of conservation laws in each con-
trol volume. A computational algorithm for determining the distributions of pressure,
velocities, and component concentrations is developed. The influence of porous structure
parameters and adsorption kinetics characteristics on the efficiency and characteristics of
the filtration process is studied.
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1 Introduction

Filtration and transport of dissolved components in porous media are fundamental to a
wide range of engineering and natural systems, including water treatment plants, catalytic
reactors, and subsurface hydrogeological processes. The efficiency of such systems is
determined not only by the hydrodynamic flow parameters but also by the characteristics
of mass transfer and the interaction of substances with the solid matrix of the porous
medium. Darcy’s law is traditionally used to describe fluid flow in porous media; however,
its applicability is limited to cases where viscous effects and boundary layers near the
walls can be neglected. In the presence of finite permeability and a significant influence
of viscosity, the Brinkman-Darcy model, which takes into account both the resistance of
the porous structure and the diffusion of momentum, is more appropriate.

Modeling the transport of dissolved components in porous filters is typically based
on convective-diffusion transport equations with additional source terms accounting for
chemical reactions and adsorption on the solid phase. Accounting for adsorption processes
is fundamental when assessing filtration efficiency, as they determine the filter saturation
kinetics and the level of flow purification. Despite the significant amount of research
devoted to filtration and mass transfer problems in porous media, the problem of cou-
pled numerical modeling of hydrodynamics and adsorption transport in an axisymmetric
cylindrical formulation remains relevant, particularly in terms of developing robust and
conservative numerical methods.
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The aim of this work is to develop and numerically implement a mathematical model
of filtration flow and transport of dissolved substances in a cylindrical porous medium
based on the Brinkman—Darcy equations using the finite volume method, as well as to
study the influence of porous structure parameters and adsorption kinetics characteristics
on the main indicators of the filtration process.

In [1] study investigates unsteady filtration in a sandwich-type reservoir system, which
is relevant for layered soils common in Uzbekistan. The model is formulated using
parabolic PDEs with boundary conditions and solved analytically via the Laplace trans-
form. Numerical results show that pressure in both layers increases exponentially, while
interlayer flow strongly depends on piezoconductivity and filtration coefficients. A gener-
alized formula for well gallery control is also derived for drainage design.

Studies [2, 3] develop mathematical and numerical models for filtration in porous media
with coupled hydrodynamics and mass transport. The models account for key mechanisms
such as concentration variation, adsorption, cake formation, and pore clogging, which lead
to porosity reduction and pressure growth. Numerical simulations show that parameters
like barodiffusion, filter thickness, permeability—porosity relations, and initial flow rate
strongly affect filtration efficiency and filter lifetime. The proposed stable finite-difference
algorithms enable prediction and optimization of filtration performance.

A significant number of works are devoted to the study of flow and transport in porous
bodies with different geometries and permeabilities. In particular, in [4], a numerical
study of flow past a porous cylinder and the transport of dissolved substances at different
Reynolds and Darcy numbers was performed, where the influence of permeability on the
flow structure and the formation of a concentration plume was analyzed in detail. The
development of computational tools for modeling flows in porous media is presented in [5],
where a universal solver based on OpenFOAM is proposed, taking into account phase
transformations and additional resistances of the porous structure. A separate area of
research is associated with the mathematical modeling of heat and mass transfer and phase
processes in porous materials. In [6, 7], microscopic and macroscopic approaches to the
description of transport processes are considered, and the features of boundary conditions
and the effects of porosity heterogeneity are discussed. In [8], a detailed CFD-DEM model
of filtration with the formation of a filter cake is developed, allowing for the interaction
of particles, liquid and the filter medium.

Modeling of multiphase flows and transport in porous media is presented in [9, 10],
where control-volume numerical schemes and hybrid approaches combining continuum and
network models of pore space are used. In [11], the interaction of a flow with a thin elastic
porous layer is considered based on homogenization methods, which is important for the
correct description of interface effects. Modern research is also aimed at constructing
computational models that take into account the complex microstructure of a porous
medium and the transitions between Darcy and non-Darcy flow regimes [12]. In [13, 14],
mathematical models of membrane filtration are proposed taking into account adsorption,
pore clogging, and elastic deformation of pore walls, which allows for the analysis of
permeability degradation and the service life of filters.

A separate class of problems is associated with the combined consideration of mass
transfer, heat transfer, and additional physical effects such as magnetic fields and local
thermal non-equilibrium [15], as well as filtration processes in cylindrical porous regions
based on Darcy’s law [16]. Biomedical applications, in particular modeling of fluid trans-
port in lymph nodes, are considered in [17], where the porous structure plays a key role
in flow regulation. In [18|, a detailed analysis of unsteady flow in porous media is carried
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out based on averaging the Navier-Stokes equations, which expands the applicability of
Darcy- and Brinkman-type models. Thus, despite a significant number of studies, the
problem of combined numerical modeling of filtration flow and solute transport taking
into account adsorption in an axisymmetric cylindrical porous medium remains relevant,
especially in the context of developing conservative and robust numerical algorithms.

2 Problem formulation

Below are the equations for a cylindrical porous filter.
Equations for hydraulics (Brinkman-Darcy):
Vouzoo L00w) DU (1)
ro or 0z

Where: r — radial coordinate|m|, distance from the center to the wall, z — vertical
coordinate |m|, direction from top to bottom, u, — radial velocity component [m/s|, u, —
vertical velocity component [m/s|, angular coordinate is zero due to symmetry.

This equation expresses the equation of conservation of mass - the incompressibility
of water. This ensures constant equilibrium between the incoming and outgoing flow
volumes and guarantees mass conservation regardless of the pressure inside the filter

_Lur + /J/VQUT - @ — 07
() or 5
o 10 ( Ou, +82ur_& 2)
Ur = ror " or 022  r2’

Where: 1 — dynamic viscosity [Pa-s|, for water 0.001 (20 oC da), s (¢) — permeability
[m?], flow capacity, p — pressure [Pa].

This equation is the radial momentum equation, which governs the radial velocity with
the pressure gradient and pore resistance. If the pressure differs from the center to the
wall, the fluid flows radially, but pore resistance slows down this movement.
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This equation drives the flow with the pressure difference for the axial momentum
equation - the main direction of the flow (from top to bottom). Porous resistance and
viscosity slow down the flow. Therefore, the flow rate at the outlet changes depending on
the pressure difference.

e*d} n
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Where: € — porosity, (0 < e < 1), proportion of free space, dy — filter particle diameter
[m].

This equation expresses the Kozeny-Carman formula and relates the internal structure
(porosity) of the filter to the flow capacity. In a coarse-grained or more porous filter, the
flow passes more easily.

The general equation for the change in pressure for a cylindrical coordinate system:
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where § — fluid compressibility|1/Pal.
For substance transport (for each ¢ = 1,..., N), the following equations (6) — (9) are
expressed:

R, = rf“”“ + agrset,

i

(6)

Here: ¢ — time [s], for the dynamics of the process, N — number of components, ¢; —
concentration of the i-th component in water [mol/m? or kg/m?|, D; ¢ — effective diffusion
coefficient [m?/s], r; pu — bulk reaction rate in solution [mol/(m?:s)|, as — surpace area of
per unit volume [m?/m?|, 7; gy — surface loss rate [mol/(m?-s)].

This equation is called the ADR (advection-diffusion-reaction) equation and shows
how the concentration of each harmful substance in water changes: change over time =
flow transfer + diffusion - reaction - adsorption. This allows you to calculate the quality

of the water exiting the filter.
0y
5 — Fraldi — @) (7)

Where: ¢; — capture quantity in the solid phase [mol/kg|, kf; — LDF (linear driving
force) kinetic coefficient [1/s], ¢f — equilibrium adsorption quantity [mol/kg].

This equation represents the adsorption kinetics (LDF) equation and tells us at what
rate harmful substances are absorbed into the filter particles. If the particle is still free,
a large amount of harmful substance is absorbed; if saturated, absorption slows down

* Qi,maxbici
& 1 + Ej\[:l bjCj (8)
Where: ¢; max — maximum adsorption capacity [mol/kg|, b; — Langmuir affinity coefhi-
cient [m?/mol.
This equation represents the Langmuir isotherm. In this case, due to the limited
surface area of the adsorbent, harmful substances compete for space and explain the
decrease in the efficiency of the filter over time:

dq;
Tisurf = psa (9)

Where: p, — density of adsorbent particles [kg/m3].

This equation expresses the rate of surface loss. In this case, the change in adsorption
in the solid phase reduces the concentration in the liquid. This links the mechanism of
loss of harmful substances to the liquid and solid phase.

The colmatation (optional, particle) equations (10)-(11) defined as follows:

9(ecy) + 19 (reyuy) + % (cpuy) = 1o <T€D 8cp) + 9 (8D (%p) — kaepcp,  (10)
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Where: ¢, — concentration of particulate matter in water [kg/m?|, D, — diffucion
coefficient of particles [m?/s|, kqep — depolation coefficient [1/s], Vgep — volume fraction of
depolation [-], pgep — density of settled particles [kg/m?].
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In this case, large particles (sand, clay) block the pores, thus reducing the filter’s
permeability. As a result, the flow decreases over time.

Boundary and initial conditions
The computational domain is an axisymmetric cylindrical domain

Q={(r,2):0<r<R, 0<z<H}. (12)

To close the system of equations (1)-(8), the following boundary and initial conditions

are specified.
At the filter inlet (z = 0), a uniform axial flow of liquid and known concentrations of

components are set:
U (Ta O) = Ujn,

ur (r,0) =0, (13)
C; (7",0) = Ciin, 1= 1, ,N
Neumann’s condition is used for pressure:

9p
0z

At the filter outlet (z = H), a fixed pressure is set, and for the remaining values, the
conditions of zero longitudinal gradient are met:

—0. (14)
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Axis of symmetry (r = 0): Due to the axisymmetric nature of the solution, the
following conditions are satisfied:

u, (0,2) =0,
ou,
or
dp
or
dc;
| Or
Side surface of the filter (r = R): On the side wall of the filter, the adhesion conditions

for the velocity and the absence of diffusion flow of substances are set:
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Neumann’s condition is used for pressure:

% (Rz) =0 (18)

Initial conditions (¢ = 0):
For a non-stationary problem, the initial conditions are given in the form:
ur (1, 2,0) = upp (1, 2), u, (r,2,0) =u,o(r,2), p(r,z,0) =po(r,2), (19)

& (’I", zZ, 0) = G0,
¢ (r,z2,0) =0, i=1, ..., N, (20)
e(r,z,0)=¢eq(r,2),0.(r,2z,0) =0.

The velocity and pressure fields are initialized by solving a stationary hydrodynamic
problem.

3 Solution of the problem

For the numerical solution of the system of equations (1)-(8), the Finite Volume
Method (FVM) is used, which ensures a strict balance of flows in each control volume and
numerical stability when solving the conjugate problems of filtration and mass transfer.
3.1 Calculation grid and control volumes

The computational domain {2 is divided into a system of axisymmetric control volumes:

Qij = [Tz’—%7ri+%} X [Zj—%’zﬂé} :

where
Ar Az
Titl :Tz‘i?, kL =
Volume of control volume:

r

iy ?

Vij =2m / rdr
T. z .
o J

Nl

3.2 Discretization of the continuity equation

Integrating equation (1) over the control volume yields:

Z(u-n)fsf =0,

f

fe{E, W, N, S}.

where F — East face (riﬂ/g, zj), W — West face (ri+1/2, zj), N — North face (T’i+1/2, zj),
S — South face (riﬂ/z, zj).

In discrete form:

N = FL 4+ FL L —F =0,

i+3.J i ij+s ij—3
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where the mass fluxes through the faces are defined as

T —
Fipay = 2mr a1 A2,

z _ 2 2
Fijpp=m (Ti+% rz‘%) Uzt s

3.3 Discretization of momentum equations

Let’s consider the axial component (similarly for the radial one).

Integrating (3) over V;, j:
v S, — P v, PN oy
Zu( uz)g ey N A A W B
7 ix

Diffusion flux through the face z; 1:
2

(V). = Mot e

The final discrete equation:

APUszij = ANUzgjt1 + AUz 51 + ABUz 41 + AWz i1 — (Pij+1 — Pij) As-

where the coeflicients are:
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3.4 Pressure and speed correction

A pressure-based approach is used to link pressure and velocity fields.
Velocity correction:

op A,
U, = U, —dz—p, d,=—.
0z ap

Substituting into the continuity equation yields Poisson’s equation for pressure cor-

rection:

®, ®), 1 (p) (») (»)

— / / pr) /1 )
p'Pij = Qg Piy1j T Oy Pi_1; T aN'Dijp1 + a5 D1+ bij-

3.5 Discretization of the transport equations
Integration of (5) over the control volume yields:

n+l

et Vi + ) Frep =) DegsSp(Ve)p = (ipin + 0t surg) Vi
7 7

Convective currents are approximated by a counter-current scheme:

cr = Ccp, Ff>0,
F= CN, Ff<0.
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Diffusion terms are approximated by a central differences.

3.6 Discretization of adsorption
Equation (6) is approximated by an implicit scheme:
n+1 n
4 — 4 * n+1
T:kf(qi —q).
Where . i}
! 1+k fAt .
3.7 Conditions of convergence and stability

Convergence criterion
The iterative process is considered to have converged when the following conditions

are met: .
,Z }‘PJ - 905,1‘
1/7.]
P Can
i,

where ¢ = {u,, u., p, ¢;}, € = 1075.

< Etol-

Stability condition

For convective transport, the CFL constraint is satisfied:

lur| At |u,| At
= < 1.
CFL = max ( Ar A <1

Iterative Scheme:a n implicit iterative scheme with relaxation is used:

Pl =apili +(1—a)¢", 0<a<l.

4 Results and discussion
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Figure 1 Temporal evolution of pressure field, normalized concentration, and porosity

Figure 1 illustrates the temporal evolution of pressure, normalized concentration, and
porosity distributions in a cylindrical filter at different times. Initially, the pressure varies
almost linearly along the filter axis, while the concentration is zero and the porosity is uni-
form, representing the clean filter state. As the fluid flows, a concentration front develops
and propagates along the z-axis. In the lower part of the filter, increased concentration
leads to a local reduction in porosity due to particle adsorption and accumulation. The
front moves upward with a sharp concentration gradient, and porosity decreases precisely
in the regions it passes through. Throughout the process, the pressure remains nearly
linear, indicating that axial pressure gradients dominate the flow. Once the front reaches
the filter top, the concentration approaches the inlet value, and the porosity at the bottom
reaches its minimum, indicating filter saturation. Overall, the results highlight the strong
coupling between fluid flow, solute transport, and porosity evolution.

Breakthrough and porosity evelution

o8

-
-
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Parosity [-]

-]
i
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Figure 2 Time variation of normalized concentration and porosity at the point z = H/2,7 =0

Figure 2 shows the change in normalized concentration C; (—) and porosity ¢ (—) over
time at the central point of the filter on the symmetry axis(r = 0) at z = H/2. At the
beginning, the concentration is zero and the porosity is uniform. As the liquid moves,
the concentration increases sharply, and the porosity decreases due to adsorption and
accumulation of the substance. The front is formed with a sharp drop in concentration,
and porosity decreases precisely in the front zone. At later stages, the concentration
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stabilizes and the porosity reaches a minimum value, indicating a formed deposit. In
general, the graph demonstrates a direct relationship: an increase in concentration is
accompanied by a decrease in porosity at a selected point in the filter.

Porosity profile £(z) near axis (radially averaged)
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Figure 3 The change in porosity over time as the liquid moves along the z axis at 7 = 0 (on the
axis of symmetry)
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Figure 4 The change in porosity over time as the liquid moves along the z axis at (r = R/2)
(on the axis of symmetry)

Figure 3 shows the change in porosity € (-) along the z-axis, on the axis of symmetry
(r=20) in the filter. At the beginning of the process, the porosity is uniform along
the entire axis, showing the initial state without deposition. By ¢t = 100, an initial
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deposition front is formed in the lower part of the filter(z ~ 0.05 — 0.10m), where the
porosity decreases noticeably, reflecting the local accumulation of matter.

At t = 200, the front moves up the axis z &~ 0.2m, the zone of minimum porosity
expands, and the drop becomes sharper, which indicates active adsorption. By ¢t = 400
the front reaches the middle part of the filter (z &~ 0.17 — 0.3 m), the porosity in the front
zone continues to decrease, forming a stable area with minimal values. In general, the
graph demonstrates a direct relationship between the advance of the liquid front and the
local decrease in porosity: the higher the front, the more it decreases along the filter axis.

Figure 4 shows the change in porosity ¢ (=) along the z axis, on the axis of symmetry
in the filter(r = R/2). At the beginning of the process, the porosity is uniform, similar
to Fig. 3, showing the initial state without deposition. As the liquid moves, a deposition
front forms, but compared to the center line (Fig. 3), the front at the half-radius develops
more slowly.

Compared to Fig. 3 figure 4 shows that the radial displacement slows down the
development of the front: the deposition front at the half-radius appears later and has a
smoother profile, while on the axis the front is sharper and forms faster. This emphasizes
the influence of radial flow inhomogeneity on the porosity distribution and demonstrates
how the dynamics of deposition depends on the position in the filter - the front develops
more intensely on the axis, and slower and more extended at the side wall.

Porosity profile £(z) at r=R/2
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Figure 5 The change in porosity over time as the liquid moves along the z axis at » = 0 and
r=R/2

Figure 5 shows a comparison of the change in porosity ¢ (-) along the z axis for two
radial slices: r = 0 (solid line) and r = R/2 (dashed line) at several time steps. A
comparison of the two lines clearly shows the influence of radial heterogeneity: on the
axis the front is sharp and intense, while on the half-radius it develops more slowly and
with less amplitude.

This figure emphasizes the connection between the radial positions in the filter and
the dynamics of deposition: the closer to the axis, the faster the front forms and the more
porosity decreases, while at the side wall the process is more extended and slower.
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Concentration profiles C(z) at r=R/2
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Figure 6 The change in concentration over time as the liquid moves along the z axis at r = R/2

Figure 6 shows the change in C'y concentration along the z axis on a radial slice r = R/2
for several time steps. At the beginning of the process (¢ = 0), the concentration is almost
zero along the entire axis, reflecting the initial state of the filter without penetration of
the substance. At an early stage (¢ = 100), a concentration front forms in the lower part
of the filter (z ~ 0.05 — 0.15m), where C quickly increases to approximately 0.75-0.8.

At medium time steps (t=1000), the front moves higher along the (z ~ 0.35m), con-
centration increases in the front zone, but the front remains extended and less sharp than
on the r = 0 axis, which reflects a slowdown in the flow at the side wall.

At the late stage (t = 5000), the front covers almost the entire length of the filter
(z =~ 0.35m), the concentration stabilizes close to the input value, and the front remains
extended, showing that the radial position affects the speed and shape of the movement
of the substance: at the half-radius the front is slower and smoother than at the axis,
where it is sharp and fast.

5 Conclusion

In this study, a coupled numerical model for filtration flow and solute transport in
a cylindrical porous filter has been developed and implemented using the finite volume
method. The hydrodynamic behavior of the flow was described by the axisymmetric
Brinkman—Darcy equations, while mass transport was modeled using advection—diffusion
equations with adsorption kinetics taken into account. The permeability of the porous
medium was linked to porosity through the Kozeny—Carman relationship, allowing the
evolution of the porous structure to be consistently incorporated into the model.

The numerical results demonstrate physically consistent pressure, concentration, and
porosity fields and confirm the stability and conservation properties of the proposed finite
volume discretization. The simulations show that the filtration process is primarily gov-
erned by the axial pressure gradient, while solute transport is controlled by the combined
effects of convection, diffusion, and adsorption.

Over time, adsorption and particle deposition lead to a reduction in porosity, which
decreases permeability and negatively affects filtration efficiency. The obtained results
highlight the strong coupling between flow dynamics, mass transfer, adsorption processes,
and porous structure evolution. The model is capable of capturing the transient behavior
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of filter saturation and performance degradation, which is essential for the prediction of
filter lifetime and operational efficiency.

Overall, the proposed approach provides a reliable and flexible numerical framework

for analyzing filtration and transport processes in cylindrical porous media. It can be
further extended to include more complex reaction mechanisms, non-Darcy flow regimes,
or experimental validation, making it a useful tool for the design and optimization of
filtration systems.
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