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This study addresses the mathematical modeling of the dispersion process of harmful
substances released into the atmosphere in complex urban environments. A mathematical
model has been developed to determine the spatial-temporal distribution of pollutant
concentrations based on the advection-diffusion equation. The model accounts for the
transport of substances by wind flow, turbulent diffusion, gravitational settling, and
absorption by surfaces. Mathematical expressions for point, line, and area pollution
sources have been presented. Parameters accounting for traffic congestion and diurnal
variations have been introduced. A numerical solution algorithm based on the finite
difference method has been developed. Computational experiments have revealed the
patterns of harmful substance dispersion in urban environments.
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1 Introduction

The rapid development of global industry and urbanization has led to a year-over-
year increase in the amount of harmful substances released into the atmosphere. The
dispersion of these substances in the air poses a serious threat to human health and the
ecological environment. Particularly in cities, under spatially inhomogeneous conditions,
the dispersion of pollutants in air flows between buildings and structures becomes even
more complex. Therefore, accurate prediction and monitoring of substance dispersion in
such environments is of urgent scientific and practical importance.

Mathematical modeling of the characteristics of the atmospheric surface layer and
pollutant transport processes provides the opportunity to study and predict these pro-
cesses. One of the main tasks in this direction is to develop mathematical models based
on numerical methods and implement them in software tools.

Research on mathematical modeling of pollutant transport processes in the atmosphere
has a long history, with fundamental works in this field based on fluid dynamics theory.
Regarding the application of turbulence models to industrial problems, the k& — ¢ model
developed by Launder and Spalding [1] has become widely used. This model enables the
determination of turbulent viscosity by accounting for turbulent kinetic energy and its
dissipation rate.

The k — w model developed by Wilcox [2] has been recognized as an effective tool for
modeling boundary layer flows. In this model, turbulent viscosity is determined using
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turbulent kinetic energy k and specific dissipation rate w, which enables high-accuracy
calculation of near-wall flows. In the direction of improving turbulence models, Menter |3|
developed the SST (Shear Stress Transport) model, which combines the advantages of
both k£ —w and k — € models.

Regarding numerical methods and discretization schemes, the fundamental work by
Ferziger and Peric [4] provides detailed coverage of applying finite difference and finite vol-
ume methods to fluid flow problems. Patankar [5]| developed effective numerical schemes
for calculating advective-diffusive processes, with his "upwind"differencing scheme ensur-
ing stability and accuracy. Versteeg and Malalasekera [6] systematically presented the
theoretical foundations and practical applications of the finite volume method.

The fundamental work on atmospheric chemistry and physics by Seinfeld and Pandis
[7] provides detailed coverage of chemical reactions in the atmosphere, aerosol dynamics,
and the patterns of pollutant dispersion. Regarding atmospheric pollution prediction,
the works of Berlyand [8] are of particular importance, and his developed methods have
been adopted as standards for calculating the dispersion of harmful substances around
industrial enterprises.

Significant achievements have been made in recent years in the field of modeling air
pollution in urban environments. Zhong et al. |9] presented a comprehensive review on
simulating microscale air flows and pollutant dispersion in urban environments based on
CFD models. Their analysis identified the effects of factors such as building geometry,
atmospheric boundary layer stability, street canyon aspect ratios, and tree configurations
on microscale physical processes.

Dimitrova et al. [10] conducted a systematic review on modeling air pollution in urban
environments using CFD, analyzing more than 90 scientific works from the last decade.
They categorized modeling features into 7 thematic groups, systematizing more than 190
parameters. This research identified the main trends in CFD model applications in urban
environments.

Regarding modeling the dispersion of traffic emissions in urban environments, Ioanni-
dis et al. [11] studied the dispersion of PM, CO, and NOx gases from traffic activity in
the city of Augsburg, Germany, using a CFD model. Their model, combining the RANS
approach with the advection-diffusion equation, provided highly accurate results.

Saleh et al. [12] developed a modified k£ — w turbulence model for neutral atmospheric
boundary layer flows. They eliminated inconsistency with inlet conditions by introduc-
ing additional source terms to the standard model. This model enables high-accuracy
prediction of flow and pollution dispersion in complex urban geometries.

Lin et al. [13] developed a method for modeling pollutant dispersion at the street
scale by combining chemical reactions, aerosol dynamics, and CFD. By integrating the
SSH-aerosol module with OpenFOAM and Code Saturne software, they achieved higher
accuracy in calculating NO2, PM10, and black carbon concentrations compared to con-
ventional CFD simulations.

Garcia et al. [14] developed a CFD model for studying PM10 dispersion in large-scale
open spaces. Their model enabled simulation of pollutant dispersion under various wind
conditions over a 12x18 km? area. The research identified the influence of terrain features
on dispersion in open areas.

Regarding modeling heavy gas dispersion in urban environments, Marek et al. [15]
developed a modified £ — ¢ turbulence model on the OpenFOAM platform. This model
correctly predicts atmospheric boundary layer flow while also accounting for obstacles in
the area.
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Regarding the study of building configuration and vegetation effects in urban envi-
ronments, Chen et al. [16] investigated air flows, CO dispersion, and population exposure
in various 3D urban morphologies through CFD simulations. They applied the Building
Intake Fraction parameter for exposure assessment.

Mirzaei [17]| analyzed the problems and prospects of CFD modeling of urban micro-
climate and climate, identifying tasks that need to be solved in the coming decade. His
analysis showed the need for development in directions such as mesh optimization, inte-
gration with mesoscale models, and simulation of various weather conditions.

In the direction of combining artificial intelligence and machine learning methods
with turbulence modeling, Duraisamy et al. [18] proposed data-driven approaches for
improving the accuracy of RANS models. This direction opens new possibilities in the
field of turbulent flow modeling.

Wai et al. [19] combined artificial neural networks and CFD models to predict PMj,
dispersion from traffic emissions in dense high-rise urban environments. This hybrid
approach ensured high accuracy and computational efficiency.

Among the works of local scientists, Ravshanov et al. [20] conducted research on mod-
eling and predicting the dispersion of harmful substances in industrial area atmospheres.
Sharipov et al. [21] developed numerical modeling methods for short-term air quality
forecasting in industrial regions.

The research conducted by Boborakhimov [22] on numerical modeling of turbulent
transport of pollutants in spatially inhomogeneous atmospheric environments is of partic-
ular importance. In his work, a method for determining wind fields in complex geometric
regions based on Navier-Stokes equations and the k — w turbulence model was developed.
This approach enables high-accuracy calculation of flow characteristics around buildings
in urban environments and has been adopted as the basis for determining the wind field
in this study.

Modern development trends in turbulence models have been summarized by Durbin
[23]. His analysis identified directions for combining RANS and LES models, as well
as developing hybrid approaches. The research by Britter and Hanna [24] on flow and
dispersion characteristics in urban environments is of great importance, as they studied re-
circulation zones in urban canyons and pollutant dispersion patterns both experimentally
and theoretically. The theoretical foundations of diffusion processes in the atmosphere
have been fundamentally covered by Pasquill and Smith [25].

The above literature review shows that modeling the dispersion of harmful substances
in the atmosphere is a complex multifactorial process that is carried out by combining
knowledge of turbulent flow theory, numerical methods, and atmospheric physics. In
urban environments, this problem becomes even more complex because buildings and
structures significantly alter the flow structure. Therefore, this study aims to develop a
mathematical model that accounts for complex urban geometric conditions.

2 Problem Formulation

Mathematical modeling of the turbulent dispersion process of harmful substances in
spatially inhomogeneous atmospheric environments requires accounting for the character-
istics of air flows in complex urban geometric conditions. In urban environments, due to
the presence of buildings, structures, and other obstacles, the wind field has a complex
structure, which significantly changes the dispersion characteristics of harmful substances.

In this study, the Navier-Stokes equations and the k-w turbulence model are used
to determine the wind field components (u,v,w). This approach is presented in detail
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in [22], and in this work, attention is focused on studying the dispersion patterns of
harmful substance concentrations using the obtained velocity field.

The generalized advection—diffusion equation describing the dispersion of a single type
of harmful substance in the atmosphere has the following form |7, §]:

a_c+ a_c_'_ a_C+( _ )a_c—
ot “or 9 Yalg,
0 oC 0 oC 0 oC
_%(Kx%)+a_y(Kya_y>+$(KZE)+S_)\C_UC'

In this equation, C' = C(z,y, 2,t) is the concentration of harmful substance in the
atmosphere (kg/m?); ¢ is time (s); x,y, 2 are Cartesian coordinates, where the z — axis
is directed east, the y-axis north, and the z-axis vertically upward (m); u,v,w are wind
velocity components along the z,y, and z axes, respectively (m/s); w, is the gravitational
settling velocity of particles (m/s); K,, K, K, are turbulent diffusion coefficients (m?/s);
S is the pollution source intensity (kg/(m?3s)); A is the chemical decay coefficient of the
substance (1/s); o is the absorption coefficient of the substance by surfaces (1/s).

The first term on the left side of the equation represents local change over time, while
the next three terms represent the advection process, i.e., the transport of substance
along with the wind flow. On the right side, the diffusion terms represent the dispersion
of substance due to turbulent mixing, the source term represents pollutants released into
the atmosphere, and the last two terms represent chemical decay of the substance and
absorption by surfaces [8].

The advection process describes the transport of substance along with the wind flow
and has several specific characteristics in urban environments [24]. In narrow streets
between tall buildings, the "canyon effect"is observed, where wind direction and velocity
change significantly, creating recirculation zones. The following parameter is used to
assess the effect of wind direction on pollution dispersion zones. The following parameter
is used to assess the effect of wind direction on pollution dispersion:

‘= U |ucos 0|’
9

U is the wind velocity in open areas (m/s); 6 is the angle of wind relative to the street
axis (rad); u, is the average wind velocity inside the street canyon (m/s). When § > 1, the
city is well ventilated and pollution disperses quickly; when & < 1, pollution accumulates
in street canyons.

The diffusion process describes the dispersion of substance due to turbulent mixing
[25]. Turbulent diffusion coefficients are determined through turbulent viscosity:

Uy
K,=K, = —,
v SCt
Ut
K, = — - 4(z).
e u(e)

Here, v, —k/w is turbulent viscosity, calculated based on the k—w model [2,22] (m?/s);
Sc; = 0.7 — 1.0. is the turbulent Schmidt number (dimensionless); ¢(z) is the vertical
stratification function accounting for atmospheric stability (dimensionless). Depending
on atmospheric conditions, the stratification function takes the following values: under
unstable conditions 1(z) = 1+ 0.5(z/Lys), under neutral conditions ¥ (z) = 1, under
stable conditions ¥(z) =1 — 0.5(z/Ly), where Ly, is the Monin-Obukhov length (m).
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The gravitational settling process describes the settling of heavy particles toward the
ground. The settling velocity is calculated based on Stokes’ formula [7]:

o P94
9 18- “

Here, p, is particle density (kg/m?3); g = 9.81 is gravitational acceleration (m/s?);
d, is particle diameter (m); p is dynamic viscosity of air (Pa-s); C. is the Cunningham
correction factor (dimensionless). For fine particles, the Cunningham correction factor is
determined as follows:

2\ 1.1d
=1+—112 4 — d .
Co=1+ 5 (1257 + 0exp (~ 7552 ))

Here, A\ ~ 0.065 pum is the mean free path of air. For different fractions, settling
velocities take the following values: for PM2.5 fraction w, = 0.0001 — 0.001 m/s, for
PM10 fraction w, = 0.001 — 0.01 m/s, for coarse dust particles w, = 0.01 — 0.1 m/s.

The absorption process describes the adsorption of harmful substances by various
surfaces [16]. The total absorption coefficient consists of the following components:

0 =0,+0p+ 0y

Here, o, is absorption by vegetation, o; is absorption by building surfaces, o, is ab-
sorption by ground surface coefficients (1/s). The vegetation absorption coefficient is

determined as follows:
v, LAI

0o = q
Here, v, is deposition velocity to vegetation surface (m/s); LAI is leaf area index
(m?/m?); H, is vegetation canopy height (m). The building surface absorption coefficient:

Ud'Ab
Vi

Op —

Here, v, is deposition velocity to building surface (m/s); A, is building surface area
(m?); V; is influence zone volume (m?).

area (m?); V; is influence zone volume (m?).

Pollution sources are represented in three forms in the model [8,11]. Point sources
describe gases released from industrial enterprise stacks:

M

Sp =
Vi

0 =) (Y — Ym) - 6(2 — 25).

Here, M is substance emission rate from the source (kg/s); (%, Ym,2s) are source
coordinates (m); Vj, is computational cell volume (m?); § is the Dirac delta function. For
stacks emitting hot gases, the effective height is determined as follows:

zs = h + Ah,

1.6 FY/3. x2/3

Ah
U
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Here, h is the physical height of the stack (m); Ah is the rise height of gas due to
buoyancy (m); U is wind velocity (m/s); X is the horizontal distance at which maximum
rise is achieved (m). The buoyancy parameter is calculated as follows:

2 T,-T,

F=g-V,-—

1T,

Here, V, is gas exit velocity from the stack (m/s); d is stack diameter (m); T} is
temperature of emitted gas (K); T, is atmospheric temperature (K).
Line sources describe vehicles located along roads [11]:

E-N

S =—— " .
TV Ay Az

n(t)-m-x(2,y).

Here, E is average emission per vehicle (kg/(veh-s)); N is number of vehicles on the
road (veh); V' is average traffic flow velocity (m/s); n(t) is time-dependent coefficient (di-
mensionless); 7, is congestion coefficient (dimensionless); x(z,y) is characteristic function
defining the road area.

Under traffic congestion conditions, vehicle speeds decrease sharply and emissions

B
ntzl—i_at'(&) .
Prm

Here, p; is current traffic density (veh/km); p,, is maximum road capacity (veh/km);
a; = 2.5 — 4.0 is congestion intensity coefficient (dimensionless); 5 = 1.5 — 2.0 is power
exponent (dimensionless).

Wind direction determines the penetration distance of traffic emissions into the city:

mcrease:

G- U -|cost|

O - Uy

Ly

Here, L, is penetration distance (m); Cp is concentration above the road (kg/m?); w.
is friction velocity (m/s).
Area sources describe construction sites and open industrial areas:

Sm
Vi

.X(aj?y?’z)'

Here, E,, is emission intensity per unit area (kg/(m?ss)); A,, is source area (m?).
Initial and boundary conditions are required to find the solution of the problem. Initial
condition:

Clx,y,2,0)=Cx,y,2), (x,y,2)€ Q.
At the inlet boundary (z = 0):
C =Cy.
At the outlet boundary (x = L,):
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At lateral boundaries (y =0 and y = L,):

oC
— =0.
Ay
At the upper boundary (z = L,):
oC
2
At the ground surface boundary (z = 0):
oC
—KZE = Ug . C
oC
_KZE =Vq - C.
At building surface boundaries:
oC
—K,— =uvy-C.
on v

Here, vq is deposition velocity to building surface, with values of vy = 1.2 - v, for
windward surfaces, v4 = 1.5 - v, for leeward surfaces, v4 = v, for lateral surfaces, and
vg = 2.0 - v, for roof surfaces.

3 Solution of the problem

The finite difference method is applied for numerical investigation of the above equa-
tions [4,5]. Unknown functions in each equation are considered on the following compu-
tational grid:

szzt = {(xiuyjaz/mtn) 7Z = 17NZEJJ = 17Ny7k = 1,NZ;TL = 07Nt} .

Here, z; = iAz;,y; = jAy;, 2 = kAzy, t, = nAt.
The time step is determined considering stability conditions [6]:

) Ax Ay Az Ax? Ay A2
Aty = min , , , , , .
max (uy) max (vy) max (wys) 2Kmar 2Kmas 2Kmax

Here, K4, = max (K, Ky, K,) is the maximum diffusion coefficient.
Initial conditions are given as:

C(z,y,2,0) = Cy.

For numerical solution of the advection-diffusion equation, the temporary concentra-
tion field is calculated as follows:

CHl =0, — At(A, + A, + A,) +

i,5,k 1,5,k
+AE (D, + Dy + D) + At - iy — At (A +0) CF .

Here, advection terms are discretized using the "upwind"scheme [5]:
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( Cn

n _

1,5,k un Tl
v > 0,
A - i,5,k Azr )y Uy gk
T = no_om
TL+1 1+17‘77k Z7J7k n+1 < O
L .5,k Az » gk )
n.o_nr.
n+1 Civjvk Cw Lk ol s 0,
4,5,k Ay » Vg gk
Ay = 9 no_on
nt+l ~i,j+Lk i,5,k ol
Ui,j,k ) 1] k < O
\ Ay
n+1 ., t,5,k—1 n+1
(wiga = ws) A > Wig — We >0,
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’ (wn+1 —w ) CZJ‘,HI — ngyk Wt . < 0
1,9,k 9 Az v gk g :
Diffusion terms are discretized using central differences [4]:
n n n n T
D L i+15k ~ Chjg ik — Ol
= Jit1/2,5,k — BKgi-1/245k
Ag | P Ax w=1/2 Az 1’
n n n n 7
D _ 1 % Clivie — Cisin % ik — Cij1k
- 7'7 +1 Qak - 7" j—1 27k
Yy Ay ys4.3+1/ Ay y,6,4—1/ Ay ] )
n n n
D L Cliner — Ol e ijk — Yijk-1
2= Ko g k+1/2 — K k—1/2
Az | ekl Az 2hgk=1/ Az
Values at boundary points are determined as follows:
Cm-H C C«n—i—l _ C«n-i—l
05k — “F Y Nejk = Y Ne—14k
n+1 n+1 n+1 n+1
CzOk Czlk7 Cz Ny,k 1,Ny—1,k>
n+1 n+1
C ’]’ i,j,sz
For the ground surface:
n+1
TL+1 _ C 7]7
I
J KZ + v, - Az
For convergence checking, the residual value is calculated:
n+1 _ n
i .k i,j,k
RC — max ], 2J
ak | O

Here, € is a small number for protection against division by zero. If Re < Ry, the
iteration process is terminated.

4 Results and discussion

Computational experiments were conducted to verify the suitability of the developed
mathematical apparatus. For this purpose, the considered mathematical model and nu-
merical algorithm were implemented as software written in the Python programming
language.
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The following conditions and constraints were adopted for modeling the dispersion
process of pollutants in the atmospheric surface layer, taking into account urban plan-
ningelements. The computational domain was taken with dimensions of 900 x 300 x 100
m, with buildings of various heights placed within it.

Carbon dioxide C'Oy gas emitted from vehicles moving along the road was taken as
the pollutant. Wind velocity was set at U = 3 m/s, with direction from west to east, i.e.,
p = 0°.

The following patterns were identified as a result of computational experiments. First,
recirculation zones formed in narrow streets between buildings, where concentrations were
observed to be 2-3 times higher than in surrounding open areas. Second, the shape and
direction of the pollution plume changed significantly depending on wind direction. Third,
concentrations reached maximum values during traffic congestion hours.

The cleaning efficiency of green areas was analyzed. A 15-25% decrease in concentra-
tion was found in areas covered with trees. It was confirmed that coniferous trees have
higher absorption capacity compared to deciduous trees.

Calculations were performed under various atmospheric stability conditions. Under
stable conditions (inversion), vertical mixing is weak, and pollution accumulates in layers
close to the ground surface. Under unstable conditions, vertical mixing is strong, and
pollution disperses more quickly.

5 Conclusion

As a result of the research, a mathematical model describing the dispersion of harmful
substances released into the atmosphere in complex urban geometric environments was
developed. The model jointly accounts for advection, diffusion, gravitational settling, and
absorption by surfaces processes. Mathematical expressions for point, line, and area pol-
lution sources were presented. Parameters accounting for traffic congestion and diurnal
variations were introduced, which expands the practical applicability of the model. A
numerical solution algorithm based on the finite difference method was developed and
implemented in the Python programming language. The conducted computational ex-
periments confirmed the adequacy of the model and its practical application possibilities.
The developed model can be applied in urban planning, environmental monitoring, and
air quality management problems.
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MATEMATUYECKOE MO/JIEJINPOBAHNE
PACCEVBAHUY BPEJIHBIX BEIIIECTB,
BBIBPACBIBAEMBIX B ATMOC®EPY B YCJIOBUSIX
CJIOYKHOI TOPOJICKOI CPE/IBI

Paswaros H., Hacpyanaes II., * Boboparumos B.
*uzbekpy@gmail . com
Ha.y‘IHO-I/ICCHe,ZLOBaTe.HbCKI/Iﬁ UHCTUTYT PA3BUTUA III/ICl)pOBbIX TEXHOJIOTHUIT 1 NCKYCCTBEHHOI'O
HMHTEeJJIEKTa,
100125, Y3bekucran, r. Tarkent, Mupzo-Yiyroekckuii p-on, M-B Bys-2, 1. 17A.

B nammoM mccienoBanmu paccMaTpUBaeTCsT MATEMATHIECKOE MOIEINPOBAHIE TIPOIIEC-
ca JUCIEPCUU BPEIHBIX BEIECTB, BHIOPACBIBAEMBIX B aTMOCGEPY B CJIOKHBIX MOPOJICKUX
ycioBusx. PazpaboraHa MareMaTHIecKas MOJIE/Ib JJIsi OlpeeeHrsT TPOCTPAHCTBEHHO-
BPEMEHHOI'O PACIIPEe/Ie/IeHUs] KOHIEHTPAIUI 3arpsI3HSIONINX BEIeCTB Ha OCHOBE ypaBHE-
Hus aBekiun-auddysun. Moieb yauThiBaeT ePeHoC BEIeCcTB IIOTOKOM BeTpa, Typoy-
JIeHTHYT0 auddy3uio, TPaBUTAIIMOHHOE OCAXKIeHHe 1 abcopOmio moBepxHocTsamu. IIpes-
CTaBJIEHbI MaTeMaTHUIECKUE BbIPpaXKeHUsl IS NCTOYHUKOB 3arpsi3HeHHUS TOYEK, JUHUA U
wIomiaieil. BeegeHnl mapaMerpbl, yYUTHIBAOIINE 3arPYKEHHOCTh JOPOI M CYTOYHbBIE KO-
siebanus. Pazpaboran ajaropuT™ YHUCJICHHOTO PEIeHUs, OCHOBAHHDLINA HA METOJ/Ee KOHEY-
HBIX pasHocTeil. BeraucimrebHbIE SKCIIEPUMEHTHI BBISIBUJIN 3aKOHOMEPHOCTH JUCIIEPCHN

BPEIHBIX BEIIECTB B TOPOJCKOI CpeJie.

KuaroueBbie ciioBa: mareMarmdecKasi MOIE/b, aIBEeKTUBHO-IM(MPY3NOHHOE ypaBHEHNE,
3arpsizHeHne arMocdepbl, TypOyaeHTHas Auddy3usi, TPABUTAIIMOHHOE OCaXKJECHUE, T'0O-
POJICKast CpeJia, IUCJIEHHBIE METO/IbI, IIPOOKH.
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