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In this article, we present a detailed study on the determination of the coefficients of a
quadrature formula that involves derivatives, making use of the so-called the ¢ — function
method. This method provides a systematic framework for constructing optimal quadra-
ture formulas in the context of approximate integration. In particular, the ¢ — function
approach not only simplifies the process of finding the required coefficients, but also
ensures that the resulting formulas achieve a high degree of accuracy. Furthermore, the
functional error associated with the constructed quadrature formula is carefully analyzed.
The error analysis is supported by precise mathematical expressions, which confirm the
reliability and effectiveness of the derived formula. By considering quadrature formulas
with arbitrarily fixed nodes, the optimality conditions are rigorously examined, and the
procedure for determining the corresponding components and coefficients is described
in detail. As a key outcome of this investigation, explicit analytical expressions for the
coefficients of the optimal quadrature formula are successfully obtained. Of particular
interest is the case of equally spaced nodes, for which the derived quadrature formula
naturally reduces to a classical Euler-Maclaurin type formula, demonstrating both the
generality and the practical significance of the ¢ — function method.
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1 Introduction

The definite integral is one of the fundamental concepts of mathematical analysis and,
in particular, it can be used to get the area or volume of a solid under the graph of
a function. However, in many cases, finding an antiderivative function of a integrand
is difficult or even impossible. Therefore, several approximate calculation methods for
numerical integration have been developed. It is known from the course of mathematical
analysis that if the antiderivative function of the function under the integral is known,
the integral can be calculated using the Newton - Leibnitz formula. For cases where it
is difficult to find the antiderivative of the functions under the integral, the problem of
approximating the value of the definite integral arises. To solve this problem, various
formulas have been found in mathematics, which are generally called quadrature and
cubature formulas |1, 3,12-16].
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) using the

In this work, we construct optimal quadrature formulas in the space K§3’1
¢ — function method.

The space K§3’1) that we are looking at is a Hilbert space. This space is a special
case of the spaces considered in the works [6,8,12]. If the nodal points of the quadrature
formula are arbitrarily fixed, then the Spline method, the ¢ function method, and the
Sobolev method are available to construct quadrature formulas obtained by minimizing
the norm of the error functional depending on the coefficients.

Using the ¢ function method in several spaces, A.Chizzetti and A.Ossicini [17],
F.Lanzara [13]|, T.Catinag and G.Coman [2| constructed optimal quadrature formulas.
In [6], the authors studied the problem of constructing optimal quadrature formulas in
the sense of Sard. The coefficients of the optimal quadrature formula were calculated
using the resulting p-function. The optimal quadrature formula in that work is exact for
the functions e?® and e~?%, where ¢ is a nonzero real parameter.

In present work, we consider the following type of quadrature formula

/f () dx = ZAokf (z1) + ZAlkf/ () + ZA%fH(xk) + R, (f), (1)

where Agy, A1k, Aok, and xy are the coefficients and nodes of quadrature formula (1),
respectively. Let the nodal points be partitioned on the interval [a, b] as follows,

a=x0<x;<...<x,="0, (2)

where R, (f) is the error of quadrature formula (1).
Let us assume that the function f under the integral we are looking at is taken from
the space K§3’1), where

K$Y = {f : [a, b] > R|f" — absolute continuous and f” € Ly (a, b)}.

In this space, the inner product for arbitrary functions f (x) and g (x) is defined as

b

{f;9) g = / (S () + [ (2)) (¢" (2) + ¢’ (2)) d.

a
The corresponding norm in this space is determined as follows
b 'z

11l ey = / (f" (z) + [ (2))*dx

a

We consider the construction of the quadrature formula of the form (1) with the

smallest error for functions of the space K§3’1) considered in a certain form in the space
of quadrature formulas. For convenience, we introduce the following designations

AO - <A007 A017 s ,A()n); Al - (A107 A117 ceey A1n>7 A2 - (A207 A217 s 7A2n)

and
X = (xg, x1, ..., Tp) - (3)
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Below we give the definitions of optimality, of the quadrature formulas [3,6,17].
Definition 1. A quadrature formula of the form (1) is called optimal in the sense of

Nikolysky in the space Ké?”l) if the quantity
By (KE, Ao, Ay, 43, X) = sup |Ra (£)]

fer (Y
reaches its smallest value with respect to Ag, Ai, Ay and X, and Ay, A;, Ay and X are
determined by equality (3).
Definition 2. A quadrature formula of the form (1) is called optimal in the sense of
Sard in the space K2(3’1) if the quantity

Fn <K§371)7 AOv A17 A2> = Ssup |Rn (f)| )

feKéii,l)

reaches its smallest value relative to Ag, Ay, Ay for fixed X, where Ag, Ay, Ay and X are
defined in (3).

In this paper we construct an optimal quadrature formula of the form (1) in the sense
of Sard in the Hilbert space K 53’1) which is exact for trigonometric functions sin (z), cos ()
and constant term.

Next, we discuss the ¢ - function method for construction of quadrature formulas
of the form (1) in the space Ké?”l). In Section 3, we consider the optimization of the
quadrature formulas in the form (1). We get the explicite expressions of coefficients for
the optimal formula. In particular, we get the Euler-Maclaurin type quadrature formula
in the space Kég’l).

2 The method for construction of quadrature formulas

Let a function f be taken from the space Kég’l) and the nodes for the given nat-

ural numbers n be distributed as in the form (2). Then, for each interval [zj_1, z]
(k=1,2,...,n). We consider the functions ¢, k& = 1,2, ..., n with the following

property
op (@) + () =-1, k=12 ..., n (4)

Then the function ¢ is defined as follows,

Pligg_yoi) =0 k=1,2,... n

Therefore, the reduction of the function ¢ on the interval [z5_1, x] is equal to ¢y.
We introduce the following notations:

I(f):= /bf(x)dx,

Qn () =Y Aoef(xe) + Y Awf'(we) + > Asef"(z1).
5=0 5=0 k=0

Now, using the property of addition of definite integrals and taking into account equality
(4), we get

1) = [f@yde ==Y [ (1) f@)de=-Y [ (o @)+ @) fo)do.

Then integrating by parts we have
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L(f) = ¢ (xo) f (wo) + D (@i (wr) — @ (wn)) f (wn) — &y () f (@) —
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1

— (o) f'(x0) = D (Phra(r) = @h@)) [ (wr) + 7, (@) [ (2n) +
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n—

+e1(@o) [ (w0) + ) (s (@k) — i) [ (k) — @n(@n) [ (20)+
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+e1(wo) f(wo) + D (wra(wr) — @rl(an)) f(2k) — nlwn) f(2n)+

B
Il
—
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(f" (x) + ' (2)) or(x)dz.

e
Il
—
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From equality (5) we get:
Ago = ¢ (z0) + w1 (0),
Aok = Oy () — Op(an) + oran(an) —r(ze),  k=1,2,...,n—1,
Aon = =5 (xn) = (@),

Aig = — (7o),

Ay = = () + i), k=1,2,...,n—1,
Ain = @ (T0),
Az = 1 (20),

Aok = i1 (ze) —or(xk), k=1,2,...,n—1,

A2n - _Qpn(l‘n)

and the error formula is as follows

b

a

R.(f)=3 / (F"(2) + f () g () dee = / (F"(2) + f/(2))p(x)d.

Now we solve this nonhomogeneous second-order differential equation:

y/// + y/ — _1
and obtain a general solution in the following form

y = Cy + Cycos (z) + Cssin (z) — z.
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Remark 1. Knowing the function ¢, one can find the coefficients Ag,, Ay, and
Aok, k=0, 1, ..., n from equality (6). This method is called the ¢-function method of
constructing a quadrature formula.

Remark 2. As can be seen from expression (7) above, the quadrature formula (1) is
exact to the functions that are solutions of the equation

() + f'(z) = 0.
In the following sections, we deal with finding the coefficients of the optimal quadrature
formula (1) in the space K{*Y.
3 An optimal quadrature formula

In this section, we consider the optimality of the quadrature formula (1) in the space
K. 53’1). Using the Cauchy-Schwarz inequality, the absolute value of the error of expression

(7) of the quadrature formula (1) is determined as follows
b t/2
(RO <"+ F Nl iy - /<P2(33)d33 = [IF @) gen - @) L, 0,0

a

Now we consider the function ¢g(x) in the interval [zy_q1, 2x] (K = 1,2,...,n) as a
solution of equation (8). Then based on (9) for ¢, we have

op(z) = C’l(k) + Cék) - CoS T + C’ék) -sinx — x, (10)

where ka), Cz(k), Cék), (k=1,2,...,n) are arbitrary constants.
In conclusion, to find the functions ¢y (z), it is necessary to find all unknowns Cl(k), C’Q(k)

and Cék), k=1,2,...,n. We find Cl(k), C’Q(k) and Cék) such that when the integral of the
square of the function ¢y (x) takes the smallest value. Let’s look at this function that is
related to these,

Tk
Fo(C P cy = / (or(x))’de,  k=1,2,... n

Tr—1

Then, taking into account (10), we have the following.

T
2

Fu(C® P, C’ék)) = / (C’fk) + O cos (z) + C’?(,k) sin (z) — m) dx.

Tr—1

We calculate the first particular derivatives of this function with respect to C’fk), C’;k) and
C’P(,k) and equating them to zero we have the following system of linear equations

Tp
F (Cf’”, o), Cg’“)cm —9 / (c{’“ + O cos (x) + O sin (z) — g;> d,
' Tr_1
Tk
=2 / (CYC) + C’ék) cos () + C’ék) sin (z) — 1:) cos (x) dx,

Tp_1

(k) k) (k)
ﬁ(cl ,Cy Oy >c,yf>
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Ty
F' (C{k), C’Q(k), C'?Ek))c(k) =2 / <C’£k) + O cos (z) + C?Ek) sin (z) — a:) sin (z) dz.
3
Tp—1

We can write the system in the following form by introducing notations, and we present
these notations below:

aiq - ka) -+ a9 * CQ(k) -+ a3 Cg()k) = bl,
asq Ofk) -+ a99 * OQ(k) + Q923 * Cék) = bQ,
asy - ka) + asg * Cék) + ass - C?Ek) = bg,

where
Tr
(111:2 f de’,

Tr—1
Tk

aip =an =2 [ cos(z)dx,

Tp—1
Tk

a3 =az =2 [ sin(z)dz,

Th—1
Tk

azp =2 [ cos? (x)dx,

Tp—1
T

azs = azx =2 [ sin(z)cos(x)dx,

Tr—1
Tk

azz =2 [ sin®(x)dx,
Th—1
T
bh=2 [ adz,

Th—1
Ty,
by =2 [ wcos(z)dr,
Tk—1
Tk
bs =2 [ wxsin(x)dx.
Tp—1

We present the calculations of these designations below

Tk
a;; =2 / dr =2 (z) — 1),
Tp—1
Ty
Q12 = A9 = 2 / cos (z) dx = 2 (sin (zx) — sin (zg_1)) =
Th—1
= 4sin (M) coS (M) ,
2 2
Tk
a1z = ag = 2 / sin (x) dz = —2 (cos (zx) — cos (1)) =
Tp—1

) Tp — Tp-1\ . T+ Tp—1
=4sin| —— |sin | ——— |,
2 2
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Tg
age = 2 / cos? () dx = xj, — 2p_1 + sin (2, — Tp_1) cos (Tp + Tp_1) ,
Tp—1
@,
a3 = agg = 2 / sin (x) cos () dx = sin (ry — xk_1) sin (xg + 1),
Te—1
Tp
ass = 2 / sin? () dx = 2, — 21 — sin (v, — 2_1) cos (Tp + Tp—_1) ,
Tp—1
Tk
by =2 / vdr = o3 — 13|,
Tkp—1
Tk
by =2 / xcos (z) dx = 2 (xpsin (x) — 21 sin (xx_1) + cos (xy) — cos (1)),
Th—1
Tp
by =2 / xsin (z) dx = 2 (—xy cos (x) + w1 cos (x_1) + sin (z1) — sin (1)) .
Tp—1

According to the result of the solved system, we have the following

CYC) _ T+ xkfl’
2
2 sin( ) (g — g ) cos( L) — 2 sin(HE=L))
T — Tp_1 — sin(xy — 1)
~ 2cos(MEEL) (ay — w1 cos( Pt ) — 2sin( L))
Ty — Tp—1 — sin(xg — T_1)
Then using (11) from (10) we come

o8 =

)

o5 =

(11)

T+ Tp_1

or (€) = 9 T
s (o= ) () eos () 2 ()
T — Tp—1 — sin (z, — Tp_1)
For the first and second derivatives of ¢ we have
pi(r) = -1 -
200 (- ) ((m—meos (B —2em (B))
Ty — Tpp_1 — sin (z, — Tp_1) '
wi(z) =
_ 2sin (2 — 252=1) (g — ap-1) cos (gi=L) — 2sin (H5E=L)) (14)

T — Tp_1 — sin (g, — Tp_1)
Now we can calculate the coefficients Aok, A1y, Aok, k=1, 2, ..., n based on (6) for
the optimal quadrature formula of the form (1) in the space Kf”l).
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Thus we have obtained the following main result of thus work.

Theorem 3.1. For fized nodes a = vy < 1 < ... < x, = b there exists a unique
optimal quadrature formula of the form

b
/f () dx = Z Ao f (zx) + Z Asf () + Z Ao f" (), (15)
] k=0 k=0 k=0

in the sense of Sard in the space K2(3’1) with coefficients Aok, A1g, Asp where Aoy, Aig,
and Ay are the coefficients and nodes of the quadrature formula (1), respectively

1 — X
AOO = 9 )
Tr41 — Tk—1
AOk: 9 ) k_172a 7n_17
Tp — Tn—1
A()n = 9 )

(x1 — x0) (24 cos (x1 — xp)) — 3sin (x1 — xp)
AIO = )

x1 — T — sin (x1 — x9)

(g1 — k) (14 cos (g1 — zx)) — 28in (x4 — xp)

Ay = : —
Tpy1 — T — sin (T — o)
— Zp—1) (1 — Tp_1)) — 2si — Tp_
_(:ck Zp—1) (1 + cos (zy .xk 1)) sin (z, — 1)’ k=12 . n_1,
Ty — Tp—1 — sin (g, — Tp_1)
A = (X — Tp1) (24 cos (xy, — Tp_1)) — 3sin (z, — x,—1)
tn = Tp — Tp_1 — SN (T, — Tp_1) ’
A T, — Zo)sin (1 —xg9) — 2+ 2cos(x; — x
Ay = 1 o+(1 0) sin (24 0) (21 0)7

2 1 — T — sin (z7 — x0)

A — Tk~ Tt N (Tpy1 — xp) sin (xpy — x) — 2 4 208 (Tpy1 — Tg)
2k 2 Ty — T — Sin (Tpy1 — o)

B (xp — 1) sin (x — xp_1) — 2+ 2cos (T — 1)

. k=1,2...,n—1,
Ty — Tp—1 — sin (z, — Tp_1)

?

Ty — o1 (Tp — Tpo1)sin(x, — Tp_1) — 2+ 2c08 (T, — Tp1)
2 Ty — Tp—1 — Sin (T, — Tp_1)

AQn =

The formula is exact for trigonometric functions sin(z), cos(z) and constant term.

The proof of Theorem 3.1 is obtained putting (11), (12), (13), (14) to (6) and doing

some calculations.
From Theorem 3.1 when the nodes are equally spaced we get the optimal quadrature
formula of the Euler - Maclaurin type in the space K. 53’1). That is the following holds.

Corollary 3.1 For equally spaced nodes v, = a+kh, k=0,1,...,n, h= b’T“, there
exist a unique optimal quadrature formula

b

/ Py de = 3" At kh) + Awof'(@) + Anf'(0) + 3 Asif"(a+ kh),

o k=0 k=0
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of the Fuler - Maclaurin type with coefficients

h
A00:§7
Agp=h, k=1,2,...,n—1,
h
AOn:§7
h(2 + cos(h)) — 3sin(h)
AIOI . )
h — sin(h)
A _ h(2+cos(h)) —3sin(h)
- h —sin (h) ’
h (h)sin(h) — 2+ 2cos (h)
Aoy = —
0 =5 h — sin (h) ’
hsin(h) —2+2cos(h)  hsin(h) — 2+ 2cos (h)
Agp =h — k=1, 2,... -1
2" * h — sin (h) h — sin (h) ’ PE e T
h  hsin(h) — 2+ 2cos (h)
Aoy = = :
o 2+ h — sin (h)

4 Estimation of the error of the optimal quadrature formula

Next, we evaluate the square of the function ¢ (z) given by (12) and perform integra-
tion over the interval [zj_1, xk]

x T

[aww= [ ((-tmmy-

Tr—1 Tp—1

_2 (ack + .73]@,1) sin (x — %) ((xk _ wkfl) COoS (f‘?k—;k—l) _ 9sin (xk—;ck—l)) .
Ty — Tp—1 — sin (z, — Tp_1)

dasin (z — PH3EL) (2 — ) cos (P51 ) — 2sin (Pg))

Ty — Tp—1 — sin (v, — Tp_1)

2((371: — xkfl) Ccos (%) — 924in (lek—;}k_l))z

() — xp_1 — sin (zg — xk,l))Q

2cos (20 — xp — xp_1) ((-Tk — Tj—_1) COS (xk_—;k_l) — 2sin (%))2> d
. T

(xp — Tp_1 — sin (xg — xk,l))2

4,

%_

%_

T

_ / (x T +2Ik—1)2dx_

Tr—1

2 (2 + zi-1) ((zp — 2p—1) cos (L) — 2sin (Z7E=L)) 7 “in <:c Cat l’k_1) ot

T — Tp_1 — sin (v, — Tg_1) 2

Tp_1
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Thp—Th_1 . Tp—Tp_ Tk
4 ((wp — zp—1) cos (B5E=2) — 2sin (BE=1)) / i <x Lt mk_l) ot

Tp — Tp—1 — sin (T — Tp_1) 2

+

Tp—1

N / (2((£Ck — Ty_1) cos (PEL) — 2sin (—x’;_;k‘l)) ) .

(2 — g — sin (x, — 2x_1))
Th—1

Tk

- / 2cos (22 — x — wx—1) ((2x — x_1) cos (EEL) — 2sin (%))261

(2 — Tp_1 — sin (2, — 25_1))>

Tr =

Tr—1

(xp — l’k_l)s 2((:Ek — Tj_1) COS (%) _ 924in (:Bk*;'k—l))Q

12 Ty — Tp_q — sin (z, — Tp_1)
Hence we have
Tk Tr.—T1._ . Tp—Th— 2
/ 2 (13) dr = (mk B xk—l)s . 2((xk - xk—l) CoS (%) — 2sin (kal)) (16)
Pk 12 T — Ty — sin (v — 1) )
Tp—_1

Now, we proceed to find the norm of the function ¢(x):

n —Tp_ : —T— 2
ol oy = 37 | ez o) | 2 mmeeos (B52) = 2sm (A=) g
Plliaay) = 12 Tp — Tp—1 — sin (xp — Tp_1) '

k=1

Then using (17), based on the Cauchy-Schwarz inequality, for the error of the optimal
quadrature formula we have the following estimation

b RE

|Rn (f)| < “f// + f”LQ(a,b) ) /902(x)dx = ||f||K§31) ’ ||90||L2(a,b) =

a

- 3 T — Tho1 TETTE1) 9 gip (TRTTko1 2
:||f||K§371), Z[(xk—xk—Q _2((k k1) cos (TEE=L) — 2sin (ks ))]

— 12 Ty — Tp_1 — sin (g, — 1)

From (17), for the error of the Euler-Maclaurin type quadrature formula, when nodes are
equally spaced, we get the estimation

h? 2(hcos (g) — 2sin (g))z
[E a h — sin (h) ] ' (18)

B (D < o
k=1

5 Conclusion

In this paper, we developed an optimal quadrature formula in the space Ké?”l), which
is a Hilbert space consisting of absolutely continuous functions whose first derivatives are
square-integrable over the interval [a,b]. This space provides a suitable framework for
constructing accurate numerical integration methods.

A central aspect of the study is the application of the p-function method, which played
an important role in optimizing the quadrature formulas. This method helped improve
the precision and structure of the formula, making it more effective for practical use.
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The resulting quadrature formula can be applied in both theoretical investigations and
real-world problems related to mathematical analysis. Moreover, the approach used in
this work may be extended to develop more general and complex quadrature formulas in
future research.

Overall, the findings of this study contribute to the development of efficient integra-
tion techniques and have potential for further application in scientific and engineering
computations.
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