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A mathematical and numerical model is presented for the process of liquid solution
filtration in a cylindrical porous filter. The model is based on the Brinkman—Darcy
equations, describing fluid motion in a porous medium with porosity and permeability
linked through the Kozeny—Carman relation. The transport of dissolved substances is
governed by the advection—diffusion—reaction system, complemented by the LDF kinet-
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filter porosity. A finite-difference numerical algorithm with iterative pressure correction
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pled hydrodynamic, mass transfer, and adsorption phenomena, allowing for assessment
of filtration efficiency and prediction of filter lifespan in liquid purification systems.
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1 Introduction

One of the priority areas of modern environmental and engineering problems is the con-
servation of water resources, the effective removal of industrial and domestic pollutants,
and ensuring the quality of drinking water. Porous filters (granular filtration systems,
biofilters, membrane systems equipped with filter layers, etc.) are widely used in many
industrial and utility applications of these problems. However, for a complete understand-
ing of the actual behavior of filters, a physico-mathematical model is required that takes
into account the processes of flow hydraulics, substance transport, adsorption kinetics,
and blockage (clogging).

In this work, the processes occurring in a porous filter with a cylindrical geometry
(axial symmetry) - fluid flow and pressure distribution, convective-diffuse transport of
several components, adsorption and its kinetics, as well as clogging and interaction with
the membrane caused by large particles - are mathematically modeled as a single sys-
tem. When constructing the model, the Brinkman-Darcy formulas (a tool describing the
transition from the traditional Darcy approach to the Stokes state) allow for a better
description of hydraulic behavior; the relationship between permeability and porosity is
introduced using the Kozeny-Carman formula; convection-diffusion-reaction (ADR) equa-
tions are used for substances in the liquid phase; LDF kinetics and Langmuir isotherm
are used to describe adsorption processes; colmatation is included in the model through
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particle deposition and decrease in porosity over time; and membrane surface massing
and permeation are expressed through special boundary conditions.

This work not only provides a mathematically perfect model, but can also be applied in
practice when optimizing the design of water treatment plants, assessing their service life,
and developing operational strategies. The interaction of surface and groundwater is of
great interest in land reclamation, engineering hydrology, and hydrogeology. This study is
aimed at modeling unsteady fluid filtration in a sandwich-type reservoir system, which is
a particularly relevant topic for Uzbekistan, where such soil structures are widespread. A
mathematical model of filtration is formed using partial differential equations of parabolic
type, subject to boundary conditions. An analytical solution was obtained by applying the
Laplace transform. Computational experiments were conducted to analyze the pressure
change along the length of the filtration layers in inelastic mode. The results showed
that the pressure in both layers increases exponentially, and water exchange along the
boundary strongly depends on the piezoconductivity of the strongly permeable layer and
the filtration coefficient of the weakly permeable layer.

The research provides an analytical solution to the problem of filtration in a sandwich-
type reservoir system, including the determination of pressure distribution in a low-
permeability layer. In addition, a new generalized formula for managing well galleries
has been obtained. The developed mathematical framework allows for the development
of layout and capacity schemes for vertical drainage wells, thereby offering practical tools
for preventing flooding of irrigated and non-irrigated areas, protecting groundwater from
pollution sources, and isolating already contaminated zones [1].

A mathematical model and an effective numerical algorithm have been developed for a
comprehensive investigation of the technological process of filtration of liquids and ionized
solutions. The model takes into account the change in filtration rate, the change in the
concentration of the suspension inside the column and at the outlet, the formation of
a sediment layer on the filter surface, the deposition of gel particles in the filter holes,
the increase in pressure in the column and sediment layer, as well as other physical and
mechanical properties of the filtered liquid. Computational experiments were conducted,
the results of which were presented graphically to support analysis and decision-making
on the operating modes of the filtration unit, depending on the characteristics of the
suspension and other influencing factors.

Numerical simulations have shown that the baro diffusion coefficient is one of the main
parameters in ion-exchange filtration of ionized solutions. An increase in this coefficient
accelerates the rate of ion exchange in the solution and filter medium, which reduces the
service life of the filter column and prevents the full utilization of the filter’s ion exchange
capacity. The results showed that the formation of a cake layer on the filter surface
significantly affects the flow rate, the output concentration, and the increase in hydraulic
pressure inside the column. In addition, it was established that the initial flow rate of
the liquid into the filter column and the thickness of the filter medium play an important
role. It has been shown that a decrease in the initial flow rate significantly alters the
main indicators of the process, in particular, the concentration of the solution on the
filter surface, the output concentration of the filtrate, and the rate of precipitation of gel
particles in the filter holes [2].

Filtration plays a crucial role in the stability and operation of hydraulic structures.
This can lead to serious consequences, including water losses from reservoirs, the effect
of back pressure caused by filtration, and volumetric hydrodynamic forces inside the
structure. In engineering practice, isotropic filtration is often investigated, where the
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material exhibits uniform conductivity in all directions. Under the hydraulic head created
by the dam, water flows along the dam body from the top to the flow side. The upper
limit of this filtration process is determined by the depression curve. When a depression
curve appears on the lower slope, filtration continues under residual pressure, forming a
drain along the slope surface. This leak carries soil particles from the dam body; this
process is called suffusion. Supfusion increases permeability, which can lead to a drop
in the downstream flow, which poses a direct threat to the integrity of the dam, and
ultimately to failure. The article examines the problems of mathematical modeling of
plane-parallel isotropic fluid filtration [3].

The study, along with formulas for determining fluid flow in a well, examines the laws
of pressure distribution regulation under direct radial flow conditions, taking into account
horizontal and vertical directions [4].

This study examines the interaction of process properties such as fluid concentration
and sludge contamination with environmental parameters such as porosity, filtration, dif-
fusion, and mass permeability. The analysis is carried out using the example of liquid
purification in magnetic and sorption filters. An algorithm for the numerical-asymptotic
approximation of the control model problem has been developed, which is characterized
by a system of nonlinear, singularly perturbed differential equations of the "convection-
diffusion-mass transfer"type. It has been shown that the obtained relationships (formulas)
are effective for optimizing water treatment processes and increasing the overall produc-
tivity of treatment systems, since they allow determining the protection time, filter sizes,
and other key parameters in cases where convection and sorption prevail over diffusion
and desorption - a situation characteristic of most filtration systems. On this basis, a com-
puter experiment was conducted, demonstrating the advantages of the proposed model
over classical approaches [5].

The article explores the application of mapping methods adapted to boundary value
problems for calculating filtration processes in horizontal system drainage systems, espe-
cially when drains are installed at different depths. When analyzing filtration regimes in
soils containing free boundaries (depression curves) and drainage-type intervals, special
attention is paid to approaches combining imaginary domains with quasi-conformal maps
for solving nonlinear boundary conditions. As a visual example, the authors constructed
a hydrodynamic flow network, calculated the flow velocity to the drainage, determined
the cross-section, and obtained other key process characteristics. An algorithm for the
numerical solution of nonlinear boundary value problems using quasi-conformal mapping
in domains bounded by two equipotential and two stream boundaries has been developed,
one of which is represented by an unknown (free) curve with fixed and free endpoints.
Numerical experiments confirmed the effectiveness of the proposed models and algorithms
for simulating nonlinear filtration processes occurring in horizontal drainage systems re-
quiring a relatively small number of repetitions (k = 141) [6].

This research is aimed at developing a mathematical model for nonlinear filtration of
fluids formed in a layered medium. The analysis studies the flow velocity between layers
as a function of the properties of the layer and the properties of the liquid. In addition,
digital algorithms were developed to support computational experiments and confirm the
proposed model |7].

This article presents a detailed mathematical model for the development of low-
permeability reservoirs using paired horizontal channels in the presence of cracks caused
by hydraulic fracturing. Hydraulic fracturing remains one of the most effective ways to
increase well productivity, especially in geologically complex formations. However, its
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effectiveness is often limited by insufficient understanding of the mechanisms of fluid flow
within the filtration channels formed as a result of high-pressure fluid injection. To solve
this problem, in the study, a simplified model is considered, modeled as the only hypothet-
ical well in which a system of horizontal wells simultaneously performs water injection and
oil production. The problem of the movement of the oil-water interface between hydraulic
fractures in a reservoir with low permeability is analyzed.

The proposed model describes two-phase (oil-water) filtration based on mass balance
equations and Darcy’s law for each phase, thereby allowing for the study of injection and
production processes in the wellbore and the surrounding reservoir section. The modeling
results emphasize the influence of the fracture diameter on the pressure distribution and
water saturation. These findings allow for the determination of optimal operating modes
for injection wells and the prediction of water rupture and associated well production
rates using numerical methods characterized by low computational error. [8]

In the study of fluid dynamics and porous media, nonlinear filtration of fluid in two-
layer systems presents a significant challenge, requiring a solid mathematical basis for
precise description and analysis. This article presents a multi-parameter mathematical
model aimed at determining the complexity of filtration processes in a heterogeneous
medium, with special attention paid to a two-layer medium. The research is aimed at
developing and numerically solving nonlinear filtration problems for structured and un-
structured fluids in hydrodynamically coupled multilayer layers with various properties.
The proposed models and computational algorithms were validated using a hypothetical
dataset and demonstrated their applicability and effectiveness. [9]

This study examines the practical problems associated with fluid flow into wells and
groundwater movement in confined layers in basin conditions, paying particular attention
to their role in environmental pollution. The main goal is to study the application of
complex potentials in assessing well performance in limited areas and to characterize the
behavior of production and injection wells in such systems. The study is based on the
hypothesis that under natural migration processes and imposed constraints, streamlines
and equipotential lines can effectively serve as impermeable boundaries or free surface
boundaries. Conformal mapping methods were used to construct complex flow potentials
for wells of reservoir configuration. In addition, the work provides a method for deter-
mining the maximum permissible well flow, which prevents pollution. The study also
establishes the conditions governing the migration of pollutants from a specific source,
formed using complex potentials characterizing the flow area [10].

Within the framework of the theory of interacting durations, control equations were
obtained to describe the motion of two immiscible fluids in a poroelastic skeleton. The
study further explores the stability of the system’s solution in a stable state [11].

This article presents a mathematical model of fluid filtration in subsurface formations,
developed and numerically solved in the context of electricity generation. The study con-
siders anomalously structured and Newtonian fluids as filtration objects. Computational
algorithms are built using iterative procedures, as well as direct and stream differential
cleaning methods. A numerical analysis of the problem was carried out, which allows
determining the inter-reservoir flow velocity and the positions of the fault boundaries,
taking into account the dynamics of reservoir development [12].

The removal of acrylonitrile (AN) from exhaust gas streams by biological treatment
methods has recently attracted increasing attention due to their high efficiency. This re-
search is aimed at modeling the removal of AN using a biofilter. Testing of the model was
carried out using experimental data obtained from a biofilter column with a yard waste
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compost, crushed solid plastics, and thickened urban active clay. The kinetics of biologi-
cal decomposition of acrylonitrile were first analyzed, and then control equations for the
biofilm and air phase were derived under conditions of stable state and constant temper-
ature. Unknown model parameters were evaluated using the least squares optimization
method in conjunction with MATLAB-based solutions of system equations.

For the input concentration below 1 g/m?3, the model showed good agreement with
experimental observations. Sensitivity analysis showed that the Peclet number, film thick-
ness, and biomass concentration are the most influential factors affecting the biofilter’s
performance. Therefore, the proposed model provides a valuable tool for designing and
optimizing the biofilter. [13]

Anomalous filtration of the same liquid in a porous medium is modeled by differential
equations with fractional derivatives, constructed in the Caputo sense. The study ex-
amines and numerically solves the filtration problem in a limited homogeneous reservoir,
focusing on assessing how abnormal behavior affects filtration properties. The results
show that a decrease in the fractional exponent of the derivative in terms of relaxation
relative to pressure reduces the pressure distribution to a certain distance from the reser-
voir boundary, and then increases. Conversely, reducing the order of the derivative in
the term gevseme relative to the filtering rate causes an inverse effect. The dynamics of
filtration rate changes accordingly with decreasing fractional orders.

A special case is noted where the relaxation time of the filtration rate exceeds the
pressure, including the case when the latter is equal to zero. Under these conditions,
the solution of the filtration equation exhibits wave-like behavior. In addition, as the
difference between filtration rate and pressure relaxation times increases, the propagation
rate of pressure waves decreases. [14]

This study forms and numerically solves the problem of anomalous filtration and
transport of dissolved substances in a two-zone medium with a linear source. In the
first zone, transport is regulated by anomalous convective-diffusion processes, while in
the second zone, it is regulated only by diffusion. The impact of abnormal behaviour on
transport characteristics is also assessed. [15]

2 Problem formulation

Below are the equations for a cylindrical porous filter.
Equations for hydraulics (Brinkman-Darcy) (1) - (4):

10 (ruy) N ou,
r o or 0z

Where: r — radial coordinate|m|, distance from the center to the wall, z — vertical co-
ordinate [m]|, direction from top to bottom, u, = u, (r, z,t) — radial velocity component
[m/s|, u, = u, (r,z,t) — vertikal velocity component [m/s|, # — angular coordinate [rad],
not taken when the axis is symmetrical, ug (1, z,t) — angular velocity component [m/s],
zero due to symmetry.

This equation expresses the equation of conservation of mass - the incompressibility
of water. This ensures constant equilibrium between the incoming and outgoing flow
volumes and guarantees mass conservation regardless of the pressure inside the filter.

U 10 [ ou, Pu,  u, op
M, -2 ) 9P, 2
%(5)u +'u(7‘8r (T 8r)+ 0z 12 or 2)
Where: p — dynamic viscosity [Pa-s|, for water 0.001 (20 °C da), s (¢) — permeability
[m?|, flow capacity, p = p (7, z,t) — pressure [Pa).

~0. (1)
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This equation is the radial momentum equation, which governs the radial velocity with
the pressure gradient and pore resistance. If the pressure differs from the center to the
wall, the fluid flows radially, but pore resistance slows down this movement.

10 [ Ou, 0%u, 0
—Luz tpl = lr s )+ ) — Py, (3)
7 (e) ror \  Or 0z 0z

This equation drives the flow with the pressure difference for the axial momentum
equation - the main direction of the flow (from top to bottom). Porous resistance and
viscosity slow down the flow. Therefore, the flow rate at the outlet changes depending on

the pressure difference.
3 d2
< 4y

= Tsoa -7

(4)
Where: ¢ (r,z,t) — porosity, (0 < e < 1), proportion of free space, dy - filter particle
diameter [m].

This equation expresses the Kozeny-Carman formula and relates the internal structure
(porosity) of the filter to the flow capacity. In a coarse-grained or more porous filter, the
flow passes more easily.

For substance transport (for each ¢ = 1,..., N), the following equations (5) — (8) are
expressed.
8(80i> 10 0 10 8c,~
— a_ 3 Uy =5 \Gily) = ——— Dz eff
ot +7"T0T+(Tcu)+8z(cu) T@T(m ’ffar)+

+& (5Di,eff5) — Tibulk — UsTisurf-
Where: ¢ — time [s], for the dynamics of the process, N — number of components, ¢; (r, z, t)
— concentration of the i-th component in water [mol/m® or kg/m?|, D; .4 — effective dif-
fusion coefficient [m?/s|, r; pui — bulk reaction rate in solution [mol/(m?®:s)], as — surpace
area of per unit volume [m?/m?|, r; g+ — surface loss rate [mol/(m?s)]

This equation is called the ADR (advection-diffusion-reaction) equation and shows
how the concentration of each harmful substance in water changes: change over time =
flow transfer + diffusion - reaction - adsorption. This allows you to calculate the quality
of the water exiting the filter.

Tyl )~ ). (

Where: g; (r, z,t) — capture quantity in the solid phase [mol/kg|, ks, — LDF (linear driving
force) kinetic coefficient [1/s], ¢ (c) — equilibrium adsorption quantity [mol/kg].

This equation represents the adsorption kinetics (LDF) equation and tells us at what
rate harmful substances are absorbed into the filter particles. If the particle is still free,
a large amount of harmful substance is absorbed; if saturated, absorption slows down.

* Qi,maxbici
q;, (¢) = ———. 7
(©) 1+ 30 bic "

Where: ¢; max — maximum adsorption capacity [mol/kg|, b; — Langmuir affinity coefficient
[m?/mol].
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This equation represents the Langmuir isotherm. In this case, due to the limited
surface area of the adsorbent, harmful substances compete for space and explain the
decrease in the efficiency of the filter over time.

Jq;
Tisurf = Psa (8)

Where: p, — density of adsorbent particles [kg/m?].

This equation expresses the rate of surface loss. In this case, the change in adsorption
in the solid phase reduces the concentration in the liquid. This links the mechanism of
loss of harmful substances to the liquid and solid phase.

The colmatation (optional, particle) equations (9)-(10) defined as follows.

d(ec,) 10 0 10 (TED %) N

o o o) gz () = o reDyy

(9)

0 dc
o (Da_) ~ Kaeo,
Oe Vdep
— = ——PkdenCyp- 1
ot Dien depCp (10)

Where: ¢, (r, z,t) — concentration of particulate matter in water |kg/m?|, D, — diffucion
coefficient of particles [m?/s], kqep — depolation coefficient [1/s], Vgep — volume fraction of
depolation [-], paep — density of settled particles [kg/m?].

In this case, large particles (sand, clay) block the pores, thus reducing the filter’s
permeability. As a result, the flow decreases over time.

Membrane equations (if available below, G,,, = G,,;) are:

N
<h=1@<AP—§:mAm), (11)
=1

Ji = (1 — Oi) Ci,avgJU — PSJ‘ACi, (].2)

_5Di,6ff% + iy = Jiaun|Gm = Jw (13>
AP o) Jyc

Jy = ——————~, Re = b, - = — 2% 14

1 (R + R.) o T ) (14)

Here: G;, — inlet surface (from above, z = 0), G, — outlet surface (from below, z =
= H), J, — volumetric flow through the membrane (permeat flux) [m/s|, L, — membrane
hydraulic permeability [m/(Pa-s)|, AP — transmembrane pressure difference |Pa|, o; —
reflection coefficient (0-1), m; — osmotic pressure |[Pa|, J; — i-membrane flow of the i-th
component [mol/(m?s)], ¢; avg — average concentration near the membrane [mol/m?|, P;; —
salt permeability [m/s|, /0n — normal derivative operator (at the membrane level), R,, —
internal membrane resistance [1/m|, — cake resistance [1/m]|, a, — specific cake resistance
[m/kg|, 6. (r,z,t) — cake thickness [m|, ¢,,, — particle concentration on the membrane
[kg/m?], p. — cake density [kg/m?].

Boundary conditions are determined as follows: at the inlet, the pressure and compo-
sition of the water are given, at the outlet, it is released into the atmosphere. The flow
along the side wall and axis does not pass, symmetry is preserved. Special conditions
(flow and mass balance) are applied to the membrane surface.
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Boundary conditions are given in equations (15)-(19):
Entrance (from top, G;,) boundary conditions

P =Din,Ci = Ciin(t) i=1,...,N). (15)
Exit (from below, Gy, 2 = H) boundary conditions

aci
P = Pout = Patm, — EDi,effa + c;u, = 0. (16)

Boundary conditions of the side wall (G,, r = R )

8uz 8ci
r =0, =0, = 0. 17
" or or (17)
Boundary conditions for the axis of symmetry ( Go, r =0 )
EMZ 361‘
r — Y, =Y =Y 1
u, =0 5 0 5 0 (18)

Membrane level (if applicable, G,,) boundary conditions
aci
n=Jv,—€Djcrs~— + iy = Ji. 19
u eDierr5 e (19)

The initial conditions (in the case t = 0) are determined using equations(20)-(23)

up (1,2,0) = upp (1, 2) ,us (r,2,0) = w0 (1, 2),,p (1, 2,0) = po (1, 2) (20)
¢i(r,2,0) =cio(r,2),q (r,2,0) =qo(r,z)(i=1,...,N), (21)
e(r,z,0)=¢eq(r,2),0.(r,2,0) = 0. (22)

Below are the domain of definition of each variable, the division of boundaries, the
normal, and the calculation scheme.
Geometry, time, and divisions are defined as follows:
Physical domain
0, = (0.R) x (0.H) 2.

time interval
te (0,77,

Boundaries:

Gin=1{2=0,0<r <R}, Gou={2=H,0<r <R}
G.={r=R0<z2<H}, Go={r=0,0<z< H}, G

m = Gout-
Normal direction: outward normal, u,, = u - n.

3 Solution of the problem

When solving the above equations, exact analytical solutions lead to complex calcu-
lations and difficulties. Therefore, the results of numerical methods are considered tools
for solving these equations. One of the most effective methods for applying numerical
solutions is the finite difference method. Determining the solution in this way involves
the following steps: Grids and designations are entered as follows:

Spatial nodes — r; = iAr,i =0,...,N;; z; = jAz,7=0,..., N,.
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Time - t" = nAt,n=20,1,2,....
Discrete fields - p;, uy n

rijr Ui
Concentration for each component - k£ = 1,..., N, concentration - ¢, ;, adsorption -
n
Thesi g
Partion concentration: ¢, ;; porosity: &7 ;; membrane layer: 7, (if present, at j = N.),
v — permeability (Kozeny—Carman).

Auxiliary network nodes are entered as follows:

Ar

Tipd =Tit 5 U

Auxiliary differential operators (central differences) are defined as follows: Central
gradient operator diagram

n P T Pie1 g n Piit1 — Pij-1
(67“90)1'73’ = #> (azso)z,] = jTZJ

Cylindrical Laplace operator diagram

(VZSD)ZJ' _ l@?ﬂ,j — it i1 — 290 Tl

n Pigt1 = 2P0 + i1

r; 2Ar Ar? Az?
Divergence operator diagram
n n n n
-1 . . -1 . . .. - .o
(v u)n _ 1 T’L+§UT7Z+%7] rl_gurﬂ_%ﬂ + uz7l7]+% uz7z7]_%
Wy Ar Az ’
n n
un _ Uzig+r Uz
zij+3 9 '

The discrete Kozeny-Carman formula is introduced as follows:

3
en.) d>
%Zj — ( ’.7) 7]: 5.
180(1 —&7;)

Equations for hydraulics (Brinkman—Darcy+ projection) are introduced as follows
“Darcy step” (velocity determination by pressure gradient) discrete values

n n

7 nal Py
- /:J (arp>?,j7 uz,i,j2 == ,;] (3217)1:,]

1
n+j

T7Z7‘7

Brinkman diffusion /resistance correction (explicit) schemes

1
n+1 n+g I 2 n I n
urls =, 2+ At = (V) — ul,
%, 7,7 T 2,] 13 Y2V )
P P
1
n+l n+sz Koo \n Hoon
ults =, 4+ At | = (V) — —ul,
Z,%,0 Z,%,]0 2 2,7 n Z,1,]
P P

Projection equations (to enhance compression) are introduced as follows.
Determination of pressure renewal in the Poisson operator

n p n
(Vi) = L
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In practice, we can balance the velocity by performing this equation up to 3 times in

Jacobi/GS relaxation steps

At At
R R R R L

The index range is defined as follows: for internal nodes ¢ = 1,..., N, — 1, j =
=1,...,N, — 1. For boundary values, the boundary conditions of Section 5 are applied

Substance transport (ADR) is introduced for each component as follows
Upwind convection flow detection schemes:
For the radial direction

" n
nup ) CRig Urigl >0, nup
ki+sg n n ki—L4 n
: Ck,i+1,5> ur,z’—&—%,j <0, kg Uy it 0,
n,up n n,up
iy c — 7., 1u”. C, .
(C )n 1 2 T2+27] k7’+27] 1/_5 T, éy] k’,l—i,j
Ty Ar
A
For axial direction
" n n
noup Ck,ihj) uzﬂ,j+é > 0 — ck,i,j—l’ uz,i,jfé > 0,
9 — C 5 —
kij+3 n kyij—1 n n
o ki1 “w’ﬁ% SO, e Chigo Uzij-r SO,
n nup n nup
u .. —Uu
(C )n . Zﬂ,J‘i‘ k,l,j-‘rQ 2,0, — k,z,j
#ng Az

Schemes for diffusion (central, effective)
n n n 02 T

1

n n n _
n 1 Ti+%€z‘+%,jDk,€ff (R i
(D)i,j - Ar2
T T
ea 7 e

e Dy Chijr1 — 2Ckij T Crij
€0 Dkess A2 )

where N N

o Cixly +&ij

ikl T 2

Sources (reaction/adsorption) equations in explicit schema

n

- n . n
kij — " Tkbulks,j — @sTksurf,i,j-

Conservative form (with pores) schemes

W = ecy,
WL =W — AL[(C)F + (C.)7] + AUD)Y, + AtRy, ;.

n+1
Updated by cj 1} = Wn’il
Schemes for adsorptlon (LDF) and Langmuir isotherm:

Schematic representation for Langmuir equilibrium

(e"*! determined in the following schemes).

. Qk,maxbkcgiﬂ‘
= ~ - .
L+ bmcm,i,j

*,n
ki,
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Schematic representation for LDF kinetics (explicit)
q;ﬁgl = Qi + Atk (QZZZ - qg,i,j) :

Schematic view for surface source

n+1 n
n Tk~ i
Tk,surf,i,j = Ps At .

Schemes for particle clogging and porosity are determined as follows.
ADR schema for particles:

()it = (ecp)ity = AL[(CI)] + (CIN7S] + AHD,)Y; — Athaepc),

i,j 6"

Where <C7€p )> , (Cﬁp )> . (D,) is determined by the formulas in part 4 and using ¢, and

Dypeys-
Porosity renewal scheme

1%
n+1 n dep n
et =&l — At—Plgepc 1,

,J 2]
Pdep
n+1 __ n+1
< *%(%‘ )

Determination of the membrane diagram (if it is present j = N, at the output):
Volumetric flow density diagram

AP
Joi=—F———, R, = aldl;.

i (Ry +RE)C
Flow balance for each component (for normal +2)

c —
n n k,i,N, k,i,N;—1 n n __ n
—€in Diery A + Cin.doi = Jris

where J'; — the flow of matter through the membrane (depending on your model, for
example Jy = Py (Cup — Cdown))-
Colmatation thickness over the membrane
Jr.cr
S1Ht = on 4 Ap— P
) g pc
Where ¢}, ; — concentration of particles on the membrane surface (usually j = N, or the
value of the adjacent cell).
The schemes of boundary and initial conditions are determined as follows:
Initial conditions (for all 7, j)

p?,j = Do (ria Zj) 7u27i7j = Uro (Tia Zj) 7“2,7;,]' = Uz0 (7’1', Zj) )

0o _ 0o _
Cki,j — CkO (74, Zj) 1 di.i.5 = dko (73, 25) 5
o _ 0 _ 0 _
Cpij — Cpo (7, Zj) €55 = €0 (i, zj) 75C,i = 0o (1) -
Schemes for inlet z =0 (i.e. j =0)
Pressure and speed condition

Pio = Pin (t") 7uZ,i = uy, (t").

1
2
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Scheme for determining concentrations (according to Dirichlet)
CZ,i,o = Cr,in (t") acz,z',o = Cpin (") -

If the velocity is given, the pressure gradient is matched with the central /boundary
difference at the input.

Schemes for outlet z = H (i.e. j = N,)

For pressure:

pZNZ = Pout (% patrn) :

Zero gradient (Neumann) or convective output if there is no membrane:

ChiN., — ChiN.—1 ChiN, — ChiN.—1
50,1V 2 30, 0Nz—1 30,4V z 50,41V z— n n _
=0or —eDyess A + N Uy, -1 = O

Az

If the membrane is present, the flow balance and refresh . in Part 7 is applied.
Schemes for the side wall » = R (i.e. i = N,)
Diagrams for radial and symmetrical axil directions

n I )
Uz Ny g — Yz N1,

n
U =0 =0.
7, Np,j ) Ar
Zero flow for diffusion
n _an n _.n
kN — CkNe—15 0 CpNej ~ CpNe—15 0
=0, = 0.

Ar Ar

On symmetric axes r = 0 (i.e. i = 0):

n n n _ s ' _ AN
n uzvlv.j B uz707.j Ck717] Ckaoz.] Cp’lz.] Cp>07.j
uTO] = 07 = O7 = O’ = O
” Ar Ar Ar

Approaches 0, the limit %&gp at; in effect

(vggp)n ~ 2 (SD?,J‘ - ‘Pg,j) n Spg,jﬂ - 2@8,]‘ + Spg,j—1
0.7 Ar? Az? '

Complete order of the time step (index range) sequence of actions performed: At each
time step: (a) wl = (5%) is calculated for all of 0 < i < N,,0 < j < N,. (b) Darcy
n+%

n+i .
rif s Uy, is found at

step u i)

i=1.N,—1,j=1.N, — 1.

n+1 n+1
rigo Wzij

will be updated explicitly in ¢ = 1..N, — 1,5 =

= 1..N. — 1. (d) Projection (for arbitrary 1-3 relexation): p}I" (in internal nodes), then

u"*! corrected with a gradient. (e) For each k: g1 will be updated with LDF (all nodes).
(sck);fjl update in internal nodes, then apply to the boundary conditions. If determined
ity = (eck)it /et is applied. (f) By particle: (ec,)i}" is updated in internal nodes,
then applied in boundary conditions

(c) Brinkman adjustment: u

n—!—l .

gid — 82] - At (Vdep/pdep) kdepcg7i»j'
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P
z?]
with and 62;“ are applied. (h) All boundary conditions are applied as in Section 8. 11)
CFL(Courant-Friedrichs-Lewy) condition for stability:

, Ar Az 1, (1 1\ prtm 1 Pde
Atgmm{ ~(Dgfy (m—i—@)) , P :

max |u,|  max |u,|’ 2 p kfmax VdepKdepCpmax

is recalculated. (g) If there is a membrane (j = N,):J!

v,2)

Ji.; the flux conditions

4 Conclusion

In this study, hydraulic and mass transfer processes occurring in a cylindrical porous
filter and membrane system were mathematically modeled. In this case, the pressure and
velocity fields of the flow were taken into account using the Brinkman-Darcy equations,
and the transport of particulate and dissolved components was described based on the
advection-diffusion-reaction (ADR) equations. At the same time, the LDF-kinetics model
and the Langmuir isotherm were used for the adsorption process, taking into account
the penetration of harmful substances and ions into the solid phase. In addition, the
model included colmatation processes and the influence of the cake layer formed at the
membrane level on the flow.

Since solving the above equations in exact analytical form is very complex from a
practical point of view, a solution based on numerical methods was chosen in this work.
In particular, using the finite difference method, spatially and temporally discrete circuits
were constructed, and the CFL (Courant-Friedrichs-Lewy) condition was used to ensure
their stable operation. With the help of discrete schemes, the main variables, such as
pressure, speed, concentration, and adsorbed quantity, were updated over time, and the
dynamic development of the process was observed.

As a result of studying the literature, it became known that previously proposed mod-
els were often limited to the study of individual processes (for example, only hydraulics
or only adsorption). The novelty of this work lies in the fact that all the main processes
- fluid movement, transport of substances, adsorption, colmatation, and membrane resis-
tance - are combined into a single mathematical model. As a result, the possibility of a
more complete and accurate study of the complex mechanisms of the filtration process
has been created.

Sonli results of the numerical calculation showed the basic regularities of the filtration
process. In particular, it was found that the flow rate and concentration distribution
change significantly over time, the cake layer formed on the membrane sharply reduces
permeability, and the overall effectiveness of the colmatation process is directly affected.
The obtained results can be used in practical filtration systems for flow control, increas-
ing efficiency, and optimizing filtration time. Also, the developed model can be further
improved by comparing it with experimental data, evaluating new adsorbent materials,
and adding more complex physicochemical processes.
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