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ferential equations, particularly in hyperbolic and wave-type models, as well as in various

applied fields such as elasticity theory, fluid dynamics, and electromagnetic scattering.

Our primary focus is on deriving the analytical expressions for the coefficients of an op-

timal quadrature formula tailored to the structure of the singular and oscillatory kernel.
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the form (2) in the Sobolev space, applying the Sobolev method for constructing optimal

quadrature formulas. This method leverages variational principles and operator-theoretic

tools to systematically minimize the norm of the error functional. The resulting formulas

are well-adapted to handle the challenging combination of hypersingularity and oscilla-
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1 Introduction

Many problems in science and engineering naturally reduce to singular integral equa-
tions [1]. In particular, plane problems are often reduced to one-dimensional singular
integral equations. The theory of one-dimensional singular integral equations is well de-
veloped. It is known that the solutions of such equations can often be expressed in terms
of singular integrals. Hadamard-type hypersingular integrals with high oscillations is very
difficult to approximate using any standard methods. Therefore, the accurate numerical
approximation of hypersingular integrals [2–4] is a significant and relevant problem in
numerical analysis. Let 𝑓(𝑥) is a smooth function on the interval [0, 1]

Definition 1. The Hadamard-type finite part of the integral

𝐼 = 𝑓.𝑝.

1∫︁
0

𝑓(𝑥)𝑑𝑥

(𝑥− 𝑡)2
,
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is defined as

𝑓.𝑝.

𝑏∫︁
𝑎

𝑓(𝑥)𝑑𝑥

(𝑥− 𝑡)2
= lim

𝜀→0

⎡⎣ 𝑡−𝜀∫︁
𝑎

𝑓(𝑥)𝑑𝑥

(𝑥− 𝑡)2
+

𝑏∫︁
𝑡+𝜀

𝑓(𝑥)𝑑𝑥

(𝑥− 𝑡)2
+
𝜉(𝑥)

𝜀

⎤⎦ ,
where 𝜉(𝑥) is a function chosen so as to provide the existence of the limit above, 𝑡 ∈ (0, 1)
denotes the singularity. The notation f.p. represents the finite part of the integral.

In some cases, it is more convenient to use the following equivalent definition.
Definition 2. Let 𝑓(𝑥) ∈ 𝐿

(1)
2 (0, 1). First order hypersingular integral is defined by

1∫︁
0

𝑓(𝑥)𝑑𝑥

(𝑥− 𝑡)2
=

𝑑

𝑑𝑡

1∫︁
0

𝑓(𝑥)𝑑𝑥

(𝑥− 𝑡)
.

We define 𝑓(𝑥) as 𝑓(𝑥) = 𝑒2𝜋𝑖𝜔𝑥𝜙(𝑥). The integral exists if the function 𝜙(𝑥) satisfies
Hölder’s condition on [0, 1] which means

1∫︁
0

𝑒2𝜋𝑖𝜔𝑥𝜙(𝑥)

(𝑥− 𝑡)2
𝑑𝑥 =

1∫︁
0

𝜙(𝑥)− 𝜙(𝑡)

(𝑥− 𝑡)2
𝑒2𝜋𝑖𝜔𝑥𝑑𝑥− 𝜙(𝑡)

1∫︁
0

𝑒2𝜋𝑖𝜔𝑥

(𝑥− 𝑡)2
𝑑𝑥.

There has been increasing interest in finite part integrals with high oscillation. Several
methods have been developed for the calculation of this type of integrals. They are
the fast Hermite interpolation [2], Gauss-related quadrature rule [3], interpolating 𝑓(𝑥)
at practical Chebyshev points and subtracting out the singularity [4]. In the following
works [5-10] quadrature formulas constructe for approximating Cauchy type singular and
hypersingular integrals in the Sobolev space. We construct optimal quadrature formula
for Hadamard-type of singular integrals.

The paper is organized as follows:
In Section 2, We find the norm of the error functional by using extremal function

introduced by S.L.Sobolev.
In Section 3, We find optimal coefficients of the quadrature formula by Sobolev method.
In Section 4, we give the conclusions of our study.

2 The statement of the problem

In the present work we construct the optimal quadrature formula for the integral

𝐼 = 𝑓.𝑝.

1∫︁
0

𝑒2𝜋𝑖𝜔𝑥𝜙(𝑥)𝑑𝑥

(𝑥− 𝑡)2
. (1)

Consider the quadrature formula for (1)

1∫︁
0

𝑒2𝜋𝑖𝜔𝑥𝜙(𝑥)𝑑𝑥

(𝑥− 𝑡)2
∼=

𝑁∑︁
𝛽=0

𝐴𝛽 𝜙 (𝑥𝛽) , (2)

where 0 < 𝑡 < 1, 𝑒2𝜋𝑖𝜔𝑥 is the weight function, ℎ = 1
𝑁
, 𝑁 is a natural number, 𝑥𝛽 = ℎ𝛽

are the nodes of quadrature formula, 𝛽 = 0, 𝑁 , and 𝜙(𝑥) belongs to the Sobolev space

𝐿
(1)
2 (0, 1), 𝜔 ̸= 0. 𝐴𝛽 are the coefficients of the quadrature formula (2).
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The difference between the integral and the quadrature sum

(𝑅𝑁 , 𝜙) =

1∫︁
0

𝑒2𝜋𝑖𝜔𝑥𝜙(𝑥)𝑑𝑥

(𝑥− 𝑡)2
−

𝑁∑︁
𝛽=0

𝐴𝛽 𝜙 (𝑥𝛽) , (3)

is called the error of the quadrature formula (2).

The space 𝐿
(1)
2 (0, 1) is a Hilbert space and the inner product of two functions is defined

as

⟨𝜙, 𝜓⟩ =
1∫︁

0

𝜙′(𝑥) 𝜓
′
(𝑥)𝑑𝑥,

where the function 𝜓 is the complex conjugate function of the function 𝜓. The norm of
the function is defined by the formula

‖𝜙‖2
𝐿
(1)
2

= ⟨𝜙, 𝜙⟩ =
1∫︁

0

𝜙′(𝑥)𝜙′(𝑥) 𝑑𝑥.

From (3) we get the following result

(𝑅𝑁 , 𝜙) =

∫︁ ∞

−∞

𝜀[0,1](𝑥) · 𝑒2𝜋𝑖𝜔𝑥

(𝑥− 𝑡)2
𝜙(𝑥) 𝑑𝑥−

𝑁∑︁
𝛽=0

𝐴𝛽𝛿(𝑥− 𝑥𝛽)𝜙(𝑥) 𝑑𝑥 =

=

∫︁ ∞

−∞

(︃
𝜀[0,1](𝑥) · 𝑒2𝜋𝑖𝜔𝑥

(𝑥− 𝑡)2
−

𝑁∑︁
𝛽=0

𝐴𝛽𝛿(𝑥− 𝑥𝛽)

)︃
𝜙(𝑥) 𝑑𝑥.

The error functional that corresponds to the error has the form

𝑅𝑁(𝑥) =
𝜀[0,1](𝑥) · 𝑒2𝜋𝑖𝜔𝑥

(𝑥− 𝑡)2
−

𝑁∑︁
𝛽=0

𝐴𝛽 𝛿 (𝑥− 𝑥𝛽) , (4)

where 𝜀[0,1](𝑥) is the indicator function of the interval [0, 1], 𝛿(𝑥) is Dirac’s delta-function.
The quadrature formula is exact on constant functions, i.e.,

(𝑅𝑁 , 1) = 0 ⇒
∫︁ 1

0

𝑅𝑁(𝑥)𝑑𝑥 = 0 ⇒
𝑁∑︁
𝑘=0

𝐴𝛽 =

∫︁ 1

0

𝑒2𝜋𝑖𝜔𝑥

(𝑥− 𝑡)2
𝑑𝑥. (5)

From 𝐴𝛽 = 𝐴𝑅
𝛽 + 𝑖𝐴𝐼

𝛽 and 𝑒2𝜋𝑖𝜔𝑥 = cos(2𝜋𝜔𝑥) + 𝑖 sin(2𝜋𝜔𝑥) equalities we get

𝑁∑︁
𝑘=0

𝐴𝑅
𝛽 =

∫︁ 1

0

cos(2𝜋𝜔𝑥)

(𝑥− 𝑡)2
𝑑𝑥,

𝑁∑︁
𝑘=0

𝐴𝐼
𝛽 =

∫︁ 1

0

sin(2𝜋𝜔𝑥)

(𝑥− 𝑡)2
𝑑𝑥.

(6)

We find the form of the norm of the error functional by using Riesz’s theorem on the
general form of a linear continuous functional in a Hilbert space.
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Theorem [11]. (Riesz representation theorem) Let 𝑉 be a real or complex

Hilbert space, ℓ ∈ 𝑉 ′. Then there is a unique 𝑢 ∈ 𝑉 for which ℓ(𝑣) = ⟨𝑣, 𝑢⟩ ∀𝑣 ∈ 𝑉. In
addition, ‖ℓ‖ = ‖𝑢‖.

That is, for any linear continuous functional defined on a Hilbert space, there exists a
unique element 𝜓 in this space such that the following identity holds for all 𝜙 ∈ 𝐿1

2(0, 1):

|(𝑅𝑁 , 𝜓)| = ⟨𝜓𝑅𝑁
, 𝜙⟩,

and
‖𝑅𝑁(𝜓)‖𝐿(1)*

2
= ‖𝜓𝑅𝑁

‖
𝐿
(1)
2
. (7)

So, in order to find the norm of the error functional, we need to determine the function
𝜓ℓ. For this, we utilize the extremal function concept introduced by S.L. Sobolev.

Definition (S.L. Sobolev) [12]. The following equality

(𝑅𝑛, 𝜓𝑅𝑁
) = ‖𝑅𝑁‖𝐿(1)*

2 (0,1)
· ‖𝜓𝑅𝑁

‖
𝐿
(1)
2 (0,1)

, (8)

is satisfied, and the function 𝜓𝑅𝑁
that achieves this is called the extremal function.

From expressions (7) and (8), we have the following equality:

(𝑅𝑁 , 𝜓𝑅𝑁
) = ‖𝑅𝑁‖𝐿(1)*

2 (0,1)
· ‖𝜓𝑅𝑁

‖
𝐿
(1)
2 (0,1)

= ‖𝜓𝑅𝑁
‖2
𝐿
(1)
2 (0,1)

= ‖𝑅𝑁‖2𝐿(1)*
2 (0,1)

.

Thus, the norm of the error functional is calculated as:

‖𝑅𝑁‖2𝐿(1)*
2 (0,1)

= (𝑅𝑁 , 𝜓𝑅𝑁
). (9)

In the space 𝐿
(1)
2 (0, 1), the extremal function 𝜓ℓ corresponding to the error functional

ℓ was found by S.L. Sobolev and is given by:

𝜓𝑅𝑁
(𝑥) = −(𝑅𝑁(𝑥) *𝐺1(𝑥) + 𝑃0(𝑥)), (10)

where

𝐺1(𝑥) =
|𝑥|
2

=
𝑥 · sign(𝑥)

2
.

𝐺1(𝑥) is the fundamental solution of the 2𝑛𝑑 order differential operator, satisfying:

𝑑2

𝑑𝑥2
𝐺1(𝑥) = 𝛿(𝑥),

and 𝑅𝑁(𝑥) − 𝑅𝑁(𝑥) is the adjoint functional, and 𝑃0 is a zero-degree algebraic polyno-
mial(constant).

Now, in the space 𝐿
(2)
2 (0, 1), we can compute the norm of the error functional using

the extremal function from (10). From equations (9) and (5), we get:

‖𝑅𝑁‖2𝐿(2)*
2 (0,1)

= (𝑅𝑁(𝑥), 𝜓𝑅𝑁 (𝑥)) =

∫︁ 1

0

𝑅𝑁(𝑥) ·
(︀
𝑅𝑁(𝑥) *𝐺1(𝑥) + 𝑃0(𝑥)

)︀
𝑑𝑥 =

=

∫︁ 1

0

𝑅𝑁(𝑥) ·
(︀
𝑅𝑁(𝑥) *𝐺1(𝑥)

)︀
𝑑𝑥+

∫︁ 1

0

𝑅𝑁(𝑥) · 𝑃0(𝑥)𝑑𝑥 = (𝑅𝑁(𝑥), 𝑅𝑁(𝑥) *𝐺1(𝑥)).
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2.1 Compute the Convolution 𝑅𝑁(𝑥) *𝐺1(𝑥)

We are given:

𝐺1(𝑥) =
𝑥 · sign(𝑥)

2
, 𝑅𝑁(𝑥) =

𝑒2𝜋𝑖𝜔𝑥

(𝑥− 𝑡)2
· 𝜀[0,1](𝑥)−

𝑁∑︁
𝛽=0

𝐴𝛽𝛿(𝑥− 𝑥𝛽).

Then the convolution is:

(𝑅𝑁(𝑥) *𝐺1)(𝑥) =

∫︁ ∞

−∞
𝑅𝑁(𝑦)𝐺1(𝑥− 𝑦) 𝑑𝑦 =

=

∫︁ 1

0

𝑒−2𝜋𝑖𝜔𝑦(𝑥− 𝑦) sign(𝑥− 𝑦)

2(𝑦 − 𝑡)2
𝑑𝑦 −

𝑁∑︁
𝑘=0

𝐴𝛽 ·
|𝑥− 𝑥𝛽| · sign(𝑥− 𝑥𝛽)

2
.

2.2 Compute the Norm ‖𝑅𝑁‖2

Using the inner product definition:

‖𝑅𝑁‖2𝐿(1)*
2 (0,1)

= ⟨𝑅𝑁 , 𝑅𝑁 *𝐺1⟩ =
∫︁ 1

0

𝑅𝑁(𝑥)(−𝑅𝑁(𝑥) *𝐺1(𝑥)) 𝑑𝑥.

We obtain following form of the norm

‖𝑅𝑁‖2 = −
∫︁ 1

0

[︃
𝑒2𝜋𝑖𝜔𝑥

(𝑥− 𝑡)2
· 𝜀[0,1](𝑥)−

𝑁∑︁
𝛽=0

𝐴𝛽𝛿(𝑥− 𝑥𝛽)

]︃
,(︃∫︁ 1

0

𝑒−2𝜋𝑖𝜔𝑦(𝑥− 𝑦) sign(𝑥− 𝑦)

2(𝑦 − 𝑡)2
𝑑𝑦 −

𝑁∑︁
𝛽=0

𝐴𝛽 ·
|𝑥− 𝑥𝛽| · sign(𝑥− 𝑥𝛽)

2

)︃
𝑑𝑥,

After calculations we get

‖𝑅𝑁‖2𝐿(1)*
2 (0,1)

= −
[︂ ∫︁ 1

0

∫︁ 1

0

𝑒2𝜋𝑖𝜔(𝑥−𝑦)|𝑥− 𝑦|
2(𝑥− 𝑡)2(𝑦 − 𝑡)2

𝑑𝑥 𝑑𝑦 −
𝑁∑︁

𝛾=0

𝐴𝛾

∫︁ 1

0

𝑒2𝜋𝑖𝜔𝑥|𝑥− ℎ𝛾|
2(𝑥− 𝑡)2

𝑑𝑥−

−
𝑁∑︁

𝛽=0

𝐴𝛽

∫︁ 1

0

𝑒−2𝜋𝑖𝜔𝑦|𝑦 − ℎ𝛽|
2(𝑦 − 𝑡)2

𝑑𝑦 +
𝑁∑︁

𝛽=0

𝑁∑︁
𝛾=0

𝐴𝛽𝐴𝛾
|ℎ𝛽 − ℎ𝛾|

2

]︂
.

After we expand all complex terms and compute the integrals, the imaginary parts
cancel due to symmetry and we obtain the following as one of the main results.

Theorem 1. The norm of the error functional (4) of the quadrature formula (2) in
the Sobolev space

‖𝑅𝑁‖2𝐿(1)*
0,1

= −
[︂ ∫︁ 1

0

∫︁ 1

0

cos
(︀
2𝜋𝜔(𝑥− 𝑦)

)︀
|𝑥− 𝑦|

2(𝑥− 𝑡)2(𝑦 − 𝑡)2
𝑑𝑥 𝑑𝑦−

−
𝑁∑︁

𝛽=0

∫︁ 1

0

𝐴𝑅
𝛽 cos(2𝜋𝜔𝑥) + 𝐴𝐼

𝛽 sin(2𝜋𝜔𝑥)

(𝑦 − 𝑡)2
|𝑦 − ℎ𝛽| 𝑑𝑦+

+
𝑁∑︁

𝛽=0

𝑁∑︁
𝛾=0

(︀
𝐴𝑅

𝛽𝐴
𝑅
𝛾 + 𝐴𝐼

𝛽𝐴
𝐼
𝛾

)︀ |ℎ𝛽 − ℎ𝛾|
2

]︂
,

(11)
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where 𝐴𝛽 = 𝐴𝑅
𝛽 + 𝑖𝐴𝐼

𝛽. So the norm is real.

3 Optimal coefficients of the quadrature formula

Eventually, using the expressions above, the squared norm of the error functional
‖𝑅𝑛‖2 is written as a functional of the coefficients 𝐴𝑅

𝛽 and 𝐴𝐼
𝛽. According to constraints

(5) and (6), the minimum of this functional with respect to 𝐴𝑅
𝛽 and 𝐴𝐼

𝛽 can be found using
the Lagrange multipliers method. To do this, we construct the Lagrange function:

Ψ
(︀
𝐴𝑅

𝛽 , 𝐴
𝐼
𝛽, 𝜆

𝑅, 𝜆𝐼
)︀
= ‖𝑅𝑁‖2 − 2𝜆𝑅

(︃∫︁ 1

0

cos(2𝜋𝜔𝑥)

(𝑥− 𝑡)2
𝑑𝑥−

𝑁∑︁
𝛽=0

𝐴𝑅
𝛽

)︃
−

−2𝜆𝐼

(︃∫︁ 1

0

sin(2𝜋𝜔𝑥)

(𝑥− 𝑡)2
𝑑𝑥−

𝑁∑︁
𝛽=0

𝐴𝐼
𝛽

)︃
.

Then, we derive this function with respect to the unknowns 𝐴𝑅
𝑘 , 𝐴

𝐼
𝑘, 𝜆

𝑅, 𝜆𝐼 and equate
to zero to obtain a system of linear equations.

Taking derivatives and setting them to zero we get following the system of equations{︃ ∑︀𝑁
𝛽=0𝐴𝛽

|ℎ𝛽−ℎ𝛾|
2

+ 𝜆 = 𝑓𝜔(ℎ𝛽), 𝛽 = 0, 1, . . . , 𝑁,∑︀𝑁
𝛽=0𝐴𝛽 = 𝑔𝜔,

(12)

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑔𝜔 =
∫︀ 1

0
𝑒2𝜋𝑖𝜔𝑥

(𝑥−𝑡)2
𝑑𝑥 =

= 𝑒2𝜋𝑖𝜔𝑡
(︁

1
𝑡2−𝑡

+ 2𝜋𝑖𝜔 ln 1−𝑡
𝑡

+
∑︀∞

𝑛=1
(2𝜋𝑖𝜔)𝑛+1((1−𝑡)𝑛−(−𝑡)𝑛)

𝑛(𝑛+1)!

)︁
,

𝑓1,𝜔(ℎ𝛽) =
1
2
𝑒2𝜋𝑖𝜔𝑡

[︃
(1 + 2𝜋𝑖𝜔) ln

(︁
𝑡(1−𝑡)
(ℎ𝛽−𝑡)2

)︁
− 1

1−𝑡
+ 1

𝑡
+ 2

ℎ𝛽−𝑡
+

+
∑︀∞

𝑛=1
(2𝜋𝑖𝜔)𝑛

𝑛!

(︁
1 + 2𝜋𝑖𝜔

𝑛(𝑛+1)

)︁
((1− 𝑡)𝑛 + (−𝑡)𝑛 − 2(ℎ𝛽 − 𝑡)𝑛)

]︃
.

(13)

Solution of the system give the optimal coefficients 𝐴𝛽, 𝛽 = 0, 𝑁 for the quadrature

formula minimizing the error in the 𝐿
(1)
2 (0, 1) Sobolev space.

The system of equations given by (12) forms a solvable linear system with (𝑁 +
+ 2) unknowns, which gives the conditional minimum of ‖𝑅𝑁‖2

𝐿
(1)
2

. But finding its roots

from using ordinary methods are useless. So, we apply the Sobolev method to find the
coefficients of the optimal quadrature formula to the system (12).

We rewrite the system (12) in convolution form as:⎧⎪⎪⎨⎪⎪⎩
𝐴𝛽 *

|ℎ𝛽|
2

+ 𝜆 = 𝑓1,𝜔(ℎ𝛽), 𝛽 = 0, . . . , 𝑁

𝐴𝛽 = 0, for 𝛽 < 0, 𝛽 > 𝑁∑︀𝑁
𝛽=0𝐴𝛾 = 𝑔𝜔.

We proceed with further simplification

𝐴𝛽 = ℎ𝐷1(ℎ𝛽) * 𝑢(ℎ𝛽),

𝑈(ℎ𝛽) = 𝐴𝛽 *
|ℎ𝛽|
2

+ 𝜆.
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Since the convolution with the discrete operator 𝐷1(ℎ𝛽) [13] is determined, we need
to find the form of 𝑢(ℎ𝛽) for 𝛽 ∈ (−∞,∞), given that

𝛽 = 0, 1, 2, . . . , 𝑁, 𝑢(ℎ𝛽) = 𝑓1,𝜔(ℎ𝛽),

Definition 3. We define the convolution of two discrete argument functions 𝜙(ℎ𝛽) and
𝜓(ℎ𝛽) as the scalar product as follows:

𝜙(ℎ𝛽) * 𝜓(ℎ𝛽) = [𝜙(ℎ𝛾), 𝜓(ℎ𝛽 − ℎ𝛾)] =
∞∑︁

𝛾=−∞

𝜙(ℎ𝛾)𝜓(ℎ𝛽 − ℎ𝛾).

In addition, to carry out calculations, we need the discrete analogue of the differential
operator 𝑑2

𝑑𝑥2 , denoted by 𝐷1(ℎ𝛽), which is defined by the following formula [13]:

𝐷1(ℎ𝛽) =

⎧⎪⎨⎪⎩
0, |𝛽| ⩾ 2,

ℎ−2, |𝛽| = 1,

−2ℎ−2, 𝛽 = 0.

Together with this, the discrete analogue of the differential operator 𝑑2

𝑑𝑥2 , i.e., 𝐷1(ℎ𝛽),
satisfies the following properties:

ℎ𝐷1(ℎ𝛽) *
⃒⃒⃒⃒
ℎ𝛽

2

⃒⃒⃒⃒
= 𝛿(ℎ𝛽),

𝐷1(ℎ𝛽) * (ℎ𝛽)𝑘 = 0, 𝑘 = 0, 1.

Here, 𝛿(ℎ𝛽) is the discrete delta function and

𝛿(ℎ𝛽) =

{︃
0, 𝛽 ̸= 0,

1, 𝛽 = 0.

Now, let us solve system (12). Then,

𝛽 ⩽ 0, 𝑢(ℎ𝛽) = 𝐴𝛽 *
|ℎ𝛽|
2

+ 𝜆 =
∞∑︁
𝛾=1

𝐴𝛾 ·
|ℎ𝛽 − ℎ𝛾|

2
+ 𝜆 =

=
𝑁∑︁

𝛾=0

𝐴𝛾 ·
−(ℎ𝛽 − ℎ𝛾)

2
+ 𝜆− ℎ𝛽

2

𝑁∑︁
𝛾=0

𝐴𝛾⏟  ⏞  
𝑔𝜔

+
1

2

𝑁∑︁
𝛾=0

𝐴𝛾(ℎ𝛾)⏟  ⏞  
𝜇

+𝜆,

where

𝜇 =
1

2

𝑁∑︁
𝛾=0

𝐴𝛾(ℎ𝛾).

Then we have:

𝛽 < 0 ⇒ 𝑢(ℎ𝛽) = −ℎ𝛽
2

· 𝑔𝜔 + 𝜇+ 𝜆, 𝑎−0 = 𝜇+ 𝜆,

𝛽 > 𝑁 ⇒ 𝑢(ℎ𝛽) =
ℎ𝛽

2
· 𝑔𝜔 − 𝜇− 𝜆, 𝑎+0 = −𝜇+ 𝜆.
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Therefore,

𝑢(ℎ𝛽) =

⎧⎪⎨⎪⎩
−ℎ𝛽

2
· 𝑔𝜔 + 𝑎−0 , 𝛽 < 0,

𝑓1,𝜔(ℎ𝛽), 0 ⩽ 𝛽 ⩽ 𝑁,
ℎ𝛽
2
· 𝑔𝜔 + 𝑎+0 , 𝛽 > 𝑁.

(14)

From equality (14) and under the conditions 𝛽 = 0 and 𝛽 = 𝑁 that, we obtain the
following relations

𝛽 = 0 ⇒ 𝑎−0 = 𝑓1,𝜔(0),

𝛽 = 𝑁 ⇒ 𝑎+0 = 𝑓1,𝜔(ℎ𝑁)− 𝑔𝜔
2
.

Once the full expression for the function 𝑢(ℎ𝛽) is obtained, the coefficients 𝐴𝛽 of the
quadrature formula (2) can be explicitly determined.

𝐴𝛽 = ℎ𝐷1(ℎ𝛽) * 𝑢(ℎ𝛽) = ℎ
∞∑︁

𝛾=−∞

𝜆1(ℎ𝛽 − ℎ𝛾) · 𝑢(ℎ𝛾) =

= ℎ

[︃
−1∑︁

𝛾=−∞

𝐷1(ℎ𝛽 − ℎ𝛾)𝑢(ℎ𝛾) +
𝑁∑︁

𝛾=0

𝐷1(ℎ𝛽 − ℎ𝛾)𝑓1,𝜔(ℎ𝛾) +
∞∑︁

𝛾=𝑁+1

𝐷1(ℎ𝛽 − ℎ𝛾)𝑢(ℎ𝛾)

]︃
=

= ℎ[
∞∑︁
𝛾=1

𝐷1(ℎ𝛽 + ℎ𝛾)𝑢(−ℎ𝛾)+

+
𝑁∑︁

𝛾=0

𝐷1(ℎ𝛽 − ℎ𝛾)𝑓1,𝜔(ℎ𝛾) +
∞∑︁
𝛾=1

𝐷1(ℎ𝛽 − ℎ(𝑁 + 𝛾))𝑢(ℎ(𝑁 + 𝛾))].

At 𝛽 = 0:

𝐴0 = ℎ−1

(︂
ℎ

2
𝑔𝜔 + 𝑓1,𝜔(ℎ)− 𝑓1,𝜔(0)

)︂
,

for 1 ⩽ 𝛽 ⩽ 𝑁 − 1:

𝐴𝛽 = ℎ−1 (𝑓1,𝜔(ℎ(𝛽 − 1))− 2𝑓1,𝜔(ℎ𝛽) + 𝑓1,𝜔(ℎ(𝛽 + 1))) ,

for 𝛽 = 𝑁 :
𝐴𝑁 = ℎ−1 (𝑓1,𝜔(ℎ(𝑁 − 1)) + 𝑓1,𝜔(ℎ𝑁)− 𝑔𝜔) .

It follows from the above that the following result holds.
Theorem 2. The coefficents 𝐴𝑘 of quadrature formula (2) with the error functional

(4) are determined by the following expressions:

𝐴𝑘 =

⎧⎪⎨⎪⎩
ℎ−1

(︀
ℎ
2
𝑔𝜔 + 𝑓1,𝜔(ℎ)− 𝑓1,𝜔(0)

)︀
, 𝛽 = 0

ℎ−1 (𝑓1,𝜔(ℎ(𝛽 − 1))− 2𝑓1,𝜔(ℎ𝛽) + 𝑓1,𝜔(ℎ(𝛽+1))) , 1 ⩽ 𝛽 ⩽ 𝑁 − 1

ℎ−1
(︀
𝑓1,𝜔(ℎ(𝑁−1))− 𝑓1,𝜔(ℎ𝑁) + ℎ

2
𝑔𝜔
)︀
, 𝛽 = 𝑁.

(15)

4 Conclusion

In the present paper, we constructed an optimal quadrature formula in the sense of
Sard for the numerical evaluation of Hadamard-type hypersingular integrals with highly
oscillatory kernels in the Sobolev space 𝐿

(1)
2 (0, 1). The main result consists in deriving

explicit analytical expressions(15) for the coefficients of the optimal quadrature formula
of the form (2), ensuring minimal error in the corresponding norm.
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By the Sobolev method, we derived quadrature formulas that are optimal in the sense
of Sard in the Sobolev space 𝐿

(1)
2 (0, 1). The main contributions of this work are twofold:

first, we derived an explicit expression for the norm of the error functional associated
with the quadrature formula using the concept of extremal functions and the convolution
with the fundamental solution of a differential operator; second, we obtained closed-form
analytical expressions for the optimal coefficients of the quadrature formula through the
application of variational techniques and discrete operator theory.

References
[1] Boykov I., Roudnev V., Boykova A., Baulina O. 2018. New iterative method for solving

linear and nonlinear hypersingular integral equations. Appl. Numer. Math. – Vol. 127. –
P. 280–305.

[2] Guidong Liu and Shuhuang Xiang 2019. Clenshaw–Curtis-type quadrature rule for hyper-
singular integrals with highly oscillatory kernels. Applied Numerical Mathematics, – Vol.
141. – P. 251–266.

[3] Idrissa Kayijuka, Şerife Müge Ege, Ali Konuralp and Fatma Serap Topal 2020. Fast ap-

proximation of algebraic and logarithmic hypersingular type singular integrals with highly

oscillatory kernel. International Journal of Analysis and Applications, – Vol. 18. � 6. – P.
965–980.

[4] Haiyong Wang and Shuhuang Xiang 2017. Uniform approximations to Cauchy principal

value integrals of oscillatory functions. Journal of Computational and Applied Mathematics,
– Vol. 319. – P. 245–260.

[5] Shadimetov Kh.M., Akhmedov D.M. 2022. Optimal quadrature formulas for approximate

solution of the first kind singular integral equation with Cauchy kernel. Studia Universi-

tatis Babeş-Bolyai Mathematica, – Vol. 67. � 3. – P. 633–651. DOI: 10.24193/subb-
math.2022.3.15

[6] Shadimetov Kh.M., Akhmedov D.M. 2022. Approximate Solution of a Singular Integral

Equation Using the Sobolev Method. Lobachevskii Journal of Mathematics, – Vol.43, � 2,
– P. 496–505.

[7] Akhmedov D.M. 2023. Optimal Quadrature Formulas for Hadamard Type Singular Inte-

grals. Problems of Computational and Applied Mathematics, – Vol. 3. � 1(50). – P.
173–182.

[8] Akhmedov D.M. 2023. Optimal approximation of the Hadamard hypersingular integrals.
Uzbek Mathematical Journal, – Vol.67. � 3. – P. 5–12. DOI: 10.29229/uzmj.2023-3-1

[9] Shadimetov Kh.M., Akhmedov D.M. 2024. Numerical Integration Formulas for Hypersin-

gular Integrals. Numerical Mathematics: Theory, Methods and Applications, – Vol. 17.
� 3. – P. 805–826. DOI: 10.4208/nmtma.OA-2024-0028

[10] Shadimetov Kh.M., Akhmedov D.M. 2024. An optimal approximate solution of the I kind

Fredholm singular integral equations. Filomat, – Vol. 38. � 30. – P. 10765–10796. DOI:
10.2298/FIL2430765S

[11] Weimin Han, Kendall E. Atkinson 2009. Theoretical Numerical Analysis: A Functional

Analysis Framework. Springer, 2nd edition, New York.

[12] Sobolev S.L. 1974. Introduction to the Theory of Cubature Formulas. Nauka, Moscow

[13] Shadimetov Kh.M. 2019. Optimal Lattice Quadrature and Cubature Formulas in Sobolev

Spaces. Fan and Technology, Tashkent.



74 Ахмедов Д.М., Бувашеров Д.С.

УДК 519.644.3

ОПТИМАЛЬНАЯ КВАДРАТУРНАЯ ФОРМУЛА ДЛЯ
ГИПЕРСИНГУЛЯРНЫХ ИНТЕГРАЛОВ ТИПА АДАМАРА

С ВЫСОКОЙ ОСЦИЛЛЯЦИЕЙ В ПРОСТРАНСТВЕ
СОБОЛЕВА

1,2Ахмедов Д.М., 1*Бувашеров Д.С.
*dilshodbuvasherov@gmail.com

1Институт математики им. В.И. Романовского АН РУз, 100174, Узбекистан, г. Ташкент,
ул. Университетская, д. 9;

2Ташкентский международный университет, 100114, Узбекистан, Ташкент, ул. Малая
кольцевая дорога, 7.

В данной работе рассматривается проблема построения оптимальных квадратур-
ных формул для численного вычисления гиперсингулярных интегралов типа Адама-
ра с высокой осцилляцией. Такие интегралы часто возникают при анализе краевых
задач для дифференциальных уравнений в частных производных, особенно в гипер-
болических и волновых моделях, а также в различных прикладных областях, таких
как теория упругости, гидродинамика и рассеяние электромагнитных волн. Нашей
основной задачей является вывод аналитических выражений для коэффициентов
оптимальной квадратурной формулы, адаптированной к структуре сингулярного
и осциллирующего ядра. Цель состоит в достижении минимальной погрешности
в строгом смысле путем построения формул, которые являются оптимальными в
смысле Сарда, то есть минимизируют наихудшую погрешности в заданном классе
функций. С этой целью мы разрабатываем оптимальную квадратурную формулу
вида (2) в пространстве Соболева, применяя метод Соболева для построения опти-
мальных квадратурных формул. Этот метод использует вариационные принципы
и операторные инструменты для систематического минимизирования нормы функ-
ционала погрешности. Полученные формулы хорошо приспособлены для работы со
сложной комбинацией гиперсингулярности и осцилляции и обладают как теорети-
ческой оптимальностью, так и практическими вычислительными преимуществами.

Ключевые слова: пространство Соболева, метод Соболева, сингулярные интегра-
лы, гиперсингулярные интегралы, функционал погрешности, оптимальные квадра-
турные формулы, оценка погрешности
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