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This paper addresses the problem of constructing optimal quadrature formulas for
the numerical evaluation of Hadamard-type hypersingular integrals with hihg oscillation.
Such integrals frequently arise in the analysis of boundary-value problems for partial dif-
ferential equations, particularly in hyperbolic and wave-type models, as well as in various
applied fields such as elasticity theory, fluid dynamics, and electromagnetic scattering.
Our primary focus is on deriving the analytical expressions for the coefficients of an op-
timal quadrature formula tailored to the structure of the singular and oscillatory kernel.
The goal is to achieve minimal error in a rigorous sense by constructing formulas that
are optimal in the sense of Sard, meaning that they minimize the worst-case error over
a specified function class. To this end, we develop an optimal quadrature formula of
the form (2) in the Sobolev space, applying the Sobolev method for constructing optimal
quadrature formulas. This method leverages variational principles and operator-theoretic
tools to systematically minimize the norm of the error functional. The resulting formulas
are well-adapted to handle the challenging combination of hypersingularity and oscilla-
tion, and they offer both theoretical optimality and practical computational advantages.
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1 Introduction

Many problems in science and engineering naturally reduce to singular integral equa-
tions [1]. In particular, plane problems are often reduced to one-dimensional singular
integral equations. The theory of one-dimensional singular integral equations is well de-
veloped. It is known that the solutions of such equations can often be expressed in terms
of singular integrals. Hadamard-type hypersingular integrals with high oscillations is very
difficult to approximate using any standard methods. Therefore, the accurate numerical
approximation of hypersingular integrals [2-4] is a significant and relevant problem in
numerical analysis. Let f(x) is a smooth function on the interval [0, 1]
Definition 1. The Hadamard-type finite part of the integral
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is defined as

b
f(z)dx flz)dz  &(x)
= /(:n—t)ﬁ/(x—t)“ = |

a t+e

where £(z) is a function chosen so as to provide the existence of the limit above, t € (0, 1)
denotes the singularity. The notation f.p. represents the finite part of the integral.
In some cases, it is more convenient to use the following equivalent definition.
Definition 2. Let f(z) € Lél)(O, 1). First order hypersingular integral is defined by

1
O/x—t dt/f

We define f(z) as f(z) = e*™ p(x). The integral exists if the function ¢(z) satisfies
Hélder’s condition on [0, 1] which means
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There has been increasing interest in finite part integrals with high oscillation. Several
methods have been developed for the calculation of this type of integrals. They are
the fast Hermite interpolation [2]|, Gauss-related quadrature rule 3], interpolating f(x)
at practical Chebyshev points and subtracting out the singularity [4]. In the following
works [5-10] quadrature formulas constructe for approximating Cauchy type singular and
hypersingular integrals in the Sobolev space. We construct optimal quadrature formula
for Hadamard-type of singular integrals.

The paper is organized as follows:

In Section 2, We find the norm of the error functional by using extremal function
introduced by S.L.Sobolev.

In Section 3, We find optimal coefficients of the quadrature formula by Sobolev method.

In Section 4, we give the conclusions of our study.

2 The statement of the problem

In the present work we construct the optimal quadrature formula for the integral

B / 2™ (1) dx
I=fp. / e o

Consider the quadrature formula for (1)

[ESE =S Ao, ®
/ (x —t) o
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where 0 < t < 1, €27 ig the weight function, h = ~» IV is a natural number, x5 = hf3
are the nodes of quadrature formula, 5 = 0, N, and gp( ) belongs to the Sobolev space
Lgl)(O, 1), w# 0. Ap are the coefficients of the quadrature formula (2).



An optimal quadrature formula . .. 67

The difference between the integral and the quadrature sum

1

62mwx
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is called the error of the quadrature formula (2).

The space LS)(O, 1) is a Hilbert space and the inner product of two functions is defined

as
1

(o, 9) = / o () T (@)de,

0

where the function 1 is the complex conjugate function of the function . The norm of
the function is defined by the formula

1

Il = o = [ @i da.

0

From (3) we get the following result
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The error functional that corresponds to the error has the form

2miwx N

WA) CT S b (), 4)

(x - t>2 8=0

RN(LE') =

where €11() is the indicator function of the interval [0, 1], 6(x) is Dirac’s delta-function.
The quadrature formula is exact on constant functions, i.e.,

N

(R, 1) =0 = /0 Ry(a)de =0 =Y 4, = /0 %dm. (5)

k=0

From Ag = Af +iA} and e*™* = cos(2mwz) 4 isin(2rwz) equalities we get
Z A% — / cos(2mwz) iz,
(x —1t)?
Z Al = / sin(2mwz) .
(x —t)?

We find the form of the norm of the error functional by using Riesz’s theorem on the
general form of a linear continuous functional in a Hilbert space.

(6)
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Theorem [11]. (RIESZ REPRESENTATION THEOREM) Let V' be a real or complex
Hilbert space, £ € V'. Then there is a unique uw € V' for which {(v) = (v,u) Yv € V. In
addition, ||¢|| = ||ul.

That is, for any linear continuous functional defined on a Hilbert space, there exists a
unique element 1) in this space such that the following identity holds for all ¢ € L1(0,1):

((Bx, )| = (Vry, ),

and
BN ) o+ = 1Ryl 0 (7)

So, in order to find the norm of the error functional, we need to determine the function
Y. For this, we utilize the extremal function concept introduced by S.L. Sobolev.
Definition (S.L. Sobolev) [12]. The following equality

(R, VRy) = HRNHLgU*(o,l) ' WRNHL(;)(OJ)’ (8)

is satisfied, and the function v¢p, that achieves this is called the extremal function.
From expressions (7) and (8), we have the following equality:

Thus, the norm of the error functional is calculated as:

RN 20 ) = (s ) (9)

In the space Lgl)(O, 1), the extremal function 1, corresponding to the error functional
¢ was found by S.L. Sobolev and is given by:

Vry () = —(By(2) * Gi(2) + Fo(z)), (10)
where .

G1(z) is the fundamental solution of the 2"¢ order differential operator, satisfying:

d2
ﬁGl( z) = 6(x),
and Ry(z) — Ry(z) is the adjoint functional, and P, is a zero-degree algebraic polyno-
mial(constant).
Now, in the space Lg)((), 1), we can compute the norm of the error functional using
the extremal function from (10). From equations (9) and (5), we get:

||RN||ig2>*(0,1) = (Rn(2), YRy @) = /0 Ry(x) - (Ry(z) * Gi(z) + Po(2)) dov =

/ Ry(z) - (R (z) * Gu(x) dx—i—/ Ru(z) - Py(2)dz = (R(z), B (2) * i (2)).
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2.1 Compute the Convolution Ry(z) *x G1(z)

We are given:

Tiwz N
(@) = x.81§n( >7 Ry(z) = ( : 7 epo,1)( )—;Aﬁ(s(x_m)
Then the convolution is:
(Pt C)(a) = | Tl Galo =) dy =
_ / (e —y)sien(e —y) 5 ;. [z = sl sign(e — z5)
0 2(y —t)? =0 2

2.2 Compute the Norm ||Ry|?

Using the inner product definition:

1Rx1?

10" 0.1) = (Ry, By x G1) = /0 Ry(z)(—Rn(z) * G1(z)) d.

We obtain following form of the norm

1 e27rzwa:
[RN]* = —/0 [—(x 0 epy(x ZA55 )

/1 e—27riwy($ y) SIgn T — Z A x — 55,3‘ . sign(x — xg) dz,
0 2(?/ - t) 2

After calculations we get

27rzw:v y)|$ . y| N 3 1 627riw:c|$ - h,y’
HRN”L(U ©01) |:/ / 2w — 12y —1)? dxdy—ZAy/O —2<l‘—t)2 dx—

_ZAB/ *Wﬂy hmd Ly th

B=0 v=0

After we expand all complex terms and compute the integrals, the imaginary parts
cancel due to symmetry and we obtain the following as one of the main results.

Theorem 1. The norm of the error functional (4) of the quadrature formula (2) in
the Sobolev space

! cos (2nw(z — y)) |z — y|
= dx dy—

Z /1 Af cos( 27rwx) + AB sm(27rwx)
_ —

ly — hB3| dy+ (11)

N

|k — hy|
(Af Al + aar) BEE
=0

D3

B=0 ~
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where Ag = Ag + Z'Aé. So the norm is real.

3 Optimal coefficients of the quadrature formula

Eventually, using the expressions above, the squared norm of the error functional
| Ry||* is written as a functional of the coefficients Af and A P? According to constraints
(5) and (6), the minimum of this functional with respect to A¥ and A} can be found using
the Lagrange multipliers method. To do this, we construct the Lagrange function:

9 cos( 27rwx
U (AR ALNE M) = | Ry||” — 207 </0 R ZAR>
! sin( 27rwa:
—2\! Aj
IE=10>

Then, we derive this function with respect to the unknowns A%, AL A% A and equate

to zero to obtain a system of linear equations.
Taking derivatives and setting them to zero we get following the system of equations

S Al N = f.(hB), B=0,1,...,N, (12
Z]ﬁvz() Aﬁ = gwa
where o
( e TIWT

9o = Jo ooz dr =
. Tiw n+1 _ A\ _(_+\n

= e2miwt (tQ t+2mwln——|—z (2miw) n((sllﬂt)), (=) )),

(13)

fl,w (hﬂ) — %627riwt

#(1
(1—|—2mw)ln( 5?)—&4-%—1—#—1—

Y, G (14 Zme ) (1= )+ (=) = 2(hB - £)")

\

Solution of the system give the optimal coefficients Ag, 3 = 0, N for the quadrature

formula minimizing the error in the Lgl)(O, 1) Sobolev space.

The system of equations given by (12) forms a solvable linear system with (N +
+ 2) unknowns, which gives the conditional minimum of HRNH2 . But finding its roots

from using ordinary methods are useless. So, we apply the Sobolev method to find the
coefficients of the optimal quadrature formula to the system (12).
We rewrite the system (12) in convolution form as:

hg
A*|2|+/\ frwlhs), B=0,....N
Ag=0, for<0,8>N
50 A

We proceed with further simplification
Ag = hD1(hg)  u(hj),
h
U(hpB) :Ag*|—f|+A
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Since the convolution with the discrete operator Dy (h5) [13| is determined, we need
to find the form of u(hp) for g € (—o00, ), given that

5207172a"'7N7 u(hﬁ):fl,w(h6>7
Definition 3. We define the convolution of two discrete argument functions ¢(hfg) and
Y(hp) as the scalar product as follows:

o0

p(hB) * p(hB) = [p(hy), Y(hB —hy)] = > @(hy)v(hB — h7).

y=—00

In addltlon to carry out calculations, we need the discrete analogue of the differential

operator -2 <3, denoted by D1 (hf3), which is defined by the following formula [13]:
0, 8] = 2
Dy(hB) = { h72, 8] =1,
—2h72, B =0.

Together with this, the discrete analogue of the differential operator -4
satisfies the following properties:

i.e., Dy(hp),

d27

ng|
7‘ = d(hp),

Dy ()« (hB)* =0, k=0,1.
Here, 0(h3) is the discrete delta function and

0 0
6mm={{ 2

Now, let us solve system (12). Then,

B<0, u(hB)=Agx* LU/ ZA ‘hﬂ mal |

Y (hB — hr) h
=> A, L A—§;A7+—2Av(m)+>\

=0
9w 14
where
| N
p=52 A ()
v=0
Then we have:
h( _
5<O:>u(hﬁ):—7~gw+u+>\, ag = p+ A,
hs

B>N=uhB)=— g,—pu—2X aj =—p+ A\

2



72 Akhmedov D.M., Buvasherov D.S.

Therefore,
—h—f-gw—i—aa, b <0,
u(hB) = { fiw(hB), 0<B <N, (14)
% ‘got+as, B>N.

From equality (14) and under the conditions = 0 and § = N that, we obtain the
following relations

ﬁ =0= (]Ja = fl,w(0)7

B=N=al = f.(hN) - %“.

Once the full expression for the function u(hf) is obtained, the coefficients Az of the
quadrature formula (2) can be explicitly determined.

Ag = hDy(hB) xu(hB) = h i AM(hB = hy) - u(hy) =

= h i Dy(hB = hy)u(hy) + > Di(hB =) fro(hy) + > Di(hB = hy)u(hy)| =
oo =0 y=N+1
= B[y Di(hf + hy)u(—h)+
30 DuB — ) i) + 3 Da(hB — BN +2)ulh(N + 7))L
At g =0:
Ao =17 (G fiult) = £10l0))

for 1<K N-1:

Aﬁ = h_l (fl,w(h(ﬁ - 1)) - 2f1,w(h6) + fl,w(h(ﬁ + 1))) 9
for = N:
An =07 (frw(h(N = 1)) + fio(AN) = g.)
It follows from the above that the following result holds.

Theorem 2. The coefficents A, of quadrature formula (2) with the error functional
(4) are determined by the following expressions:

h_l (%gw + fl,w(h) - fl,UJ(O)) ) 5 0
A = S (fro(h(B = 1)) = 2fiu(hB) + frw(h(B+1))), 1<B <N -1 (15)
ht (fl,w(h(N_1)> - fl,w(hN) + %gw> ) B =N.

4 Conclusion

In the present paper, we constructed an optimal quadrature formula in the sense of
Sard for the numerical evaluation of Hadamard-type hypersingular integrals with highly
oscillatory kernels in the Sobolev space Lgl)(O, 1). The main result consists in deriving
explicit analytical expressions(15) for the coefficients of the optimal quadrature formula

of the form (2), ensuring minimal error in the corresponding norm.
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By the Sobolev method, we derived quadrature formulas that are optimal in the sense
of Sard in the Sobolev space LS)(O, 1). The main contributions of this work are twofold:
first, we derived an explicit expression for the norm of the error functional associated
with the quadrature formula using the concept of extremal functions and the convolution
with the fundamental solution of a differential operator; second, we obtained closed-form
analytical expressions for the optimal coefficients of the quadrature formula through the
application of variational techniques and discrete operator theory.
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OIITUMAJIbHAYA KBAJIPATYPHAYA ®OPMVJIA HJIA
I'MITEPCUHTYJIAPHBIX MHTEI'PAJIOB TUIIA AJTAMAPA

C BBICOKOI OCIIMJIJIAIINEN B IIPOCTPAHCTBE
COBOJIEBA

12 Axmedos /.M., * Bysawepos /1.C.
*dilshodbuvasherov@gmail.com
"Yncturyr maremarnku uM. B.M. Pomanosckoro AH PY3, 100174, Y36exucran, r. Tamkent,
yii. YauBepcurerckas, . 9;
2TamkenTckuit MexKayHapoanbiil yausepcurer, 100114, Vibexucran, Tamxent, y1. Maast
KOJIbITEBAsT IOpOra, 7.

B nammoit pabore paccMaTpuBaeTcs mpobieMa mOCTPOEHUsT OMTUMATbHBIX KBAIPATYP-
HBIX (DOPMYJI JIJIST YUCTEHHOTO BBIUMC/ICHUSI THIEPCUHTYJISIDHBIX WHTETPAJIOB TUIa A 1ama-
Pa C BBICOKOI OCImLisinueil. Takue WHTerpasibl 9acTO BOSHUKAIOT MIPHU aHAJIN3E KPAEBBIX
zajad i guddepeHinaabHbIX YPaBHEHNH B YACTHBIX [IPOU3BO/IHBIX, OCOOEHHO B TUIIED-
HOIMYUECKUX W BOJTHOBBIX MOJIEISIX, & TAKKe B PA3IHYHBIX TPUKIAIHBIX 001aCTAX, TAKUX
KaK Teopus YOPYyTOCTH, TUAPOIUHAMUKA W paccedHne 3JeKTPOMArHUTHLIX BoH. Harmei
OCHOBHOI 33/1a49ell dBJIeTCA BBIBOJ| AHAJIUTUYECKUX BbIPaXKeHWi s KoadpdunmenTon
ONTUMAJIBHON KBaAPATypPHON (DOPMYJIBI, IANTHPOBAHHON K CTPYKTYPE CHHTYISPHOTO
¥ ochuIupyromero aapa. llegb cOCTONT B JOCTHKEHWUN MUHUMAJIBLHON TTOTPEITHOCTH
B CTPOI'OM CMBICJIE TIyTEM MOCTPOeHUsT (POPMYJI, KOTOPBIE SIBISIOTCH ONTUMAJBHBIMU B
cmbicsie Capja, TO ecTh MUHUMHU3UPYIOT HAUXYAIIYIO TTOIPEITHOCTH B 3a/IAHHOM KJIACCE
dyuknuii. C 3T0i eI MBI pa3pabaTbiBaeM OIMTUMAJBHYIO KB3JIPATYPHYH (DOPMYILY
Buga (2) B mpocrpanctee Cobonesa, npumenss meron Cobosesa g TOCTPOEHUS OIITH-
MaJIbHBIX KBaAPATYPHBIX (DOPMYJI. DTOT METON HCIOJB3YET BapUAIMOHHBIE TPUHITHITEI
U OIlepaTOPHbIE HHCTPYMEHTHI [JIsi CUCTEMATHYECKOT0 MUHUMU3UPOBAHUsT HOPMBI (DYHK-
nuroHaJsia morpertaoctu. llomyyernabie GOPMYIIBI XOPOIIO TPUCIIOCOOIEHBI i paboThl CO
CJIOKHOW KOMOMHAIMEN TMHEPCUHTYJIAPHOCTH U OCHM/IAAIMA U 00J1aJIal0T KaK TeOPeTH-

YeCKOit ONTUMAJBbHOCTBIO, TAK W NMPAKTUICCKUMU BBIYUCIUTEIbHBIMU TPEUMYIICCTBAMMN.

Kirouesnie caoBa: npocrpancteo Cobosesa, meros CobojieBa, CHHTYJISIPHBIE WHTETDA-
JIBI, TUTIEPCUHTY/ISIPHBIE WHTErPAJIBI, (DYHKIIMOHA TTOTPENTHOCTH, ONTUMAILHbBIE KBAIPa-

TypHBIe (POPMYJIbI, OIIEHKA [TOI'PENTHOCTH

IMuruposauue: Axmedos /.M., Bysawepos /I.C.OnrtumanbHas KBaaparypHasa dhop-
MyJIa JIJIsT TUIEPCHHTYISIPHBIX WHTETPAJOB THMa AjgaMapa ¢ BBICOKON ocruianmeil B
upocrpancree Cobosesa // TIpobiieMbl BEIMUCINTENBHON U IIPUKJIA/IHON MaTeMaTHKI. —

2025. — Ne4(68). — C.65-74.
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