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1 Introduction

The formulation of the boundary value problem of the theory of elasticity with respect
to stresses is an actual problem of applied mathematics and mathematical modeling. It
is known that model equations with respect to stresses are usually formulated within the
framework of the Saint-Venant compatibility equations. The Saint-Venant conditions,
using Hooke’s law and the equation of equilibrium, can be written in the form of Beltrami-
Michell equations. It is known that the boundary value problem in stresses consists of six
Beltrami-Michell differential equations, three equilibrium equations, and three boundary
conditions. In this case, problems of overdetermination of the number of equations and
insufficiency of boundary conditions arise. These problems underlie the research in the
field of formulation and numerical solution of boundary value problems with respect to
stresses.

The boundary value problem in stresses, in the three-dimensional case, was solved in
the work of Filonchenko-Borodich [9] by the variational method based on the expansion



Numerical solution of plane problems . . . 9

of the stress tensor in a series of trigonometric functions, etc. [11, 12, 20, 21]. In [16],
the Beltrami-Michell equations were solved using Fourier integral transformation. In [17,
19], for the solution of three-dimensional problems in stresses, functions of stress of the
Maxwell and Morera type were used, similar to the two-dimensional case.

In the works of Pobedrya [2, 3, 5], a new formulation of the boundary value problem
in stresses is proposed, where the equilibrium equations are considered as boundary con-
ditions. In a special case, the new formulation follows from the classical Beltrami-Michell
equations. The works [10, 13] are also devoted to the study of the new boundary value
problem of Pobedri in stresses. The issues of the existence and uniqueness of the solution
of boundary value problems in stresses, and the equivalence of new and classical formu-
lations are considered in the following works [8, 15]. Dynamic boundary value problems
with respect to stresses are considered in the works of Konovalov [14]. Two-dimensional
problems in stresses are usually solved by introducing the potential of the stress function
of Eri satisfying the equilibrium equations and is reduced to solving the biharmonic equa-
tion [4, 17]. In [22], a method for solving the three-dimensional problem of elastoplastic
deformation of a transversely isotropic body using the finite element method (FEM) is
presented. As an example, a solution to the problem of deforming a fiber composite in
the shape of a rectangle with a system of round holes is given.

This work is devoted to the formulation and numerical solution of the plane problem of
the theory of elasticity directly with respect to stresses. The plane problem based on the
Beltrami-Michell equations is formulated in two variants. At the same time, it consists of
two equilibrium equations, and one Beltrami-Michell equation, and two boundaries and
one additional conditions on each side of the rectangle. Discrete equations are constructed
by the finite-difference method, and are solved by the iterative method and the marching
method.

2 Boundary value problem in elasticity in stresses

It is known that the boundary value problem of the theory of elasticity in stresses
consists of the equilibrium equation, the Beltrami-Michell equation, and the corresponding
boundary conditions [1, 2]. In the absence of body forces, the boundary value problem
takes the form

𝜎𝑖𝑗,𝑗 = 0 , (1)

∇2 𝜎𝑖𝑗 +
1

1 + 𝑣
𝑆,𝑖𝑗 = 0, 𝑆 = 𝜎𝑘𝑘, (2)

𝜎𝑖𝑗𝑛𝑗|∑︀
1
= 𝑆𝑖. (3)

Where 𝑆𝑖− is the surface load,
∑︀

− is the surface of the volume V consisting of two
parts

∑︀
1−,

∑︀
2−, 𝑛𝑖− is the components of the external normal to the surface

∑︀
, 𝑣− is

the Poisson’s ratio, ∇2− is the Laplace operator.
The system of equations (1-3) consists of six Beltrami-Michell equations and three

equilibrium equations with the corresponding boundary conditions. Clearly, the number
of differential equations is equal to nine, and the boundary conditions are three, and the
boundary value problem is open.

According to the studies of Pobedrya [2, 5, 8], considering the equilibrium equation on
the boundary of a given domain as a boundary condition, i.e.

𝜎𝑖𝑗,𝑗

⃒⃒⃒
Σ
= 0. (4)
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This, in combination with the equations (1-3), represents the boundary value problem of
the theory of elasticity in stresses. Note that considering the equilibrium equation on the
boundary of the given domain V allows us to formulate the boundary value problem of
the theory in a closed form with respect to stresses.

3 Plane problem of the theory of elasticity in stresses

In the case of plane stress (𝜎𝑧𝑧 = 𝜎𝑧𝑦 = 𝜎𝑧𝑥), equations (1-3) take the following form:

𝜕𝜎𝑥
𝜕𝑥

+
𝜕𝜎𝑥𝑦
𝜕𝑦

= 0, (5)

𝜕𝜎𝑦
𝜕𝑦

+
𝜕𝜎𝑥𝑦
𝜕𝑥

= 0, (6)

𝜕2𝜎𝑥𝑦
𝜕𝑥2

+
𝜕2𝜎𝑥𝑦
𝜕𝑦2

+
1

1 + 𝑣
(
𝜕2𝜎𝑥
𝜕𝑥𝜕𝑦

+
𝜕2𝜎𝑦
𝜕𝑥𝜕𝑦

) = 0, (7)

with boundary conditions
(𝜎𝑥𝑛1 + 𝜎𝑥𝑦𝑛2)| Γ = 𝑆1,

(𝜎𝑥𝑦𝑛1 + 𝜎𝑦𝑛2)| Γ = 𝑆2,
(8)

and, with additional boundary conditions

(
𝜕𝜎𝑥
𝜕𝑥

+
𝜕𝜎𝑥𝑦
𝜕𝑦

)

⃒⃒⃒⃒
Γ

= 0 ,

(
𝜕𝜎𝑦
𝜕𝑦

+
𝜕𝜎𝑥𝑦
𝜕𝑥

)

⃒⃒⃒⃒
Γ

= 0.

(9)

Thus, equations (5-9) represent a plane boundary value problem of the theory of
elasticity in stresses (Problem A), which can be solved numerically directly with respect
to stresses. By differentiating equations (5) and (6), respectively, with respect to x and
the second with respect to y, the following boundary value problem in stresses (Problem
B) can be formulated.

𝜕2𝜎𝑥
𝜕𝑥2

+
𝜕2𝜎𝑥𝑦
𝜕𝑥𝜕𝑦

= 0, (10)

𝜕2𝜎𝑦
𝜕𝑦2

+
𝜕2𝜎𝑥𝑦
𝜕𝑥𝜕𝑦

= 0, (11)

𝜕2𝜎𝑥𝑦
𝜕𝑥2

+
𝜕2𝜎𝑥𝑦
𝜕𝑦2

+
1

1 + 𝑣
(
𝜕2𝜎𝑥
𝜕𝑥𝜕𝑦

+
𝜕2𝜎𝑦
𝜕𝑥𝜕𝑦

) = 0. (12)

But the boundary conditions are the same as in problem A (8-9). Note that the order of
approximation of the finite-difference equations (10-11) is higher than that of (5-6). Let
problems A and B be considered in a rectangular region and the plate is under tensile
forces on two sides along the OX axis, the other sides are free of loads, i.e.

𝑓𝑜𝑟 : 𝑥 = ±𝑎 : 𝜎𝑥|𝑥=±𝑎 = 𝑆, 𝜎𝑥𝑦|𝑥=±𝑎 = 0, (13)

𝑓𝑜𝑟 : 𝑦 = ±𝑏 : 𝜎𝑦|𝑦=±𝑏 = 0, 𝜎𝑥𝑦|𝑦=±𝑏 = 0. (14)

In this case, the additional boundary conditions (9) for a rectangular domain are as follows

𝑓𝑜𝑟 : 𝑥 = ±𝑎 :

[︂
𝜕𝜎𝑦
𝜕𝑦

]︂
|𝑥=±𝑎 = −

[︂
𝜕𝜎𝑥𝑦
𝜕𝑥

]︂
|𝑥=±𝑎 , (15)
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𝑓𝑜𝑟 : 𝑦 = ±𝑏 :
[︂
𝜕𝜎𝑥
𝜕𝑥

]︂
|𝑦=±𝑏 = −

[︂
𝜕𝜎𝑥𝑦
𝜕𝑦

]︂
|𝑦=±𝑏. (16)

Thus, it is not difficult to see from the relations (13-16) that there are three boundary
conditions on each side of the rectangle.

4 Finite-difference equations for the plane problem of the theory

of elasticity in stresses

Let boundary value problem A (5-9) be considered in a rectangle with side lengths
𝑙1 = 2𝑎 and 𝑙2 = 2𝑏. By dividing the lengths of the sides of the rectangle into 𝑁𝑘, we can
find the grid step ℎ𝑘 = 𝑙𝑘/𝑁𝑘, 𝑘 = 1, 2 along the coordinate axes. Then the coordinates
of the nodal points have the form 𝑥𝑖 = −𝑎 + 𝑖ℎ1(𝑖 = 0, 𝑛1), 𝑦𝑗 = −𝑏 + 𝑗ℎ2 (𝑗 =
= 0, 𝑛2) [3, 6]. Replacing the derivatives in equations (5-7) with the corresponding finite
difference relations, we can find that.

𝜎𝑥
𝑖+1,𝑗 − 𝜎𝑥

𝑖,𝑗

ℎ1
+
𝜎𝑥𝑦
𝑖,𝑗+1 − 𝜎𝑥𝑦

𝑖,𝑗−1

2ℎ2
= 0, (17)

𝜎𝑦
𝑖,𝑗+1 − 𝜎𝑦

𝑖,𝑗

ℎ2
+
𝜎𝑥𝑦
𝑖+1,𝑗 − 𝜎𝑥𝑦

𝑖−1,𝑗

2ℎ1
= 0, (18)

𝜎𝑥𝑦
𝑖+1,𝑗 − 2𝜎𝑥𝑦

𝑖𝑗 + 𝜎𝑥𝑦
𝑖−1,𝑗

ℎ21
+
𝜎𝑥𝑦
𝑖,𝑗+1 − 2𝜎𝑥𝑦

𝑖𝑗 + 𝜎𝑥𝑦
𝑖,𝑗−1

ℎ22
+

+
1

1 + 𝑣
{
𝜎𝑥
𝑖+1,𝑗+1 − 𝜎𝑥

𝑖−1,𝑗+1 − 𝜎𝑥
𝑖+1,𝑗−1 + 𝜎𝑥

𝑖−1,𝑗−1

4ℎ1ℎ2
+

+
𝜎𝑦
𝑖+1,𝑗+1 − 𝜎𝑦

𝑖−1,𝑗+1 − 𝜎𝑦
𝑖+1,𝑗−1 + 𝜎𝑦

𝑖−1,𝑗−1

4ℎ1ℎ2
} = 0.

(19)

Replacing the first term in equation (17) with the left boundary condition, we can find
that

𝜎𝑥
𝑖,𝑗 − 𝜎𝑥

𝑖−1,𝑗

ℎ1
+
𝜎𝑥𝑦
𝑖,𝑗+1 − 𝜎𝑥𝑦

𝑖,𝑗−1

2ℎ2
= 0. (20)

From the equations (17) and (20), we can find that

2𝜎𝑥
𝑖𝑗 = 𝜎𝑥

𝑖+1,𝑗 + 𝜎𝑥
𝑖−1,𝑗. (21)

Similarly, from equation (18), we find that

2𝜎𝑦
𝑖𝑗 = 𝜎𝑦

𝑖,𝑗+1 + 𝜎𝑦
𝑖,𝑗−1. (22)

Solving the finite-difference equations (19-21) and (22) with respect to 𝜎𝑥
𝑖𝑗, 𝜎

𝑦
𝑖𝑗 and 𝜎𝑥𝑦

𝑖𝑗

and taking the following renaming’s of 𝜎𝑥
𝑖𝑗 = 𝜎

(𝑘)

𝑥𝑖𝑗
, 𝜎𝑦

𝑖𝑗 = 𝜎
(𝑘)

𝑦𝑖𝑗
and 𝜎𝑥𝑦

𝑖𝑗 = 𝜎
(𝑘)

𝑥𝑦𝑖𝑗
the following

relationships can be found:

𝜎
(𝑘+1)

𝑥𝑖𝑗
=
𝜎
(𝑘)

𝑥𝑖+1,𝑗 + 𝜎
(𝑘)

𝑥𝑖−1,𝑗

2
, (23)

𝜎
(𝑘+1)

𝑦𝑖𝑗
=
𝜎
(𝑘)

𝑦𝑖,𝑗+1 + 𝜎
(𝑘)

𝑦𝑖,𝑗−1

2
, (24)
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𝜎
(𝑘+1)

𝑥𝑦𝑖𝑗
= {

𝜎
(𝑘)

𝑥𝑦𝑖+1,𝑗 + 𝜎
(𝑘)

𝑥𝑦𝑖−1,𝑗

ℎ21
+
𝜎
(𝑘)

𝑥𝑦𝑖,𝑗+1 + 𝜎
(𝑘)

𝑥𝑦𝑖,𝑗−1

ℎ22
+

+
1

1 + 𝑣
{
𝜎
(𝑘)

𝑥𝑖+1,𝑗+1 − 𝜎
(𝑘)

𝑥𝑖−1,𝑗+1 − 𝜎
(𝑘)

𝑥𝑖+1,𝑗−1 + 𝜎
(𝑘)

𝑥𝑖−1,𝑗−1

4ℎ1ℎ2
+

+
𝜎
(𝑘)

𝑦𝑖+1,𝑗+1 − 𝜎
(𝑘)

𝑦𝑖−1,𝑗+1 − 𝜎
(𝑘)

𝑦𝑖+1,𝑗−1 + 𝜎
(𝑘)

𝑦𝑖−1,𝑗−1

4ℎ1ℎ2
}}/ { 2

ℎ21
+

2

ℎ22
}.

(25)

where the indices are changed in the interior points, i.e., 1 ⩽ 𝑖 ⩽ 𝑛1−1 , 1 ⩽ 𝑗 ⩽ 𝑛2−1,
and k is iteration number.

According to (13) and (14), the boundary conditions are as follows:

𝑓𝑜𝑟 : 𝑥 = ∓𝑎 :

𝜎(0)
𝑥 0𝑗 = 𝑆, 𝜎(0)

𝑥𝑦 0𝑗
= 0,

𝜎(0)
𝑥 𝑁1𝑗

= 𝑆, 𝜎(0)
𝑥𝑦 𝑁1𝑗

= 0,

(26)

𝑓𝑜𝑟 : 𝑦 = ∓𝑏 :
𝜎(0)

𝑦 𝑖0
= 0, 𝜎(0)

𝑥𝑦 𝑖0
= 0,

𝜎(0)
𝑦 𝑖𝑁2

= 0, 𝜎(0)
𝑥𝑦 𝑖𝑁2

= 0.

(27)

Additional boundary conditions (13-14) with respect to nodal points have the form:
for 𝑥 = ∓𝑎 :

𝜎(0)
𝑦 0𝑗

= 𝜎(0)
𝑦 0,𝑗+1

+ ℎ2
𝜎(0)

𝑥𝑦 1𝑗
− 𝜎(0)

𝑥𝑦 0𝑗

ℎ1
,

𝜎(0)
𝑦 0𝑗

= 𝜎(0)
𝑦 𝑛1,𝑗+1

+ ℎ2
𝜎(0)

𝑥𝑦 𝑛1,𝑗
− 𝜎(0)

𝑥𝑦 𝑛1−1,𝑗

ℎ1
,

(28)

for 𝑦 = ∓𝑏 :

𝜎(0)
𝑥 𝑖0

= 𝜎(0)
𝑥 𝑖+1,0

+ ℎ1
𝜎(0)

𝑥𝑦 𝑖1
− 𝜎(0)

𝑥𝑦 𝑖0

ℎ2
,

𝜎(0)
𝑥 𝑖𝑛2

= 𝜎(0)
𝑥 𝑖+1,𝑛2

+ ℎ1

𝜎(0)
𝑥𝑦 𝑖𝑛2

− 𝜎(0)
𝑥𝑦 𝑖,𝑛2−1

ℎ2
.

(29)

The finite-difference equations (23-29) can be solved using an iterative method.
The finite-difference equations of problem B (10-12), similarly to problem A, can be

written in the following form:

𝜎𝑥
𝑖+1,𝑗 − 2𝜎𝑥

𝑖,𝑗 + 𝜎𝑥
𝑖−1,𝑗

ℎ1
2 +

𝜎𝑥𝑦
𝑖+1,𝑗+1 − 𝜎𝑥𝑦

𝑖+1,𝑗−1 − 𝜎𝑥𝑦
𝑖−1,𝑗+1 + 𝜎𝑥𝑦

𝑖−1,𝑗−1

4ℎ1ℎ2
= 0, (30)

𝜎𝑦
𝑖,𝑗+1 − 2𝜎𝑦

𝑖,𝑗 + 𝜎𝑦
𝑖,𝑗−1

ℎ2
2 +

𝜎𝑥𝑦
𝑖+1,𝑗+1 − 𝜎𝑥𝑦

𝑖−1,𝑗+1 − 𝜎𝑥𝑦
𝑖−1,𝑗−1 + 𝜎𝑥𝑦

𝑖+1,𝑗+1

4ℎ1ℎ2
= 0, (31)

𝜎𝑥𝑦
𝑖+1,𝑗 − 2𝜎𝑥𝑦

𝑖𝑗 + 𝜎𝑥𝑦
𝑖−1,𝑗

ℎ21
+
𝜎𝑥𝑦
𝑖,𝑗+1 − 2𝜎𝑥𝑦

𝑖𝑗 + 𝜎𝑥𝑦
𝑖,𝑗−1

ℎ22
+

+
1

1 + 𝑣
{
𝜎𝑥
𝑖+1,𝑗+1 − 𝜎𝑥

𝑖−1,𝑗+1 − 𝜎𝑥
𝑖+1,𝑗−1 + 𝜎𝑥

𝑖−1,𝑗−1

4ℎ1ℎ2
+

+
𝜎𝑦
𝑖+1,𝑗+1 − 𝜎𝑦

𝑖−1,𝑗+1 − 𝜎𝑦
𝑖+1,𝑗−1 + 𝜎𝑦

𝑖−1,𝑗−1

4ℎ1ℎ2
} = 0.

(32)
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Solving the finite difference equations (30, 31) and (32) for 𝜎𝑥
𝑖𝑗, 𝜎

𝑦
𝑖𝑗 and 𝜎

𝑥𝑦
𝑖𝑗 , and taking

the following notations 𝜎𝑥
𝑖𝑗 = 𝜎

(𝑘)

𝑥𝑖𝑗
, 𝜎𝑦

𝑖𝑗 = 𝜎
(𝑘)

𝑦𝑖𝑗
, and 𝜎𝑥𝑦

𝑖𝑗 = 𝜎
(𝑘)

𝑥𝑦𝑖𝑗
, we can find, respectively

𝜎
(𝑘+1)

𝑥𝑖,𝑗
= (

𝜎
(𝑘)

𝑥𝑖+1,𝑗 + 𝜎
(𝑘)

𝑥𝑖−1,𝑗

ℎ1
2 +

𝜎
(𝑘)

𝑥𝑦𝑖+1,𝑗+1 − 𝜎
(𝑘)

𝑥𝑦𝑖+1,𝑗−1 − 𝜎
(𝑘)

𝑥𝑦𝑖−1,𝑗+1 + 𝜎
(𝑘)

𝑥𝑦𝑖−1,𝑗−1

4ℎ1ℎ2
)/(

2

ℎ1
2 ),

(33)

𝜎
(𝑘+1)

𝑦𝑖,𝑗
= (

𝜎
(𝑘)

𝑦𝑖+1,𝑗 + 𝜎
(𝑘)

𝑦𝑖−1,𝑗

ℎ2
2 +

𝜎
(𝑘)

𝑥𝑦𝑖+1,𝑗+1 − 𝜎
(𝑘)

𝑥𝑦𝑖+1,𝑗−1 − 𝜎
(𝑘)

𝑥𝑦𝑖−1,𝑗+1 + 𝜎
(𝑘)

𝑥𝑦𝑖−1,𝑗−1

4ℎ1ℎ2
)/(

2

ℎ2
2 ),

(34)

𝜎
(𝑘+1)

𝑥𝑦𝑖𝑗
= {

𝜎
(𝑘)

𝑥𝑦𝑖+1,𝑗 + 𝜎
(𝑘)

𝑥𝑦𝑖−1,𝑗

ℎ21
+
𝜎
(𝑘)

𝑥𝑦𝑖,𝑗+1 + 𝜎
(𝑘)

𝑥𝑦𝑖,𝑗−1

ℎ22
+

+
1

1 + 𝑣
{
𝜎
(𝑘)

𝑥𝑖+1,𝑗+1 − 𝜎
(𝑘)

𝑥𝑖−1,𝑗+1 − 𝜎
(𝑘)

𝑥𝑖+1,𝑗−1 + 𝜎
(𝑘)

𝑥𝑖−1,𝑗−1

4ℎ1ℎ2
+

+
𝜎
(𝑘)

𝑦𝑖+1,𝑗+1 − 𝜎
(𝑘)

𝑦𝑖−1,𝑗+1 − 𝜎
(𝑘)

𝑦𝑖+1,𝑗−1 + 𝜎
(𝑘)

𝑦𝑖−1,𝑗−1

4ℎ1ℎ2
}}/ { 2

ℎ21
+

2

ℎ22
}.

(35)

Boundary conditions have the same form (26-28). Finite-difference equations (33-35) can
be solved by the iterative method.

To solve problem B, the method of alternating directions can be applied within the
framework of the marching method. For this purpose, the finite-difference equations (33-
35) can be written in the following form:

𝑎𝑖𝜎
𝑥
𝑖+1,𝑗 + 𝑏𝑖𝜎

𝑥
𝑖,𝑗 + 𝑐𝑖𝜎

𝑥
𝑖−1,𝑗 = 𝑓𝑥

𝑖𝑗,

𝑎̇𝑖𝜎
𝑦
𝑖,𝑗+1 + 𝑏̇𝑖𝜎

𝑦
𝑖,𝑗 + 𝑐̇𝑖𝜎

𝑦
𝑖,𝑗−1 = 𝑓 𝑦

𝑖𝑗,

𝑎̈𝑖𝜎
𝑥𝑦
𝑖+1,𝑗 + 𝑏̈𝑖𝜎

𝑥𝑦
𝑖,𝑗 + 𝑐𝑖𝜎

𝑥𝑦
𝑖−1,𝑗 = 𝑓𝑥

𝑖𝑗,

𝑎̈𝑖𝜎
𝑥𝑦
𝑖+1,𝑗 + 𝑏̈𝑖𝜎

𝑥𝑦
𝑖,𝑗 + 𝑐𝑖𝜎

𝑥𝑦
𝑖−1,𝑗 = 𝑓 𝑦

𝑖𝑗.

(36)

Thus, the solution of problem B is reduced to the sequential application of the marching
method for the system of four equations (36). In this case, the initial parameters of the
marching method are determined according to the boundary conditions (26-28).

5 Numerical examples

This section is devoted to the numerical solution and justification of the validity of
the formulated boundary value problems A and B with respect to stresses. The finite
difference equations of boundary value problems A and B were solved using the iterative
and the marching methods. The problem of stretching a rectangular plate with a parabolic
load was solved and the numerical results obtained by different methods were compared.

Let a rectangular plate of size 𝑙1 = 2𝑎, 𝑙2 = 2𝑏 be under the action of a parabolic load
applied to the opposite sides perpendicular to the axis 𝑂𝑋. The other sides are free of
loads. This problem, using the Airy function and the condition of minimizing the strain
energy, was solved in the work of Timoshenko and Goodier [4].

In our case, this problem is formulated as boundary value problems A (5-7) and B (10-
12) with corresponding boundary (8) and additional (9) boundary conditions. Boundary
(8) in the case of a tensile parabolic load has the

𝑓𝑜𝑟 : 𝑥 = ±𝑎 : 𝜎𝑥𝑥 = 𝑆0(1−
𝑦2

𝑎2
), 𝜎𝑥𝑦 = 0,

𝑓𝑜𝑟 : 𝑦 = ±𝑏 : 𝜎𝑦𝑦 = 0, 𝜎𝑥𝑦 = 0.
(37)
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Figure 1 Rectangular plate under parabolic load

In this case, the initial data had the following values 𝜆 = 0.78, 𝜇 = 0.5, 𝑎 = 1,
𝑏 = 1, ℎ1 = ℎ2 = 0.2.

The first two rows of Table 1 show the values of the stresses 𝜎𝑥𝑥 at the section 𝑥 = 0,
obtained by solving problems A [12] and B by the iterative method. The third row of
Table 1 shows the numerical results of problem B obtained by the method of alternating
directions within the framework of the marching method. The fourth row shows the
solutions found by Timoshenko-Goodier [4] by the variational method. The closeness of
the results obtained shows the validity of the formulated boundary value problems A and
B in stresses, as well as the methods of their numerical solution. Taking into account
the symmetry conditions, the table shows the numerical results for one quarter of the
rectangle.

Table 1. Values of the stresses

6 Conclusion

Within the framework of the Beltrami-Michell equations, two planar boundary value
problems (A and B) of the theory of elasticity in stresses are formulated. The first
boundary value problem A consists of two equilibrium equations, and one Beltrami-Michell
equation with the corresponding boundary and additional boundary conditions. The
additional boundary conditions are obtained on the basis of the equilibrium equations. In
the case of the planar boundary value problem B, the differentiated equilibrium equations
are used in the formulation of the boundary value problem, respectively with respect to
x and y. The discrete equations are composed by the finite-difference method and solved
by the iterative method and the successive application of the marching method.

The numerical solution of the problem of the equilibrium of a rectangular plate under
the action of a parabolic load applied to the opposite sides is solved. The validity of the
formulated problems and the reliability of the numerical results are ensured by comparison
with the known solutions of Timoshenko-Goodier.
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УДК 519.63

СРАВНИТЕЛЬНЫЙ АНАЛИЗ ЧИСЛЕННЫХ МЕТОДОВ
РЕШЕНИЯ ЗАДАЧ ТЕОРИИ УПРУГОСТИ В

НАПРЯЖЕНИЯХ
1Халджигитов А., 1Адамбаев У., 1*Тиловов О., 2Рахмонова Р.,

2Махмадиерова М.
*otajontilovov95@gmail.com

1Национальный университет Узбекистана имени Мирзо Улугбека,
100174, Узбекистан, Ташкент, ул. Университетская, 4;

2Самаркандский филиал Ташкентского университета информационных
технологий 140100, Узбекистан, Самарканд, ул. Шохрух Мирзо 47А.

Обычно, решение плоской задача теории упругости в напряжениях сводится к
решению бигармонического уравнения относительно функции напряжений Эри. В
данной работе, сформулированы два ( А и В) варианта плоских краевых задач тео-
рии упругости непосредственно относительно напряжений. В первом случае(А) кра-
евая задача состоит из двух уравнений равновесия, и одного уравнения Бельтрами-
Мичелла с соответствующими граничными и дополнительными граничными усло-
виями. При формулировке второй плоской краевой задачи(В), в отличие от первой
использованы продифференцированные по 𝑥 и 𝑦, соответственно уравнения равно-
весия. Построены симметричные конечно-разностные уравнения и для сравнения
решена известная задача Тимошенко-Гудьера о растяжении прямоугольной пласти-
ны параболической нагрузкой. Дискретные аналоги краевых задач А и В составлены
конечно-разностным методом и для решения применены итерационный метод и ме-
тод прогонки. Сравнением численных результатов краевых задач А и В, полученных
двумя методами, обеспечивается справедливость сформулированных краевых задач
и достоверность полученных результатов.

Ключевые слова: термоупругость, условие совместности Сен-Венана, деформа-
ция, конечно-разностный метод, явная и неявная схемы, метод прогонки, краевая
задача.
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