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This study explores the optimization of quadrature formulas for the approximate in-
tegration of periodic functions within a specific functional space. The research focuses
on developing optimal quadrature formulas by deriving an analytical expression for the
error associated with the integration process. By employing Fourier transform techniques
and the concept of an extremal function, the study establishes a precise representation of
the error. Additionally, optimal coefficients for the quadrature formula are determined
to minimize this error, yielding an explicit solution. The results demonstrate enhanced
accuracy compared to existing approaches, with the error characterized through a series
expansion that reveals its asymptotic behavior. These findings advance the efficiency of
numerical integration for periodic functions, offering potential applications in mathemat-
ical analysis, scientific computing, and related disciplines.
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1 Introduction

In the future, there is a need to further optimize quadrature formulas for periodic
functions and develop new methods. With the help of modern computing technologies
and algorithms, it is expected that faster and more accurate integral calculations will
become possible. The currently available optimal quadrature formulas are constantly
evolving, taking into account technological and scientific achievements. All this will serve
to make mathematical and numerical calculations more efficient and to further improve
the applications used in various fields. Thus, the development of optimal quadrature
formulas for the integration of periodic functions plays an important role in mathematical
analysis, scientific research, and solving real-world problems. Research and innovation in
this area will drive the development of future computing technologies, as well as create
opportunities for more efficient and accurate calculations in various fields.

We will consider the construction of the optimal quadrature formula in Sobolev space

Wz(m,m—l,m—2) (07 1)
Here, the space Wz(m’m*l’md)((], 1) is the Sobolev of periodic functions, where the
norm of the function is introduced by the following scalar product
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where the derivative is the generalized derivative.
We enter the following quadrature formula

/0 p(r)dz =~ Y Cpp(hk), (2)

with the error

(L) = / o(a)de — 3 Cup(hk), (3)

k=1

where

and the corresponding error functional is

l(x) = (5(071](9&) — Z Cro(x — hk)) % 0o (). (4)

k=1

Here Cy are the coefficients of formula (2), h = &, N € N, g(gj(z) is the indicator of
the interval (0, 1], 0 is the Dirac’s delta-function, po(z) = >_2° _ d(z — 5)

(4) for the error functional m > 3, the following is true (1,1) =0 and Y.n  Cp=1
Our goal is to estimate the error of the quadrature formula (3) from above, for which it
is sufficient to calculate the norm of the error functional (4) This leads to the solution of
the following two problems, and we will first consider this for m = 2.

Problem 1 (4) Find the analytical representation of the error functional norm in
W@’l’o)(() 1) space.

2 ;

0
Problem 2 Finding the optimal coefficients of the Cy = C} that minimize ||{]].

2 Find the analytical representation of the error functional norm
72,10
n W, (0,1) space.
To solve problem 1, we use the concept of an extremal function introduced by Sobolev.
Using Riesz’s theorem for the space WQ(Q’I’O)(O, 1), we can write the following

1

(19) = W Pdgprogy = | @@ @de+2 [ @@+ [ el -

0

= [ @@ =208 +0(@) pla)d
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From the above equation we get the following equation

U (@) — 207 (2) + i) = (). (5)

Theorem 1. In the Sobolev space of WQ(Q’I’O)(O, 1) periodic functions, the extremal func-
tion of the quadratic formula (2) has the following form

—2mi8(x—hk)

Gilz)=1-) Cv Y (zyrﬁ)e‘l 1202782 +1° (6)

k=1 B=—00

Proof. To find the generalized periodic solution of differential equation (5), we apply the

Fourier transform to both sides of the equation and use the following properties of the
Fourier transform

ﬂﬂzfmmeWm,

—00

FWﬂa[wmeM%@

o0

F[p!™] = (=27if)*F[g], (a € N),
Flp*g] = Flel - Flgl,
Flp- gl = Fle] * Flg],

Fleo(z)] = ¢o(B),
F[Flp(2)]] = ¢().

Here * is the convolution operation [1].
We apply Fourier transform to both sides of equation (5)

Fl{" (x) — 202 () + ()] = Fli(z)).

Since, the Fourier transform is linear operator, we have

Gmmw—Ejaﬂx—M0*¢a@]

((2mp)* + 1)*F[wn] = F

k=1
or
N
((27p)® + 1)°F[ih] = F |e(x) = > Crd(x — hk)] - 0o(p),
k=1
where
F[6(x — hk)] = / §(z — hk)e*™Pdy = ek,

F [z (@) = S Gee™ ] - o)
Flipi(x)] = ((27p)? + 1)2 -
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Using the property f(:c)é(a:—a) = f(a)d(x—a) of delta-function, we have the following

0o 5 N 00 2mﬁhk(5
Fl(@)) = F [ron(@)] - D ((zﬂﬁ— Z _Z 2%5)@ )ﬁ)

f=—c0 k=

Then, we apply the inverse Fourier transform to the above equality and we obtain the
following:

. e —27ifx N 0 27rzﬁhk 6—271'@'6&:
F [F[Yﬁl(x)]]:g(o,l](ﬂf)*ﬁ; ((%ﬁ— ;Okﬁ; (275 + 1)
Hence, we get
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where
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0
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now we simplify

—27r1[3x —27riﬁx e27ri6 -1 1
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0
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—27rzﬁx 62mﬂ -1
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And so, theorem 1 is proved from the last equality.
Now, to solve problem 1, we simplify the error functional (4)

l(z) = (6[071]($) — Z Cro(x — hk)) * po(z) =

k=1

:(5[071](:10)—20 x—hk:) 2517 B) =

B=—00

[e's] N [e's] N [e's]
= e =B) =Y Cp > x—B—hk)=1-Y Cp Y dx—p—hk).
f=—00 k=1  f=-o0 k=1  f=—oc0
We calculate the analytical form of the error functional norm

1
1. = [ Ueis(o) do =

o~ 2mif(a—hk')
:/ (1—ch Z 5z — B — hk) (1—ch/ Z m)dm

B_ioo / /3—7

From the above equality, we obtain the following

WHW(zlmOl 1_ZCk_ZCk’

—2mifh(k—k")

+ZZCka/ +ZZCka,Zm.

k=1 k'=1 k=1 k'=1 B#0
So problem 1 is solved.

3 Coefficients of the optimal quadrature formula (2)

Theorem 2. The coefficients of the quadratura formula in the form (2) that minimizes
the norm of the error functional are as follows:

4(2 — eh —e™h)
eh —eh —2n

Proof. Taking the first derivative of the coefficient from equality (8) and equating it
to zero, we obtain the following equality

Cpr=C=
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o—2miBh(k—k')
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k=1 k=1 B£0

We use the fact that the coefficients are equal in the class of periodic functions, that
iS, Ck/ =C

~2midhk , . fo, ph Z
N. C—|—0 Z e Z e27r7,6hk —1 and Z e?ﬂlﬁhk {]\7[ gh 7é Yo 2 Za
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e—27ri'yk
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1
N.C+N-C. 1 |
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is even function that’s way we can rewrite

g 27T’7N +1)2
1

[e§) 1 h 4 s 1
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Based on the method of residue theory [2]
1 oo oo
fov) = A 7 2) f()+10)= f()
EeE =,

Z fly) = — Z Res(metg(mz) - f(2)); =21 = o and - 2, = _5_7?

2

21,22

Simplifying using the method of residue theory, we can write:

> At e —e h — 2 2\ *
Zf(f}/):_h3.eh+e—h_2 else f(O):(T) )

y=—00
- - 4nt (e —e P —2n 4
2310 = 3 1) =10 =" (G~ 3
v=1 y=—00
Taking into account the above equality, the coefficient from equation (10) is equal to:
4(2 —eh —eh)
C = . 11
eh —eh—2h (1)
The optimal coefficient, i.e. %, tends to 0 at expression h — 0.

42_h_7h 4 h —h
( e e ") im(e+e)_

The theorem has been proven.
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Theorem 3. The square of the norm of the optimal quadratura formula in the space
210 .
5 77(0,1) is expressed as

4(eh + e~ - 2)
0 —
I ”w”“’) oa = 1 h(e=" — el — 2h)’
ht h'
P = — — ).
I 720 15120 +O()

Proof. Expression (8) can be written as follows, taking into account the equality of
coefficients and expression (9):

—2miBh(k—k')
(SR —1—2@, ch+220kck/+220kck Z—Q e
k=1 k=1 k'=1 k=1 k'=1 5¢0(7T6)+)
2miBh(k—k')
_1_2;@, ;Okf(20k+;0k2m):
’ B#0

N
=1-) Cy=1-NC.
k=1
Given the determined coefficient and the fact that N = %, the square of the error
functional norm is equal to:

4(eh 4+ e~ —2) K h®

lO —1 lO 2 — _
PG00 gy = 1+ W —e—on) 1= 736 ~ 15120

+ O(h®).

The theorem has been proven.

4 Conclusion

In this work, the Sobolev extremum function W, in the space of pe-
riodic functions, the analytical form of the square of the error functional norm, and the
coefficients are found. It is clearly shown by the series that the square of the error func-
tional norm is significantly smaller than in other works in the space. The limit of the
coefficients when h is not desired is calculated.

Tr7(mm—1m— 2)(0 1)
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JlanHoe ucc/efoBaHue TOCBSAIIEHO ONTHMU3AINN KBAaIPATYPHBIX (DOPMYJ i TIPHU-
HUIMAKEHHOTO HHTETPUPOBAHUS TIEPHOINIECKUX (DYHKIIUH B ONpe e IEHHOM (DYHKITHOHA b
HOM mnpocTpatcTBe. OCHOBHOE BHUMAHUE YIEJsSeTCs pa3paboTKe ONTUMAIBHBIX KBajpa-
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MYJibl, MUHUMU3UDYIOIOUEC ITY OIHI/I6Ky, 9TO NPUBOAUT K ABHOMY PCIICHUIO. Pe3yﬂbTaTbI
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ACUMIITOTUYECKOE MTOBEJIEHIE. DTHU BBIBOJIbI CIIOCOOCTBYIOT MOBBIIIEHUIO 3D HEKTUBHOCTH
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