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This study is devoted to the development of a system of equations for determining
the coefficients of optimal interpolation formulas that integrate derivative information
within a Hilbert space framework. Conventional interpolation methods, which rely solely
on pointwise function values, often prove inadequate for functions exhibiting complex
or rapidly varying behavior. To overcome this limitation, the proposed approach incor-
porates derivative data into the interpolation process, enhancing both the stability and
accuracy of the resulting formulas. By formulating the interpolation problem within a
Hilbert space, we establish a robust framework for deriving these optimal coefficients.
The core analytical contribution lies in the formulation of a system of equations, derived
through variational principles and leveraging tools such as the Riesz representation the-
orem and convolution operations. Solving this system enables the explicit computation
of the optimal coefficients, which are readily applicable to practical interpolation tasks.
This methodology is particularly significant in numerical analysis, especially in scenarios
where positional data, directional vectors, or object velocities are available, as the inclu-
sion of derivative information is both intuitive and critical. Furthermore, the approach is
applicable to data approximation, signal processing, and computational contexts requir-
ing function reconstruction from sampled or noisy data.
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1 Introduction

Interpolation is a fundamental technique in numerical analysis and applied mathemat-
ics, used to estimate unknown function values based on known data points. Traditional
interpolation methods often rely solely on function values at specific nodes [1]. However,
incorporating derivative information into interpolation formulas can significantly enhance
accuracy and convergence rates, especially for functions exhibiting complex behaviors.

Hilbert spaces provide a natural framework for analyzing functions and their deriva-
tives. In particular, the Hilbert space WQ(Z’I)(O, 1) consists of functions whose first and
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second derivatives are square-integrable. This space is instrumental in studying interpo-
lation problems that involve both function values and their derivatives [2].

Determining coefficients for optimal interpolation formulas within Wz(z’l)((), 1) is cru-
cial for minimizing interpolation errors. Optimal interpolation formulas aim to achieve
the best possible approximation by appropriately weighting function values and their
derivatives.

2 Preliminaries

This section introduces the necessary mathematical framework for constructing opti-
mal interpolation formulas with derivatives in the space WQ(Z’I)(O, 1). At first, definition
of Sobolev space. A Sobolev space sz(a, b) is defined as the set of functions whose weak
derivatives up to order k belong to the Lebesgue space L, (a,b):

Wh(a,b) = {p € Ly(a,b) | ¢ € Ly(a,b), Vj=1,2,... .k},

where @) denotes the weak derivative of order j, and L,(a,b) is the space of functions
whose p — th power is integrable over (a,b). We consider the linear space defined as

wi(0,1) = {ele:[0,1] = R, ¢ is absolutely continuous and ¢” € Ly(0,1)} .
This space is a Hilbert space. In such spaces the norm is usually defined based on inner

product, using the function and its derivatives [3].

Below is the definition of the inner product. If ¢ and ¢ are elements of the space W2(2’1),

then the following inner product is defined

<o >= / ("(2) + (@)@ (@) + ¢/ (2))de.

Therefore, for the function ¢ € W2(2’1)(O, 1), the norm is defined as follows

lelyen = v<pes = \/ | @+ o 1)

This norm accounts for different integrability conditions on ¢’ and ¢”, distinguishing
this space from the classical WZ(0,1) Sobolev space [4].

3 Statement of the problem

Classical interpolation techniques rely solely on function values, which may not provide
sufficient accuracy for complex functions. A more refined approach involves incorporating
derivative information into the interpolation process, which enhances precision. However,
determining optimal interpolation coefficients that minimize approximation errors while
maintaining computational efficiency remains an open challenge.

Interpolation techniques are widely used in numerical analysis and applied mathe-
matics to approximate unknown function values using given data points [5]. Classical
interpolation methods primarily rely on function values, which may lead to significant
errors, especially for functions with strong curvature or rapid changes. To improve ac-
curacy, interpolation formulas incorporating derivatives can be developed within Sobolev
spaces, providing a more robust framework.

Interpolation formulas with derivatives extend classical interpolation methods by in-
corporating derivative information into the approximation. This approach is particularly



On an optimal interpolation formula . .. 109

useful for functions that exhibit sharp changes, allowing for a more accurate reconstruc-
tion.
The general form of the interpolation function is given on the following approximation

p(z) = Py(z) =Y Coop(hB) + > Caid (hB), (2)
B=0 B=0

where ¢ is the function being approximated; the first summation term involves function
values p(hf) at interpolation nodes hf3, Cjo are known and they are the coefficients of

the optimal interpolation formula in the space L(zl)((), 1). They have the following form [6]

Cpo(r) = 21h(

The coefficients (3) can be rewritten in the following form

e —h(B—1D|+|z—h(B+1)] —2/z—hrp|), 6=01,...,N. (3)

h-z 0<z<h
_ h X X Y
ool ={ g7 § LY g
P (B - 1) <z < hp,
Cpo(z) = =28 pp <2 < (5+1) B=1,2,...,N—1, (5)
0, otherwise,
|0, 0<z<h(N-1),
Cnolw) = { —h_lll”, h(N—-1)<z<1. (6)

The second summation term in (2) incorporates derivative values ¢'(h/3), unknown coef-
ficients Cz1. Cz1 must be determined to minimize the interpolation error. This formula
ensures that both the function values and their derivatives are accounted in the interpo-
lation, leading to greater accuracy.

The error associated with the approximate equality (2) takes the form of a difference
expressed as

Ey(z) = ¢(z) = Pp(x). (7)
In the space W2 (0 1), the error functional R(z,z) at each fixed point = z in the
interval [0, 1] takes the following form:

R(z,z) = 6(x — 2) — ZCgoésc—hﬁ +ZC/315 (z — hp). (8)

In this expression, the Dirac-delta function §(x — z) ensures exact interpolation at
given nodes; the summation terms represent corrections made to the kernel function using
function values and their derivatives; Cgo and Cp; coefficients control the weighting of
the interpolation points.

According to equality (8), we obtain the following expression:

(R¢%=[§R@J%¢@Mx=

o0

_/_oo(5x—z Zngéx—hB +Zcﬂ15 (x — hp))p(z)de = (9)

[e.9]

- Z Chop(hB) — Z Coap (hB).
B=0 B=0
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In this work, we consider the approximation of the form (2), we impose the condition
that the class of functions that transforms this approximate equality into an exact equality
in WZ(Z’I) space should be any linear combination of constant term and exponential function
exp(—x). If we take p1(x) = 1 and ¢y(x) = exp(—=x) as the basis functions, the imposition
of

(R,1) =0, (10)

(R,exp(—x)) = 0. (11)

conditions on the error functional R(z, z) is enough for the approximation formula (2) to
be exact for span{l, exp(—z)}.

To develop an optimal interpolation formula in the form (2), it is crucial to determine
the norm HRHWQ(Q’U* of the error functional given in (8). This requirement follows from

the Cauchy-Schwarz inequality, which bounds the error (2) using the product of norms
(R, o) < [[Rllyy0- - [l (12)

Clearly, the norm |[R||;,1)« depends on the coefficients Cs ;. Therefore, it is necessary to
2

find the minimum value of |

must be obtained [7]:

R|| 21+ concerning Cp 1, meaning that the following quantity
2

inf || By e (13)

The coefficients Cj; that achieve this minimum value, as given in (13), are referred
to as the optimal coefficients.
Thus, the optimization process involves:

— Computing the norm || R @1
2
— Determining C; that achive the quantity (13).

4 Optimal coefficients for interpolation formulas

The optimal coefficients Cj; in this work are the values that minimize the interpolation
error in the Hilbert space W2(2’1). These coefficients ensure that the interpolation formula
provides the best approximation while maintaining stability and smoothness. We find the

quantity (13), taking into account (10) and (11), and get the system of linear equations
for Cy ;.

4.1 The extremal function of the interpolation formula

The extremal function plays a crucial role in optimal interpolation theory as it helps
determine the best approximation by minimizing the interpolation error in the given
space [8]. In the Hilbert space W2(2’1), interpolation is formulated as an optimization
problem where we seek to minimize the norm of the interpolation error.

The extremal function helps achieve this by ensuring that

(R, ¢r) = [[RI[ - [¥xl, (14)

which guarantees that the interpolation function is constructed in the most optimal man-
ner.

Interpolation formulas require choosing optimal coefficients Cz 1. To obtain these co-
efficients, we need an extremal function g () that satisfies (14). The optimal coefficients
(.1 are obtained by solving a system of equations that arises from the extremal function.
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Since WQ(Q’I) is the Hilbert space than by the Riesz representation theorem the extremal
function is expressed with the help of the error functional R(z,z) as follows (see, for
example, |4,9])

Vr(z) = R(z, 2) * G2(z) + po + de”™,

Gola) — sgnZ(ac) | (ex e x) |

where

Furthermore, the following holds
||R||€VQ<2,1>* = H@DRH;,;ZU = (R, ¥r).

Now we compute the convolution in the expression of the extremal function

oo

(R Gy () = / R(y) - Gl — ) dy =

—00

= /OO (5(1/ —2) = Cso(2)d(y — ) + > _ Cso(2)d'(y — xﬁ)) X
- 5=0 5=0

(B (N,
sgn(e—2) (ex_z e o Z)> B

2 2
N
sgn(x — hpS e?hB _ e=(@—hB)
_Zcﬁ,og(z )-( 5 —(ﬂf—hﬁ))+
B=0
N
sgn(z — h e? P 4 e=(@=hB)
+Zcﬁ,1g(2 5)( ; _1).
8=0

Thus, for the convolution we have
N N
(R Ga)(x) = Gl — 2) = Y CpoGalz — hB) + Y Cp1Gh(x — hp). (15)
B=0 B=0

Taking into account (15) the extremal function can be written in the form

N N
Yr(x) = Ga(x — 2) = Y CaoGalx — hB) + Y Cp1Gy(z — hB) +po+de ™. (16)
B=0 B=0

With the extremal function, we can find the optimal coefficients and guarantee minimal
interpolation error, making it a fundamental tool in this work.

4.2 Minimum value of the norm of the error functional

In numerical analysis and approximation theory, optimizing the norm of the error
functional is a crucial step in constructing an interpolation formula. The error functional
quantifies the deviation between the exact function and its interpolation, and minimizing
its norm ensures the best possible approximation under given constraints [10].

For the function space I/V2(2’1)(O7 1), where smoothness conditions are imposed, the
optimization process involves determining the optimal coefficients of the interpolation
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formula. This is typically achieved by formulating the error norm in an appropriate
metric and solving a minimization problem using functional analysis techniques. By
obtaining these optimal coefficients, we ensure that the interpolation error is minimized
in the chosen norm, leading to a more precise and stable numerical method.
Thus, by applying (8) and (16) while considering (10) and (11), we obtain:
(e.o]

”RH?/VQ(ZI)* = (R, ¢r) = / R(z) - (R* Gq)(x)dx =

— 00

_ / b (5(;(; — )= S Codla = hB) + 3 Cpd(a — hﬁ)) v
B=0 £=0

_ (z—2) _ ,—(z—=2)
y sgn(z —z) (e e .
2 2

N
son(x — h e(mfhw) — ef(xfh'y)
Yo, 7)-( . —(x—h7)>+

v=0
N _ why) 4 o~ la—h)
sgn(z — hy) (e 4 ¢
C : —-1]].
2

The simplification of the last expression is given in detail in [11|. Therefore, we get
the following expression for the norm of the error functional of the interpolation formula

(2)

N N
sgn(hp —h ehB=hy _ g=(hB=h)
IR g = = 303 CnC B ( )+

2
v=0 =0
N
sgn(z — hp) e* B 4 o= (2=hpB)
+2) Cpa 5 : 5 —1) -
5=0
N
sgn(z — hp) e*~hB 4 g=(2=hp)
230y LI / — (b)) + (17)
5=0
N N
sgn(hf — h ehB=hr _ g=(hB=h7)
+ 30D CaCro™ ( 62 . ( 5 —(hﬁ—lw))Jr
B=0 v=0

N N

sgn(hf — h ehf=hv 4 e=(hB=h7)

33 0, B (S
v=0 =0

Now, to determine the optimal coefficients that minimize the error norm (17), we
now introduce the Lagrange multiplier method [12]|. Since the interpolation formula must
satisfy the exactness conditions (10) and (11), we incorporate these constraints into the
minimization problem via Lagrange multipliers, say A\; and ..

We define the Lagrangian functional as

‘6(05717 )\17 )\2) = ||RH12/V2(21) + Al(R7 1) + )‘2<R7 eix)u

where HRHIQM(ZJ) is given by expression (17). Since this norm is a quadratic form in the
2

unknown coefficients Cj ;(2), the minimization of ||RH;/(271) subject to the constraints can
2
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be carried out by requiring that the partial derivatives of £ with respect to each Uz,
vanish.
Taking the derivative with respect to a fixed coefficient Cp; yields

oc 9 9 9
- 2,1)% A 1 A
o0, ~ a0y, e +Mige— (1) +dege—

(R,e™™) =0.

Because ||R|? - is explicitly given by a double summation (17), differentiating it with

respect to Cﬁ 1 “leads to a linear system of the form

sgn(hf —hy) ehf=hy _ e=(hB=hy) Ay
Z G 2 2 5=

v=0

N
hi3 — h h—hy 4 o—(hB—h)
_ Zcmosgn( B—hy) (e € B 1)+

The first and second derivatives of the function Go(x) is given by

Gl(x) = Sgn2( )(69”4-2696 _1>7 () = sgnz( z) (e-;)

According to G5, we can write the last equality in a compact form as

N N

by
> CoaGy(hf —hy) = T e =% CroGy(hf — hy) +Gy(= = hp),
v=0 v=0

B=0,1,...,N.

(18)

This succinct form emphasizes how the kernels in the original equality correspond
directly to the derivatives of Gs.
In addition, taking the derivative of £ with respect to the multiplier Ay recovers the
constraint
oL

O

Hence, the condition (R, 1) = 0 is automatically satisfied |7], so it can be omitted from
the final system. Consequently, the complete system of equations simplifies to

=(R,e ") =0. (19)

Z CylG”(hﬁ h’y) e~hh = Z C,0GY (hﬁ h’y) + G, (z — hﬁ) 6=0,1,.... N,
7=0 V=
(R,e™™) =0.

From here, taking into account denotation A = —22, by expanding (R, e "), we obtain

the following final system of linear equations

N N
Y CaGy(hB—hy) +Ae™ =" CLoGy(hB — hy) + Gy(z — hB),=0,1,... N,

7=0 =0

N
Z{]C'Y’lefhﬁz e *+ 20706
’Y:

'y_
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Solving this system provides the optimal coefficients C3; that minimize the norm
of the error functional, ensuring that the interpolation formula exactly reproduces the

function e~ *.

5 Conclusion

The optimal coefficients guarantee that the interpolation formula not only reproduces
the target functions exactly at the specified nodes but also minimizes the interpolation
error in the space W2(2’1)(O, 1). Such a result is of paramount importance for achieving
high accuracy in numerical approximations, particularly when dealing with functions that
exhibit rapid variations or complex behavior.

Future work will focus on the numerical solution of the derived system and the inves-
tigation of the stability and convergence properties of the proposed method. Moreover,
extensions of this approach to higher-dimensional problems and other function spaces
could broaden its applicability in computational mathematics and engineering.
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JlanHoe nccieoBaHue TOCBANIEHO pa3pabOTKE CUCTEMBl ypaBHEHW JJisi ONpejiesie-
HUs K03DMDUITUEHTOB OMITUMATBHBIX HHTEPITOIATMOHHBIX (DOPMYJT, BKIOYAIOITIX nHMOP-
MaIMIO 0 TPOU3BOIAHBIX B PAMKAX I'MJIbOEPTOBA IPOCTPAHCTBA. T PaUIUOHHBIE METO/IbI
WHTEPTIOJISINN, OCHOBAHHBIE MCKJIYATENIBHO HA 3HAUEHWAX (PYHKIMH B TOUKAX, TACTO
OKa3BIBAIOTCS HEJOCTATOUHBIMY JIjIsT (DYHKITUH C CJIOKHBIM MJIA OBICTPO MEHSIIOIITUMCS T10-
BejieHueM. [ljisi peo/ioieHust 9TOT0 OTpaHUYEHUs PEJJIOKEHHBIN 0/X0) HHTEIPUPYET
JIAaHHBbIE O TPOU3BO/HBIX B MPOIECC HWHTEPIIOJSINH, TTOBBINIAA YCTOWINBOCTE U TOYHOCTD
nojrygaemMbix popmysi. POpMYIUPOBKA 3844491 UHTEPIIOJISAINN B THIL0EPTOBOM [IPOCTPAH-
CTBe CO3/AET HAJAEKHYIO OCHOBY JIJIsl BBIBOJIA ONTHMAJIBHBIX KO3(M@uinenToB. OCHOBHOM
AHAJINTUIECKUI BKJIQJ] 3aKJI0YAETCT B (DOPMUPOBAHUU CUCTEMBI YDPABHEHUI, TIOJTYI€H-
HOI C MCIIOJIB30BAHNEM BapHAIMOHHBIX TPUHITHIIOB W TAKUX WHCTPYMEHTOB, KAK TEOPEeMa
npejcrapienus Pucca n onepanun cBéprku. PerieHue 3T0l CUCTEMBl MO3BOJSET SBHO
BBIUUCJUTE ONTUMAIbHBIE KOIDMUITMEHTHI, KOTOPHIE JIETKO TPUMEHUMbBI B TPAKTUIECKUX
zasavax wHTeproaanun. JIaHHas MeTom0I0TusS OCOOCHHO 3HAYNMA B TUCIOBOM aHAIN3E,
0COOEHHO B CIIEHAPUAX, T/ JOCTYITHBI JaHHBIE O MOJIOYKEHWH, HATTPABJISIOIIIX BEKTOPAX
WA CKOPOCTHAX 00BEKTOB, IIOCKOJIBKY BKJIOUYEHIE WH(MOPMAIUT O ITPOU3BOIHBIX SBJISET-
¢ UHTYWTUBHO TOHATHBIM W KPUTHIECKHW Ba)XHBIM. Kpome TOro, mMoaxon TPUMEHHM B
3a/a9ax alMpOKCUMAIINU JTaHHBIX, 06pab0OTKN CUTHAIOB U BBIUUCIUTEIBHBIX KOHTEKCTAX,

Tpebyromux BoccTaHOBMeHUSA (DYHKITNN U3 BHIOOPOYHBIX WM 3AIMYMJ/ICHHBIX JTAHHBIX.

Korouesbie cioBa: onrumasbabie KOIMPUITHEHTH!, HHTEPIOJIATNS ¢ UCTIOIB30BAHIEM
MPOM3BOIHBIX, THILOEPTOBO TPOCTPAHCTBO, MUHUMU3AINS OIMMUOKU, BAPUAITMOHHBIE Me-
TOJIBI.

IMuruposauue: Xaémos A.P., Hagacos A.FO. OnruManbHas WHTEPTOAATHORHAS hHOp-
MyJia ¢ TPOU3BOMHON B ruisbeproBoM mpocTpancTse // IIpobeMbl BEIYHCIUTETHHON 1
npukaagaHoit maremaruku. — 2025. — Ne3(67). — C.107-115.
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