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1 Introduction

The Lyapunov function method has found application in the stability theory of ordi-
nary difference equations (see Martynyuk, 1972; Evtushenko and Zhadan, 1975). There
are generalizations of the direct Lyapunov method to partial differential equations (see
Zubov, 1957; Banda and Herti, 2013; Gottlich and Shillen, 2017; Veldegiyorgis, 2017;
Mapunidi and Gediyon, 2020). However, it should be noted that the method of energy
inequalities, widely used in the theory of linear partial differential equations, is essentially
a special case of the direct Lyapunov method (in this case, the Lyapunov function is
constructed as a certain quadratic form from the solution to the problem). All this allows
us to hope for a generalization of the Lyapunov function method to nonlinear difference
schemes. Note that the works of Aloev et al. (2021) and Aloev et al. (2022) are devoted
to the construction of the Lyapunov function for linear difference schemes.

The known methods of stability analysis according to Lyapunov are based on the
qualitative theory of ordinary differential equations. Research on this basis is necessary
for the theory and practice of automatic regulation, control and monitoring, and super-
operational control. As a rule, stability analysis is carried out either a priori, before the
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creation of a control system, or a posteriori, based on the results of operation. However,
stability control is important for the current state of the system.

The need to study the stability of motion or a certain state arises at all stages of
designing or studying physical systems. For the first time, a strict mathematical definition
of stability and precise methods for solving the stability problem for a fairly wide class of
systems were given by A.M. Lyapunov in his famous work Lyapunov, 1950. This work was
the logical conclusion of the entire previous stage of the development of stability theory.
With its appearance, stability theory reached the level of an independent discipline, taking
a worthy place among other mathematical disciplines. A.M. Lyapunov proposed two
methods for analyzing the stability of solutions to ordinary differential equations. The
first method consists of constructing solutions to the differential equations of disturbed
motions themselves in the form of certain series. Based on the subsequent qualitative
study of these solutions, conclusions are made about stability or instability. The second
method consists of finding some auxiliary function, the properties of which determine the
stability or instability of the solution. At present, these functions are called Lyapunov
functions, and the method is called the Lyapunov function method, the second Lyapunov
method, or the direct Lyapunov method.

Lyapunov’s works became the starting point for research of this kind. His ideas are
developed and deepened in many directions. New theorems have been established that
expand these methods, many questions of the existence of Lyapunov functions and their
effective construction have been solved, questions of the stability of unsteady and periodic
motions, the stability of the first approximation, in critical cases, under constantly acting
disturbances, and many others have been studied.

The development of the theory of stability as applied to automatic control and regu-
lation systems is the theory of motion stabilization, which studies such modes of system
control in which some programmed motion (unperturbed motion) of the system will be
stable in one sense or another. In many cases, along with the requirement for stability of
unperturbed motion, additional requirements are imposed on both the nature of transient
processes and control actions. Often these requirements can be expressed as a minimum
of some integral functional. Stabilization problems with these additional requirements are
called problems of optimal stabilization or analytical design of regulators.

2 Results and discussions

2.1 Linear mixed problem

Let us consider a linear system of hyperbolic equations:

o€ 0
81& @6.7:_ ’ (1)
@_ 7@_0
ot or

where @ > 0, ¢ > 0,
with boundary conditions:

and with initial data
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Let us assume that the parameters of the boundary conditions (2) »¢, ¢, satisfy the
inequality 0 < |ss| < 1.

2.2 Exponential stability of the numerical solution

In this section, an explicit upwind difference scheme for solving the discussed linear
problems is presented. Then, the results obtained earlier by the authors of this article in
previous works are presented, namely, a theorem for testing the exponential stability of
the numerical solution.

2.3 Exponential stability of the numerical solution of a linear problem

Let us consider the linear hyperbolic system (1). For the numerical solution of the
linear hyperbolic system (1), an explicit upwind difference scheme is proposed:

k+1_ ok k_sk _
S 8 4 pui g k=0K-1, j=T1J,

Az

(4)

e
Bl =0, k=0,K-1, j=0,J-1.
Let us introduce the notation for the Courant number C, = @%, Cy = _%,

C = max (C,, Cy). We will choose the steps of the difference grid A¢, Az so that they
satisfy the Courant-Friedrichs-Lewy condition:

C<1. (5)

Let us rewrite the system of difference equations (4) in the form (6)

5§+1 ( )gk—i_csﬂ'] 17k:0>K_17j:17<]a

= (1= Cy)y + Cynfiyy, k=0,K =1, j=0,7-1
As a discrete Lyapunov function for system (6), we consider the function:
LF=rh+ Ik (7)

Where

J

A B\ <
Llf = EAIZ (ff)2exp (—%xj_l) , Lg = $ Z eXp (Q/J%H) ,
=0

J=1

with positive coefficients A, B, m.
The difference time derivative of the discrete Lyapunov function (7) along the solution of
system (6) is equal to

Lk+1 Lk Lk—i—l Lllc N L12<3+1 . L]2€

: 8

At At At (8)
k+1_ k+1_

Let us calculate the difference derivatives 2. N 1 and 22 X7 2 of the right-hand side of

equality (8) separately on the solutions of system (6).
Lemma 2.1. For grid functions ¢ satisfying the first difference equations (6), the
following inequality holds:

LRt _ [k 5 m J
Bt et | (@) e (<5n)|

(9)

0
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Proof of Lemma 2.1. .
Substituting the value of the expression for 5]’-““ from (6) into the expression b b

At
obtain:
BH1Y2 o (gk)?
& ) (fj) ]exp (_2%1) _
At @

we

J
LlfHA; Ay, [(

S
A ().

4 j=1
J

- 2y o

4P j=1

l_|

) EE ek ) - (j)ﬂ exp <—%xj_1>.

According to Jensen’s inequality, for convex mappings y — 3? the following inequality
holds:

(Y1 + Q2y2]2 Sq (y1)2 + Q2 (y2)2 ) (11)
where ¢, g2 > 0 and ¢ + g2 = 1. Therefore, using Jensen’s inequality (11) to estimate
the expression {(1 — C,)&F + Cp¢h } from above, we have

Lk+1 Lk A k . 9 2 m
—t C_Z [ (&) +C¥,( i) — (&) }GXP (‘5%‘—1) =
P j=1
; (12)
2 2 m
= AZ [( ;.“_1) — (fjk) } exp (_Exj_1> .
j=1

The following equality is true with an accuracy of O (Ax?)

o (5] (-] - 20) on-

= exp (—2@;1) |:—2A$ + O (Ax2
2 2

6| 3

SRR
|

(uj —uj1)vj1 = (ujv; — uj1vj1) — u; (v; — vj_1) (14)

~—

Using the formula of difference differentiation

and taking into account equality (13) with accuracy O (Az) from inequality (12) we obtain

k41
—L Mt < —AZ { 2 oxp <_@$]’> — (fj’-tl)Qexp (—ng1>}+
2 2
J
0 (3) o (20
kN2 m k\ 2 A J £ 2 m
_A(fJ) exp <_;$J> +A(50) - mEAxZ (fj) exp (_ij—l) =

=1

J
= —mLF - A {(fjk)Q exp (—@%)} .
¥ 0
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Lemma 2.1 is proven.
Lemma 2.2 For grid functions n} satisfying the difference equations (6), the following
inequality is valid:

J

Lkt Lk
=2 2 < -mlhi4+B {(nf)Q exp (Zx])}

N 2 (15)

0

Proof of Lemma 2.2.
Substituting the value of the expression for 7;

obtain i )
- k+1
LY Lh B3 ()" = 0] o (70 ) -
At 0= At ot
B

- Cy > [(”fﬂ)z - (77?)2] exp (%%’H) - (16)

k+1_rk

#*1 from (6) into the expression =22, we

e 2 (= Conf + Cunfa} = ()7 exp (%%“) '

Using Jensen’s inequality (11) to estimate the expression {(1 —C,)&¥ +C, f_l}z from
above in (16), instead of equality we have the inequality

LkJrl J-1 m
=2 2 < B [ 773+1 () ] exp (Exjﬂ) : (17)
7=0

The following equality is true to O (Ax?) accuracy.

oo () o0 ()| 2o (o) (1o () ) =

(18)
m m
= exp (ﬁxj—H) |:$Al’ + O (A$2):| .
Using the formula of difference differentiation
(w1 = ) Vi1 = (uj1vj01 — u505) — 5 (V41 — ;) (19)

and taking into account equality (18) with accuracy O (Az) from inequality (17) we obtain

Lk+1 _ Lk J—1
l# S BZ {(Wﬁrl)QeXp (%%’H) - (ﬁf)zexp (%xj)] —
J-1 . .
BZ 77] {eXp <¢x]+1> exp (¢x]>} —
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Lemma 2.2 is proved.
Taking into account Lemma 2.1-2.2 from equality (8) we obtain

Lk+1 _ Lk B Lllf—i-l o Lllc Ll2f+1 . L]2c
— + <

At At At =

J J

0

< —mL¥ — A ") ex —@x)}
< -ml {(fg) p( 57

0

J

e Gt =)

_ ng +B {(nf)z exp (%m])}
J ) m
+B {(77;“) exp (—xj)l
0 (0
from which it follows that
Lk+1 _ Lk

Pl [A (¢5)? exp (_gL) A 5)2} -

0

(20)
2 2 m
- {B (ng) - B (77?}) exp <EL)1 :
We approximate the boundary conditions (2) as follows:

k k k k
§o = »0my, Ny = #18)-

Then the difference time derivative of the discrete Lyapunov function on the solutions of
system (6) satisfies the inequality

[kl _ [k B X 1 2 m 2/ k)2
= —mLF — {A(&) exp (_EL) — Asgg (ng) } -

- [B(n(ff ~Bexp (%L) %%(55;)2] =

—mLF + [B exp (%L) s2 — Aexp (_%L)] (ff})Q + [A%(Q) — B} (775)2.
Then, similarly to the differential problem (see [9]), the A,B can be chosen so that:

A —B <0 and Bexp (%L) s} — Aexp (—%L) < 0. (21)

Then it is obvious that Lkit’Lk < —mLF along the solution of system (6) and that

Lk+A1t_Lk = 0 if and only if £§ =7 = 0 (i.e. in the equilibrium state of the system).

2.4 Exponential stability of the numerical solution of a nonlinear initial-
boundary difference problem.
Statement of the quasilinear mixed problem. According to the work of Corona et al.

(2007), in the domain @ 2 {(t,z) :0<t<T,0 <z < L} amixed problem is considered
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for the following quasilinear hyperbolic system:

{€t+¢(£,n)£x=0, YN+ e EmMve+7f =0, pe+ e (En)pa+pf +7fe =0,
ne =Y (§nne =0, & —¢(&n)dy —dp=0, 0 —1(§n)0, —0Op—0dp. =0, (22)

0<t<T, O0<z<L,

with boundary conditions at = 0, L:
at x =0:

E(1,0) = a(n(,0)), (1,0)7(1,0) = ~a (1(1,0)) 0 (t,0)5(t,0),
P09 (10) 41101 (0 =~ 050~ e | LTI ]

atz =L :

77(15»L) =b(¢ (t>L)>7 w(t>L)5<t7 L)=-V (6 (t,L))gp(t, L)’y(t L),
G(LL)O (L) +6 (8 L)p(t L) = —K (1) 7 (£, L) + h (1) { ol Lot L)+ } (24)

and with initial data

£(0,2) =& (), 7v(0,2)=¢&(x), p(0,z)=E¢(x),
{77((),x):7]0(gc)7 5 9 _ 0<x<L. (25)

Here

gzg(t,$>7 77:77(?5735)7 7:7(7571‘):5337 5:(5<t,]}) = Nz, p:P(t>$):7xa
0 = 60(t,x) = 0., unknowns to be determined, and ¢ = ¢ (&,n), © = ¥ (£,n) given
functions that have continuous derivatives of the second order inclusive. Suppose that

a,be C*(R).
Oy Op Oy Oy
f_76_5+58_77’ p—vaf 63?7
here
e(t, 0)=p (&t 0),n(t 0), ¥t 0)=

(G
90(t7L):Q0(5(t’ L)ﬂ?(t: L))v 77Z)<t7 L>:¢

p(t,0)=p(E(t,0), n(t,0), v(0),
L)y =fE@L), n(t,L), v(tL), ot
p(t, L) =pEt L), n(t, L), vt L), 6(t L)),
The functions e (t) and h (t) are defined as

OO0 VEGL) L)
ey M |

In this section we present the results on the exponential stability of the numerical
solution of the initial boundary difference problem for the mixed problem (22), (23), (24)
(25) obtained by the authors in other works.

To obtain the initial-boundary difference problem, we will use the upwind difference
scheme for the numerical calculation of system (1). For this, we will cover the spatial
region [0, 1] with a uniform grid Qa, = {z; =j- Az, j=0,J}, Az step by .

e(t) =
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For the numerical solution of the mixed problem (22), (23), (24), (25) we propose the
following upwind explicit difference scheme

(

et = (1- [ ) 1) 5'“ CE &b, k=0K—1, j=T1,7,
it = (1= [Cy)l ) b+ Gyl b, k=0K =1, j=0,7-1,
P = (1= [CLl )+ [CE A = At k=0K -1, j=T1.J,
= (1=[Cy)}, ) ok + [Cull, 0F + AL -6tk k=0,K -1, j=0,7—1,
P = (1= (G5 ) o5+ (CLly g piy — At | p5fF 7 (5E) ] j=1J,
5= (1= (Gl ) 0+ G 0+ A (ot 0 (), =07
(26)
with boundary conditions
{ & =a(n), v =—da () 096, 2ot + 0y =~ (¢ (£))" 8§ — e* [v§65 + otpf]
=0 (&h), uhoh = b (&h) @hak, Wil + ahph = — (W (D)2 + WY [l + %pé;;),
and with initial data (
& =& (z), 0y =mo(x;), 1)=& (x;), (28)
80 =mo (x;), p) =& (x;), 07 =no(x;), j€{0,1,2,---,J},
here Y’ P G AE A
Cly = b [y =wb s, OF = max ([CAI}, [Cul})
Let us introduce the following vectors into consideration
§=(&rp)s m=(06,0), & =70,
n = 0,0%07), 1=, p2=(m0,70.7").
and the following matrices:
6;\]
U* £ diag (n, &5, nf, - &8 b €8, Ut S diag [0 E &5
U° 2 diag (¢, (x0) @1 (1), @5 (1) o+ Loy (1) s (151) 1 (7))

Definition 2.1. The equilibrium state U* of the boundary difference problem (26),
(27) is stable in the [>-norm if there exist positive real constants ny; > 0, ny > 0 such
that for any initial vector function ® the solution U¥ | k € {1,2,--- , K} of the boundary
difference problem (26), (27) satisfies the inequality

U~ 0|, <mae ™ | @ — U, k{12 ), (29)
where
6.J
A T x A x g%k x ok ek
Uk:(n’é,é'f,n’f, ...... 755—1?"5—175?) 7 U* = (n*, &%, 7577”£)T’

® 2 (ip, () , oy (1) s (1), v@1 (27-1) 5 (251) 1 (27)) -
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and
U =0 2 Aw ([nf =] [nb—m']") + 0 ([€5 - € (€5 - €1 ) +
mg{(kﬁ ~¢1 g -eT") + (I )" [ - m]") )
@~ U 2 A (s (w0) =T oo (w0) = m]") +
8z (o (o) = €17 [ () — €77 +
+ A Z {(te () = €17 leor () = €717) + (2 () = 1" Lo ) =17 },

ke{0,1, -}

Definition 2.2. (Discrete Lyapunov function). The function LF : R/ — R{ is said to
be a discrete Lyapunov function of the boundary-value difference problem (27), (28) if

1. there exist constants h; > 0, hy > 0 such that for all k£ € {0,1,--- , K} the inequality
|2 * |2

b ||[U* = U*[[l, <LF(UY) < b [[U* = U2, (30)

2. there exists a positive constant n > 0 such that for all k € {0,1,--- | K} the inequality

Lk; (Uk—H) _ Lk (Uk:)

N < —nL* (U*). (31)

In order to simplify the notation, we introduce into consideration a sequence of discrete
quantities £F as L¥ = ¥ (U¥) | ke {0,1,--- K},
Where U* is a given solution of the initial-boundary value problem (26), (27), (28).

It should be noted that the presence of a discrete Lyapunov function ensures the
stability of the equilibrium state.

Let us assume that the boundary condition functions (27) a,b: R — R satisfy the
inequalities:

max|a (15)] < +oo, max |a’ (1)] < +oo,

ax. b (&5)] < +o0, [max 0" (£5)] < +oo.

(32)

and denote
w9 =20 (0), s, ="0(0).

Let us assume that s, sz, m, A, B satisfy the inequalities |sqsr| < 1, As2 — B < 0 and

Bexp <%L> 35?2 — Aexp <—%L) < 0.

Theorem 2.1.(On exponential stability in the case of U* > 0). Suppose that the
necessary Courant-Friedrichs-Lewy (CFL) stability condition of type

C' = max max ‘[C@]f : max ‘[C’w]f <1,
0<k<K 0<k<K
0<7<J 0<y<J
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is satisfied on the solutions of the difference scheme (26), (27), (28). For each equilibrium
state U* satisfying the inequality U* > 0, and each 3¢, s satisfying the inequality
0 < |s¢5| < 1, and each constant € > 0 and for each initial vector function ® satisfying
the matrix inequality U° > 0, and inequality

|® = U <, (33)

the solution U* of the initial-boundary difference problem (26), (27), (28) satisfies the
matrix inequality U* > 0, k € {0,1,---,K} and the equilibrium state U* of the
boundary difference problem (27), (28 is stable in the [*>-norm.

For any U¥ € R%/ as a candidate for the discrete Lyapunov function for the initial-
boundary difference problem (26), (27), (28) we consider the following function.

J
Z { (&) +er()) + ng(Pf)Q] exp (—%%—1>+

J—
=0

< |

2.5 Numerical example for a quasilinear problem

In the domain @ = {(t,z) : 0 <t <1,0< 2z <1} we consider a mixed problem for the
following quasilinear hyperbolic system

{ftfzg’%%zg’ 0<t<1,0<z<1. (34)

Example 3.1. As an example, consider the case ¢ (£,17) =&, ¥ (&,n7) =n. Then system
(34) can be rewritten as follows

{€t+§’fm:07 0<t<l O0<ax<l. (35)
ne — e = 0,

Let the initial and boundary conditions for the above problem be given as follows. with
boundary conditions at x = 0, L

€(t,0) =3¢-n(t0), 0<t<1,
{n(t,l)I%L'f(M), (36)
and with initial data.

Computing experience

We conduct computational experiments to demonstrate the stability of the numerical
solution of a quasilinear hyperbolic system with initial dissipative boundary conditions
(35), (36), (37), obtained using the upwind difference scheme in the Lyapunov sense and
in the [2-norm, when the conditions of Theorem 3.1 are met.

We take the following steps:

Step 1. We set the initial parameters.

| -

L:=1 T:=1,J:=55 K :=100, Am:z%, At :
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Step 2. We verify if the data meets the CFL condition.

At At
k k k k
[C<P]j = @?Ea [Cw]j = i/ffﬂa C]k = max ([090]]‘ ) [Cw]j) .
C = max max ’[C’@]f : max ’[C’w]f <1
0<k<K 0<k<K
0<y<J 0<y<J
Step 3. Introducing the initial conditions:
€(0,2) ==& (x), n(0,z):=mny(x).
Step 4. We present the boundary condition parameters:
1 1
”y = = =—.
0 27 Ay 5
Step 5. We confirm the stability condition as stated in Theorem 1.
| | 11 1 <1
x| === — .
O T o5 T 10
Step 6. For j=0,...,J set S5 = &o (7).
Mo = 1o () -
Step 7. We compute in time intervals.
For k=0,..,9K —1,
Jor j=1,...,J St = kg — Clrj—1(8ky — Erjo1)-
for j=0,.,J—1 Met1j = Mg — Okt Mg — Mhejir1)-

Step 8. We calculate the boundary conditions
C§k+1,o = 0 * Tk+1,0,
Nk+1,0 = XL - §k+1,J.
Step 9. We calculate the [2-norm of the solution using the discrete Lyapunov function.

LU = 80 30 (A6 + oAbty + G e ()

Jj=1

J—1
A {B oY+ 0B () + ¢3B(9§)2} exp (%xjﬂ).

OUTPUT(L)
Step 10. STOP. (Theprocedure is complete.
We present the initial conditions as follows.
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No Solution & () — initial condition | 7 (z) — initial condition
Uly

1 — §O(x)::c+1 no (z) =
U2 —0 522—gx

2 oo o (x) =< - cos(0,1- ) no (z) =
U3y .

3 & () = 1n(7r x)-e m () =5 2+f

The graph demonstrates that the solution is stable in />-norm for arbitrary initial
conditions, as long as the theorem’s conditions are satisfied.

Figure 1 The exponential stability

It follows that, according to Theorem 2.1, the numerical solution U* of the initial bound-
ary difference problem is exponentially stable in the [>-norm. (See Figure 1). Above is
a table and graph of the values of the k¥ dependent numerical solution in the [?>-norm,
confirming its exponential stability.

3 Conclusion

Thus, in this work, the problem of exponential stability of the numerical solution of the
upwind difference scheme for a quasilinear hyperbolic system with dissipative boundary
conditions is numerically investigated. An upwind difference scheme is constructed to
numerically solve the initial boundary value problem. The exponential stability of the
numerical solution to the equilibrium state of the initial-boundary difference problem
is defined. A numerical experiment was conducted to construct the discrete Lyapunov
function, and the theorem on the exponential stability of the equilibrium state of the
initial-boundary difference problem for a quasilinear hyperbolic system was numerically
substantiated.
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YN CJIEHHOE NCCJIEJOBAHUNE YCTOMYNBOCTHU I10

JISIIYHOBY IPOTUBOMIQTOYHON PABHOCTHOI _
CXEMBI JIJI KBABUJIMHENHON IIIEPBOJIMTYECKOI
CUCTEMBI

* Anoes P.., 2Bepdvwes A.C., ' Hemamosa /1.3.
*aloevr@mail.ru
'Hanuonabublii yEuBepcuTer Ys6ekucrana umenu Mupso Yiyroexa,
100174, Y3bekucran, r. Tamkent, ya. Yuupepcurerckas, 4;
2K azaxckuil HaIlMOHAJIBHBIH I€IarOTHIeCKIit YHUBEPCHUTET,
050010, Kazaxcran, r. AnMarsl, mpocnekT Jloctoik 13.

B mammroit paboTe paccMaTprUBaeTCs CMeNTanHasd 33,1a9a I/1sT KBA3WINHEAHON CHCTeMbI
rurnepboINIecKnX YpaBHEeHHUH, BLIPA2KEHHON B HHBapranTax PuMana, ¢ y4éToM JuCCHIIa-
TUBHBIX HEJUHEHHBIX IPAHUYHBIX YCJIOBHH. JIIsl YHMCIEHHOTO pelleHns: 3aJa9u IPeaIo-
JKEHa, HAaYaJIbHO-TPAHUYIHAS PA3HOCTHAs MpobjeMa, OCHOBAHHAA Ha PA3HOCTHON cXeMme
IIPOTUB IMOTOKA. I/ICCﬂeﬂyeTCH yCTOﬁ‘{HBOCTb HeJIMHEeHHbIX Pa3HOCTHBIX CXEeM C aKIICHTOM
Ha YCTAHOBJIEHWE JTOCTATOYHOTO KPUTEPHUs YCTONUNBOCTH, OCHOBAHHOIO HA BEKTODPHBIX
dbyukusax Jlganyraosa. IlpemsioxkeHubiii KpuTepuii pa3BUBAET MPEABIAYIINE TEOPETUIe-
CKH€ Pe3yJbTaThl, B KOTOPBIX ObLIa IMOCTPOEHA JUCKpeTHasd PYHKIHA JISmyHoBa IId 10~
Ka3aTeIbCTBA SKCIOHEHITHAIBHON YCTOMIUBOCTH CTAIIMOHAPHOTO COCTOSHIST KBA3UINHEH-
HOM cucTeMbl. UHC/IEHHBIE PACYETHI JIJI MOJEIbHON 33891 MOIATBEPKIAIOT 3TH TEope-
THUYCCKNE BBLIBOALI. MCCJ’[G,D;OB&HI/IQ HO,ZLLIépKI/IBaeT IEePCIEeKTUBHOCTL aJallTalluU IIPAMOTO
MeToa JIamyHoBa g aHain3a yCTONInBOCTH HEJTMHENHBIX TUITEPOOIMIECKIX CUCTEM TIy-
TEM IIOCTPOEHUS IOJOKATEILHO OIPEIeTEHHON DYHKINN, MOHOTOHHO yOBIBAIOIEH B0
PELIeHUH CUCTEMBI.

KirogueBbie cjioBa: SKCIOHEHITHABHAS YCTONYUBOCT, THIIEPOOJINTECKasi CUCTEMA, CMe-
maHHasd 33/a4a, Pa3HoCTHAad cxema, QyHKug JIanyHoBa.

Huruposanue: Aaoces P. /., Bepowwes A.C., Hemamosa /[.5. HYucnernoe uccaenosa-
HUe YCTOWInBOCTH 10 JIAmyHOBY MPOTHBOMIOTOYHOW PA3HOCTHON CXEMBI JIJId KBa3WUINHEH-

HOIT runepbosimaeckoii cucrembl // I1pobsieMbl BEIYUCIUTEBHON U MIPUKJIATHON MaTeMar-

tukn. — 2025. — Ne3(67). - C. 83-96.
DOI: https://doi.org/10.71310/pcam.3 _67.2025.07.
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