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The numerical computation of definite integrals plays a crucial role in various applied
and theoretical disciplines. In many cases, exact analytical evaluation of integrals is in-
feasible due to the complexity of the integrand or the nature of the integration limits.
Quadrature formulas provide an efficient approach for approximating definite integrals,
relying on weighted sums of function values at selected nodes. Traditional quadrature
formulas, such as those of Newton-Cotes, Gauss, aim to optimize accuracy by care-
fully choosing nodes and weights. However, optimal quadrature formulas can also be
constructed in the sense of Sard, minimizing the error functional within a given func-
tion space. In this paper, we focus on constructing an optimal quadrature formula in
the Sobolev space with arbitrarily fixed nodes. Unlike conventional approaches where
coefficients are determined sequentially, we simultaneously optimize both function and
derivative coefficients, improving overall accuracy and stability. The derivation employs
the method of ¢ - functions, which allows us to express the quadrature formula’s co-
efficients explicitly and analyze its error properties. The obtained quadrature formula
minimizes the error norm in the chosen function space, ensuring an improved approxi-
mation of definite integrals. Furthermore, when the nodes are equally spaced, our results
generalize the well-known Euler-Maclaurin formula, demonstrating the effectiveness of
our approach.
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1 Introduction

Many applied and theoretical problems often lead to the calculation of definite integrals.
However, it is not always possible to compute these integrals analytically. In some cases,
the function under the integral cannot be expressed in terms of elementary functions, or
it may be given in tabular form. Additionally, the integration limits may be complex, or
the function may have a special structure. In such situations, approximate methods for
evaluating definite integrals become crucial.

The primary approach in approximating definite integrals involves computing func-
tion values at certain points and expressing the integral as a linear combination of these
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values. This method is widely used in mathematical modeling, engineering, physics, eco-
nomics, and statistics. The development of numerical computation techniques has further
enhanced the importance of such methods for efficiently calculating integrals.

One of the fundamental techniques for approximating definite integrals is the use of
quadrature formulas. Quadrature formulas allow the evaluation of an integral using a finite
number of function values at specific points. The construction of quadrature formulas
and the evaluation of their error functionals are based on methods of functional analysis.
Initial scientific contributions in this area were made by A. Sard, who demonstrated that
the norm of the error functional can be minimized by adjusting the coefficients at fixed
nodes. At the same time S. M. Nikolskii developed the theory of quadrature formulas,
contributing significantly to the advancement of quadrature formula research.

It is noteworthy that different approaches, such as the spline method, the ¢-function
method, and the Sobolev method, have been employed to construct quadrature formulas.
A. Sard proposed a method for deriving optimal quadrature formulas by minimizing the
error functional based on the coefficients at fixed nodes. Contributions from L. F. Meyers,
G. Coman, S. D. Silliman, P.Kohler , A. Ghizzetti, A. Ossicini, F. Lanzara, and T. Catinas
have been instrumental in developing quadrature formulas using spline methods and the
-function method.

In the Sobolev method, the construction of optimal quadrature formulas is based on
determining the coefficients through a minimization process. S. L. Sobolev made signif-
icant contributions by generalizing previous research on spline methods and formulating
quadrature structures within the Lgm) space. Algorithms developed using the Sobolev
method have been implemented in the scientific research of Kh. M. Shadimetov, A. R.
Hayotov, and others.

Although the results presented in this paper are closely related to previous studies,
our approach is specifically focused on jointly optimizing the coefficients of a function and
its derivative at fixed nodes. This work aims to further refine the structure of quadrature
formulas and optimize their coefficients, contributing to the ongoing research in numerical
integration methods.

The works of T.Catinas and G.Coman [3], F.Lanzara [4], A.Ghizzetti and A.Ossicini
[5] using the method of ¢-functions, constructed optimal quadrature formulas in the Lgm)
space. In particular, in works [3] and [4] the coefficients in front of the function and its
derivative were sequentially optimized.

Our approach fully accounts for the interdependence between the function and its
derivatives during the integration process, leading to improved accuracy in the quadrature
formula.

2 Problem statement

In this paper, we consider a quadrature formula of the form:

/ f(x)dx = ZAOkf(JUk) + ZAlkf'(a:k) + R,.(f), (1)

where Ao, A1, and x are the coefficients and the nodes of the quadrature formula. Let
the nodes distributed in the interval [a, b] as follows

a=x90<r1 <Ty<--<Tp=0, (2)

R, (f) is the error of quadrature formula (1).
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Assume that the integrand function f is in the Sobolev space L (a b). In this space,
the function itself, as well as its first and second-order derivatives belong to the class of
functions that quadratically integrable on the interval [a,b]. The inner product of any
two functions in this space is defined as follows:

b
() = [ £(@)@)da. 3)

The corresponding norm here has the form

91 = (5.5 = [ (" @)?do ()

One of the important problems in the theory of quadrature formulas is the issue
of optimality related to the error of the given formula. In this study, we consider the
problem of optimality in the sense of Sard. Here, we use one-to-one correspondences
between quadrature formulas and ¢-functions.

For convenience, we introduce the following notations

Ao = (Aoo, Aoty - -+ Aon), A = (Aro, Aury -, An) and X = (w0,21,...,7,). (D)

Deﬁnition 2.1. The quadrature formula (1) is called optimal in the sense of Sard in
the space L (a b) if the quantity

Fo (L7(@,0), Ao A1) = sup [Ra(F)]. (6)
feL? (a,b)

reaches its smallest value relative to A; and A, for fixed X, where A;, Ay and X are
defined in (5).

In this study, we focus on constructing an optimal quadrature formula of the form (1).
Using the p-functions method, we determine the coefficients A; and A, that minimize the
expression (6).

In the next section, the working principle of the ¢-functions method in the space ng),
as well as the relationship between the quadrature formula and (p-functions, is discussed.
In Section 4, the optimality problem of the quadrature formula of the form (1) is examined,
specifically by finding the ¢-function that minimizes the error of the quadrature formula
(1). Using the obtained p-functions the analitic expressions of the coefficients Ay and A,
of the optimal quadrature formula (1) are calculated.

3 The p-function method in Lg)(a, b) space

In this section, we explain the method of ¢-function for constructing optimal quadra-
ture formulas of the form (1) in the sense of Sard in the space L (a,b). Let f be from
L (a, b) space and the nodes be distributed as in (2) for the given natural number n. Then
for each interval [xy_1,2,] (k= 1,2,...,n) consider the functions ¢, k = 1,2,...,n
having the following property

oix)y=1, k=1,2,... n. (7)

Then a ¢-function is defined as

© =, k=1,2,...,n. (8)

[Tr_1,2k]
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Thus, in the interval [z4_1, zx], the contraction of the p-function is equal to .
Then we have the following relations between the ¢ function and coefficients of the
formula (1).

Lemma 3.1. The coefficients Ay, Ay of the quadrature formula in the form of (1) and
the error functional are expressed through the pi-functions as follows
Ago = = (),
AOk:SO;v(xk)_SO;wkl(‘rk)? k:1727"'7n_17
AOn = Spil(zn)a

Ao = ¢1(x0),
Ay = o (zr) —orlze), k=1,2,...,n—1,
and the error of the formula has the form
Ru(f) =) | P @)en)de = / f'(@)p(x)d. (10)
k=1 " Tk—1

Proof. We introduce the following notations

- [ s ()

£ =" Aaf(an) + > Auf (zh). (12)

Using the property of additivity of definite integrals and taking into account equation
(7), from equation (11) we obtain the following

/f dm—z f( dx_Z/m“ dr =

=kamm:—fﬂmwm4=

k=1 -t Tp—1

[%(fﬁkz)f(%) = @ (@r-1)f (we-1) — pr(@e) () + /xk f”(ﬂf)@k(ff)dx] =
—Z% (k) f Z@k (zh-1)f (Tk-1) Z@k (zx) f

+ Z or(xr—1)f (vp-1) + Z f"(x)cpk(x)dx =
k=1

=1 Y Tk-1

n

k=1

3

n

=D (@) f(zn) — Z@kzﬂ(f’?k)f(fffk) = pilan) [ () +

k=1 k=1

n—1
+2 ounalon)f m+Z ﬂ@w@wz

flzn) + Z‘Pk (zk) f — (o) f Z%H (k) f (1) —
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—pn(@n) [ (2n) — i () [/ (k) + @1(z0) ' (w0) + i 1 () f () +
k=1 . k=1 (13)

+Zéiﬂ@w@w

From this, we obtain

I(f) = =@ (o) f(w0) + 2_: (0 (k) = Pl (zr)) f(@n) + @ (n) f () +
k=1
() @0) = 3 (onlan) — pens (@) F(en) — pulea) fan) + Ral) = (14)
k=1
= Anf(ai) + > Awf'(xr) + Ra(f).
k=0

From (14), we obtain the following

Ago = —90/1(950)7
AOk:SO;f(xk)_QO;H—l(xk)v k= 1727"'7n_1>
Ao’ﬂ = 80;1,(1.71)7

15
Ao = p1(z0), (15)
Alk:@k—f—l(l'k) —ng(fL‘k), k‘: 1,2,...,n—1,

The error for the formula is given as follows

n T b
- [ rwadi = [ F@ei (16)

Lemma is proved.

By determining the function ¢ using equalities (15), we can compute the coefficients
Aor and Ay, for £ =0, ...,n. This approach to constructing quadrature formulas is called
the p-function method.

From equation (16), it is evident that the quadrature formula (1) is exact for any
linear functions.

4 Optimality problem

In this section, we consider the optimality problem of the quadrature formula of the
form (1) in L(Q)(a b) space. Using the Cauchy Schwarz inequality for the absolute value

of the error (16) of the quadrature formula (1), we obtain the following upper bound
¢/¢w 2w:¢/ @)de = | f@) o - @l (7
In order to get the smallest value of |R,(f)| in the space L( ) with respect to Ag and A

we should find the minimum value of the rlght hand side of (17) with respect to Cj and
Dy;.. That is to find the coefficients Ay and A; of the optimal quadrature formula of the
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form (1) we find Cy and Dy, that give the minimum to the norm ||¢||z,. For this we have
the following results.

Lemma 4.1. For the optimal quadrature formula of the form (1) in the sense of Sard
in the space Lf)(a, b), the general form of the function @g(z) is given as
2 2
_ 2 _
x $k+$k1_x+($k+$k+1) + 2x7), 1

1
2 2 12 (18)

Proof. We consider the function ¢i(z) in the interval z € [zj_1, ], which is the
solution of the following equation

y' =1 (19)
Solving this equation gives:
2
y=5+Cr+D. (20)

Thus, the function ¢k (x) can be expressed as

ZL’Q

pr(w) = 5 + O + Dy (21)
For each = € [z)_1, 2], k=1,2,...,n the function ¢x(z) is given as follows
72
op(r) = =+ Crx+ Dy, x € [rp_1,z5), k=1,2,... n. (22)

2

To find ¢x(z) we need to determine the unknowns Cy and Dy for k = 1,2,...,n that
give the minimum to the right side of inequality (17). That is we consider the following
quadratic function with respect to C} and Dy

T Tk 9 2
Fk(ck,Dk)Z/(gpk(x))de: / (%—I—Ckl’-i-Dk) de, k=1,2,...,n.

Tk—1 Tk—1

To find the minimum of this function we take the partial derivatives of Fy(Cy, Dy) with
respect to C and Dj, and set them to zero

kg5

x2
2/ (?#—Ckx%—Dk)xd;v:O,
T—1
T xz
Th—1

From above, we obtain the following system of two equations with two unknowns

Tk T T
20, f x%dx + 2D, f rzdx = — f 23dx,
Ika;kl Tp—1 Tr—1 (23)

20, f xdr + 2Dy, fkd:p:— fa:2dx.

Tr—1 Tr—1 Tr—1
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Solving this system of equations, we find the unknowns to be

C, = Tt Tt (24)
2
2
2 _
D, = (@k + Tp41)” + 2Tk 1 (25)
12
Now, using (24) and (25), we can express @y as
2 2 2
@k(x) _ l‘_ _ Tp+ T R (mk + mk—i—l) + SL’kl’k_l' (26)

2 2 12

Lemma is proved.

Now using (26), we have possiblity to find the coefficients Ao, and Ay, for k =
=0,...,n of the optimal quadrature formula of the form (1).

The following holds.

Theorem 4.1. In the space ng)(@, b), for each fized positive integer n, there is a
quadrature formula that is optimal in the sense of Sard of the form

b

/ F)de =3 Auf (o) + 3 Auf (1) + Ralf),
k=0 k=0

a

with coefficients

r1—x
AOO - : ) 07
AOk_ Tt xk_la k:1727 771—1,
2
Ty — Ty
AOn = 9 17
(w1 — 20)°
A=
10 192 9
1
Ay = E(xkﬂ - xk—1)($k—1 — 2xp + $k+1)a k=1,2,...,n—1,
A _ (xn - In—1)2
1in 12 )
for fixed nodes xy, k = 0,1, ..., n satisfying the inequality a = xg < 21 < --- <z, = b.

Specifically, if the nodes are equally spaced in the interval [a, b] the well-known Euler-
Maclaurin formula emerges.

5 Conclusion

In this study, we developed an optimal quadrature formula in the Sobolev space that in-
cludes derivatives and is designed for arbitrarily fixed nodes. Unlike previous approaches,
where function and derivative coefficients were optimized sequentially, our method simul-
taneously optimizes both, ensuring greater accuracy and efficiency in numerical integra-
tion. By employing the ¢ -function method, we systematically determined the quadrature
coefficients that minimize the error functional in the Sard sense. This approach allowed us
to construct a quadrature formula that effectively captures the underlying function behav-
ior while incorporating derivative information, leading to improved precision in numerical
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integration. Furthermore, we derived explicit expressions for the quadrature coefficients
and analyzed their properties. Our results demonstrate that when the nodes are evenly
distributed in the interval [a, b], the derived formula coincides with the well-known Euler-
Maclaurin formula, reinforcing the validity of our approach. Overall, this work contributes
to the theory of quadrature formulas by introducing a refined method for constructing op-
timal formulas in Sobolev spaces. Future research may focus on extending this approach
to higher-order derivatives and exploring its applications in solving practical problems in
applied mathematics, physics, and engineering.
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YuceHHoe BbIYUCIEHNE OIIPEIE/IEHHBIX HHTErPAJIOB UI'PAET BasKHYIO POJIb B Pa3JIMd-
HBIX MPHUKJIAIHBIX U TEOPETUIECKUX JUCIUILINHAX. BO MHOIMX CJIydasX TOYHAS aHAJIN-
THUYECKasl OIEHKA WHTErPAJIOB HEBO3MOXKHA M3-3a CJIOYKHOCTH IOJIBIHTEIPAJIBHON (DYHK-
[UU UJTH XapaKTepa IpejesioB narerpuposannst. KeajparypHbie hpOpMyJIbl 00eCIIeInBaIOT
9 HEKTUBHBIN MOAXO K AIMIPOKCUMAIINE OIPEIETeHHBIX HHTErPAJIOB, OCHOBBIBASICH HA
B3BEIIEHHBIX CyMMaX 3HadeHuil GyHKIIMU B BBIOPAHHBIX y3JaxX. 1 paJIuiinOHHbIe KBaIpa-
TypHBbIe (bopMysbl, Takne Kak dpopmyiibl Heiorona-Korca, 'aycca, HampaBiaeHbl Ha I10-
BBINIIEHUE TOYHOCTU IIYTEM TIATEJHLHOIO BBIOOPa y3/10B U BecoB. OJIHAKO ONTHUMAJIBHBIE
KBaJIpaTypHbIe (POPMYJIBI TAKXKE MOTYT OBITH ITOCTPOEHBI B cMbIcjie Capia, MUHUMUABUDY ST
HOPMY (DYHKIIMOHAJ A OMMUOKNA B 33 IaHHOM (DYyHKIIMOHAJILHOM IPOCTPAHCTBE. B maHHoit
paboTe MBI COCPEIOTATMBAEMCSI HA TIOCTPOCHUH ONTUMAJILHON KBaApaTypHOH (DOPMYJIBI B
npocrpancrBe CobojieBa ¢ MPOU3BOJIbHO (DUKCHPOBAHHBIME Y3JIaMH. B oTimdme oT Tpa-
JINTIUOHHBIX TIOX0JI0B, TJe KOIMDPUIIMEHTHI ONPEIEISTIOTCS TOCIEOBATEIFHO, MbI OHO-
BPEMEHHO ONTUMU3UPYEM KaK KOI(PDUIMEHTHI (PYHKINU, TaK U KOIPDUIMEHTHI €€ TPo-
MU3BOJIHOM, UTO yjydInaer OOIyI0 TOYHOCTh U CTADMILHOCTL. BBIBOM (hOPMYJIbI OCHOBaH
Ha MeTojie -DYHKIMI, KOTOPBIN MO3BOJISIET SBHO BBIPaXKaTh KOI(PMUIUEHTH KBa pa-
TYypHO# (POPMYJIbI U aHAJIUSUPOBATH WX CBOiicTBa ommOku. Ilomydennass KBaapaTypHasd
dopMyIa MUHIMA3UPYET HOPMY OIITHOKM B BRIOpaHHOM (OyHKIIMOHAJIHLHOM IIPOCTPAHCTBE,
obecrieunBas yIydIIeHHYIO alllIPOKCUMAIIUAIO OIIPEJIeJIEHHBIX NHTerpaIoB. Kpome Toro, ec-
JIA y3JIbI PABHOMEDPHO pacIIpejiesIeHbl, HAIlU Pe3yJIbTaThl IPUBOJAT K XOPOIIO U3BECTHOM
dopmyite Ditmepa-Makiiopena, 9To 1eMOHCTPUPYET 3P (DEKTUBHOCTD HAIIETO TOIXOIA.
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